THEOREM (1+41.75) ON THE GOLDBACH CONJECTURE
SLAVA CHAN

ABSTRACT. For fixed 1 < a < 2, let Proposition (1 + a) assert that every sufficiently large
even integer N can be written as

N=p+rq, r<q",

where p, ¢ are primes and r is either 1 or a prime. At a = 1, this is the binary Goldbach
conjecture for sufficiently large even integers; at a = 2, it is Chen’s theorem. We prove
unconditionally that every sufficiently large even integer admits such a representation with
a = 1.75, establishing Proposition (141.75) and strengthening the earlier (1+1.9) theorem of
Li and Liu [6]. The proof subtracts a positive upper-sieve estimate for excluded semiprimes
from a Chen-count lower bound obtained by restricting paired terms in an eleven-term Chen
weight and applying the double sieve. The threshold for N is ineffective: the proof does
not provide an explicit computable threshold.

1. INTRODUCTION

For fixed 1 < a < 2, we say that Proposition (1 4 a) holds if every sufficiently large even
integer N has a representation

N =p+rq, r< gt p, q prime, r = 1 or prime.

When a = 1, the condition forces r = 1, giving the binary Goldbach conjecture for sufficiently
large even integers. When a = 2, ordering the two factors gives Chen’s theorem. The
intermediate parameters ask how much smaller one prime factor of a composite remainder
can be required to be.

We prove the following theorem.

Theorem 1.1. Proposition (1 4+ 1.75) holds unconditionally. Thus every sufficiently large
even integer can be written as N = p + rq, where p,q are primes, r is either 1 or a prime,
and r < ¢3/*.

The thresholds for N in Theorems 1.1-1.2 and Corollaries 1.3-1.4 are ineffective.

The parameter 1.75 can be reduced to 1.74816964 and further to 1.74816865, with different
quantitative lower bounds for the number of representations; see Corollary 1.4.

Li and Liu [6, Theorem 1.1] prove Proposition (1 + 1.9) and remark that their parameter
can be reduced to 1.894. Theorem 1.1 strengthens this factor restriction. Both statements
concern every sufficiently large even integer.

For the quantitative argument put b = a — 1 and count prime summands with r < ¢°.
Prime remainders r = 1 remain admissible, since 1 < ¢*. The next theorem gives a lower
bound for every fixed 1/2 < b < 1.

Throughout the paper, N > 2 tends to infinity through the even integers, unsubscripted
logarithms are natural, logy = log z/log N, and ©(n) counts prime factors with multiplic-
ity. Put

1 -1 N
1 =] (1—2>, On=0C [[ 7  Hn=Cn—g—.
2 (£—1) AN, £52 (-2 log® N
¢ prime £ prime
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For any positive even integer M, Cj; denotes the same product with M in place of N. We
count distinct prime summands by

(2)  Dia(N)=#{p <N :pprime, N—p>1, QN —p) <2},

(3) Dy(N) =#{p < N : p prime, N — p =rq, ¢ prime, r = 1 or prime, r < ¢°},

(4) By(N) = #{p < N : p prime, N —p = rq, r,q prime, ¢’ < r < ¢}.

The ordered factorization r < ¢ is unique. In particular, a composite remainder contributes
once; a square contributes to By, whereas a prime remainder contributes to Dj.

Theorem 1.2. Let
8452171 49044063

_ _ 6.761 — S 1.96176252.
5) 1250000 07617368, C 25000000 9617625
For each fized 1/2 < b < 1,
(6) l}\rfninfM > ¢ — Klog(1/b).

av. N

Within 1/2 < b < 1, this lower bound is positive precisely when b > exp(—c/K); see
Section 8.

Corollary 1.3. For every sufficiently large even integer N,
Corollary 1.4. Every sufficiently large even integer N satisfies

(7) Do.7as16064(N) > 107> Hy,
(8) Do.7as16865(N) > 107 C Hy,
9) Doo(N) > 1.24889 Hy.

The first two inequalities establish Propositions (1 + 1.74816964) and (1 + 1.74816865)
with respective count coefficients 107° and 107% in the normalization (1). The estimate at
b = 0.9 permits a comparison under the same factor restriction.

Proof of Theorem 1.1. Corollary 1.3 gives D3/4(N) > 0.0165Hy > 0 for every sufficiently
large even N. Thus Proposition (1 4 1.75) holds. O

1.1. Related work and the method. In the normalization (1), the result of Li and Liu [6,
Theorem 1.1] has coefficient 0.0004 at b = 0.9; their stated refinement corresponds to
b =0.894. At b = 0.9, our Dy(NN) coincides with Li-Liu’s D;;9(N): both include the
prime-remainder case r = 1, count each admissible prime summand once, and use the same
singular-series normalization. Thus the coeflicients refer to the same counting function. Our
coefficient follows from the combination ¢— K log(1/b): c is supplied by the lower Chen-count
construction, and K by the positive upper majorant. The smaller exponents in Corollary 1.4
retain an explicit positive count. Their discussion of lower and marked sieve terms [6, Sec-
tions 3 and 8.2] also identifies a constraint that matters here: an improved upper-sieve
distribution level must be matched to the coefficient class of each term where it is used.

The double sieve transfers information between upper and lower sieve remainders. We use
Wu’s formulation [16], with finite positive transitions for the two remainder functions. Li [7,
Theorem 1.1] gives coefficient 1.9728 for the total Chen count in the same normalization.
The coefficient ¢ = 1.96176252 used here is proved within the moving-residue coefficient class
and positive marked families of the factor-restricted argument. Each lower transition retains
its actual residual level and all prefix conditions.

The distribution estimate must be uniform as the residue varies with N. Maynard’s triply
well-factorable estimate [10, Definition 2 and Theorem 1.1] has a constant depending on a
fixed residue. Lichtman’s large-residue statement [8, Theorem 1.7] has level (5 —9)/8 — e =
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153/256 — € at ¥ = 7/32. Here the residue is comparable with the complete local product.
The reciprocal phase in (78) is retained, since replacing it by 1 in this range need not give
a vanishing error. Appendices A and B, together with the factorization in Appendix C,
establish the restricted distribution input at support exponent 0.599 for the finite upper
and lower coefficient families used in this paper. At each application we retain the selected
factorization, full and complementary square conditions, and positivity of the marked family.

The proof subtracts the excluded semiprimes from the full Chen count. For the upper
estimate we construct a nonnegative divisor majorant, compute its density, and prove its
distribution estimate for the same coefficient. For the lower estimate we restrict the two-
prime and four-prime terms of an eleven-term Chen weight in pairs. An injection preserves
the pointwise weight inequality, while a lower bound for Buchstab’s function on the restricted
fibres improves the coefficient.

The nonnegative upper majorant and its coefficient realization are constructed here. For
the lower bound, we use Wu'’s double-sieve framework with the paired deletion and coefficient
realizations established here. Together with the finite transitions and directed enclosures,
these constructions determine the constants K,c. Their mathematical definitions and cer-
tificate correspondence are given in Appendix I.

2. REDUCTION AND OUTLINE OF THE PROOF

Proof outline and verification. On a first reading, Lemma 7.1 may be taken as the finite nu-
merical input: follow the upper construction, the eleven-term lower construction and paired
deletion, and then the final subtraction in Section 8. For a complete verification, return
to the appendices for the distribution estimates, coefficient realizations, finite transitions
and directed enclosures, and check their correspondence with the Numerical Supplement
described in Appendix I.

Unique factorization gives the exact identity

(10) Dy(N) = D;2(N) — By(N).
Thus it suffices to prove
Di>(N By(N
(11) lim inf Dia(N) > ¢, lim sup (V) < Klog(1/b).
N—oco  Hpy Nooo Hy
2N 2|N

The factor log(1/b) comes from the excluded factor region. For § = b/(1 + b), the limiting
logarithmic region of the ordered bad semiprimes is 5 < ¢ < 1/2, and

1/2 dt
/ﬁ i = s/

To turn this mass into a count with a prime complement, we apply a positive upper sieve
whose distribution and density have both been established for its actual coefficients.
Section 3 establishes the distribution estimate for the actual upper and lower coefficients.
Section 4 constructs the positive upper sieve and obtains K. Sections 5 and 6 give the lower
construction; its switched costs use the upper bound already proved. Section 7 states the
finite numerical inequalities and their error allowances. Finally Section 8 proves the second
estimate in (11) and completes the theorem. In particular, the construction of K uses neither
the lower double-sieve tables nor the Chen count obtained from them.
Choice of parameters. At each fixed accuracy, the finite collection of policies and marked
queries, the number of generations, cutoffs defining fixed compact parameter domains, ap-
proximation tolerances and support reserves are chosen before N tends to infinity. Prime
intervals, weights and arithmetic coefficients may still depend on N through these fixed rules.
The common choices and error propagation are specified in Section 6.6 and (113); the strict
scalar surpluses in Section 7 allow one fixed accuracy to be chosen for the final count.
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Notation index. The following symbols keep the same meaning in the main text and appen-
dices.

Symbol Meaning Location

Ep; Riow Upper and lower scalar endpoints (182); (47)

&0, 81,8 Paired rectangle families and their union Section 5

ag, Ry, dg Fixed sieve cutoffs Section 5

H(s),h(8); Hp,hm Upper and lower defects; generation-m envelopes Section 6

B; # Arithmetic prime prefix; geometric rectangle or ~ Sections 3, 6
box

Hy; Biow Count normalization; each lower error allowance (1); (48)

AL A Normalized linear-sieve numerators Section 6
sF/(2e7),sf/(2€7)

Q; Weny Prime-factor count with multiplicity; Buchstab Section 1; (160)
upper envelope

PN P Actual upper and lower divisor coefficients; py Sections 4, 6

denotes a generic admitted coefficient

We use the standard linear sieve functions F, f, normalized by
sF(s) =2¢" (1<s<3), sf(s)=0 (1<s<2),

and subsequently by (sF'(s)) = f(s—1) and (sf(s))’ = F(s — 1) on their respective ranges.
Buchstab’s function satisfies

w(s)=1/s (1<s5<2), (sw(s)) =w(s—1) (s>2).

Here P~ (n) is the least prime factor for n > 2, and P~ (1) = 4o00. The finite interval data
used for these functions are discussed in Appendix I.

2.1. A positive sieve coefficient. The upper estimate uses the following single coefficient
theorem. Its three conclusions concern the same divisor coefficient. Here “positive” means
that the resulting divisor sum Ry (n) is a nonnegative majorant. The individual coefficients
px (g) may have either sign.

Theorem 2.1. Fiz a, > 0, a bound on the number of labelled prime factors, and a finite
collection of smooth weights Wi (p1, ..., k) supported on

pi > e N, 1Pk < CuN,

with fixed constants ci,Cx > 0, uniformly bounded size, and fized polylogarithmic bounds
for their mized FEuler derivatives. Apart from these smooth geometric conditions, impose no
additional arithmetic filter. Put po = 19/96, 6, = 599/1000, and

Pey) =, X¥= S Wxpi....;0)
1}’;]\?[4 (p1-+pr,q)=1

There are real coefficients p%)(q) and a constant M, independent of N, with squarefree sup-
port g < N%, (q,N) =1, and |p\(q)| < M, such that

(12) Ry(n) ==Y p\N(a) = L pyvron=1 =0 (n€Z),
qln

Cn
log N’

Py (9)
(13) qu o(0) < (K +o(1))
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X(‘I)
(14) Zplzlvp(Q){ > Walpr.mk) — % }

q p1-PR=N (q) #(9)
= Oaw(N(log N)=4) (A>0).

The finite sum defines Ry(0). The finite policy, approximation parameters and support
margins are fixed before N tends to infinity through all even integers. The constants may
depend on this fixed collection and its derivative bounds, but are uniform in N.

The coefficient is constructed in Section 4. The distribution statement is proved first in
Section 3 for the precise coefficient representations needed by that construction.

3. DISTRIBUTION ESTIMATES FOR THE SIEVE COEFFICIENTS

Definition 3.1. A finite prefix policy specifies finitely many regions in the coordinates
t; = logy p; of ordered prime prefixes and a sieve level on each region. The decision at a
prefix is fixed before its children are refined. A selected branch is admissible when its full-
square and selected-complement conditions in (108)—(109) have the required strict margins;
an inherited branch keeps its parent decision. A marked family is a nonnegative finite
weighted family of prefixes B at a common total level @, with residual level /B and
the original prime ceiling retained. A marked query is a sifted count for one such family.
References below to an admitted coefficient mean a coefficient obtained from these policies
and finite marked transitions, with the three-factor representations of Appendix C.

3.1. A local estimate with a moving residue. The distribution problem is local in the
complete product. We denote the convolution lengths by U, V', write x = UV, and use a for
the residue; N remains the global even target. The estimate proved in Appendix A is the
following.

Proposition 3.2 (Restricted medium convolution). Fiz ¢ =7/32, 0 < o < 1/100, ¢y > 0,
a divisor order B, and 0 < k < 0/100. Let U,V,Q1,Q2,Q3 > 1. Suppose

cor < |a] < 2!t Q1 <Uz™",
(15) UQQQQg < xl—Say ’a‘ﬁUQIQSQg < 1‘2_150,
U1+219Q1Qg—279Q§+219 < .%'2_150.
Let « be one-bounded, supported on an individual interval in [U,2U] and on P~ (n) >

g1/ (loglog)®  Ascyume its auziliary-coprimality Siegel-Walfisz estimate: for every A > 0,
every k,q > 1 and (by,q) =1,

(16) Z Qp — —— Z anl < C’AUT(k:)CO(logm)_A,
n=bg (mod q)
(n,k)=1

with fized Cy and uniform family constants. Let |B| < 7(m)B, m € [V,2V], and let each ~;
be a separate one-bounded sequence on q; < Q;, supported on (g;,a) = 1. For

l(nm =1
Ay= n~m 1nm= mo - )
¢ nz;naﬁ ( =a (mod 0) o(0) )
the stated classical inputs of Appendix B give
(17) Z 71 (Q1)'Y2(QQ)’Y3(Q3)Aq1q2q3 = OA (m(log x)iA)'

q1,92,93

The constant is uniform in the residue and families satisfying these conditions. Fized end-
point multiples are absorbed by the strict power margins.
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Application of the local estimate. Fix one finite admitted coefficient family. Appendix C uses
its full and selected-complement square conditions to construct three separate modulus fac-
tors on whole atom boxes. Appendix D verifies the remaining hypotheses of Proposition 3.2
and applies it to the finite prime-product families. The hypothesis checks in Appendix C
identify these steps. Low-rank pieces and the branches without a medium slot have their sep-
arate estimates. The resulting common input for the sieve constructions is the prime-product
distribution estimate in the next subsection.

The three modulus coefficients in Proposition 3.2 remain separate, and the estimate allows
their signs. In the application the medium slot is a rough 1 or Mdbius sequence on an
individual chart, with a permitted Mellin twist. Appendix D proves the auxiliary Siegel—
Walfisz condition (16) for these sequences.

When the residue has size comparable to x, reciprocity leaves an oscillatory phase. Ap-
pendix A keeps this phase and bounds its variation within the strict power margins of (15).
The spectral estimates, including their Fourier normalizations, are stated in Appendix B.

3.2. From the local estimate to prime products. For a fixed finite smooth weight Wi
on k labelled original primes, all at least ¢cN%* for fixed a, > 0, put

X[(/{z‘) = Z WN(pla"'7pk)7 XW:ZWN(pb?pk)
(p1--pr,q)=1
The product is O(N). The allowed geometric families have fixed polylogarithmic mixed
Euler-derivative bounds and no additional arithmetic filter. The conclusion used throughout
the paper is

(q)
18) Y on(e) S W) — Wb 04 (W (l0g M) ).
q p1-px=N (mod q) SO( )

The same signed coefficient py occurs in both terms. Its admitted classes are the actual
upper tree, the actual lower trees, the marked queries and ordinary descendants of the finite
H/h construction, and the positive switched families on which the upper coefficient is used.

The coefficient proof in Appendix C first freezes one finite causal policy. The physical level
N? determines its density and its residual Q/B. A slightly larger auxiliary support cover
N'tawx may be used to prove its factorization; it does not change A or the integer coefficient.
For an ordered prime prefix write t; = logy p; and S; = >°7_, ¢;, and let I be the subset of
slots selected for one factor of the modulus. The full-square conditions

Si—1 4 2t; < laux

and every selected-complement square

Dt d ti+2t <lawe (jE1)
il i<j
i¢l
are retained. After all selected slots have appeared, the second test becomes the full-square
test. Descendant closure and the physical prime ceiling therefore persist through the finite
ordinary queries.

There is an exact tensor identity before estimating discrepancies. For a common prime-
label alphabet with multiplicities my, split the slots into three groups and divide each group
convolution by M; = []; mr ;!. The resulting ; is one-bounded. With M.y = []; m;!, the
full normalized convolution is

My Mo Ms
Man

Marked multiplicities remain in the external scalar. The small-prime beta factor attaches by
the unique small/rough factorization. The partition is fixed on a whole atom box before any
arithmetic discrepancy is inspected. Global squarefreeness remains in the physical coefficient;
its removal only for analytic comparison has the fixed-power error O((N + N%)N—mo+o(1)),

(71 * 2 ok 73)-
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where N is the small-prime presieve cutoff and 6, < 3/5 is the support exponent of the
finite coefficient construction.

Appendix D makes a smooth complete-product trim below 2N'~%0 and then an exact
smooth dyadic partition. The local scale is the complete product, with

eNT™H0 < g < CN, cox < N < e,

It is never a residual quotient. On an original group at scale R, the exact order-three
Heath-Brown identity is obtained from A % (§ — 1 % uz)*™ = 0 below 2R, with Z = (2R)'/3:

3
(19) A= (-1t <3> g+ 1070 xlog.
— J
7j=1

The smooth original chart is retained; no sharp coupled group boundary is inserted. The
Fourier separation of the geometric profile is charged by its integrable Fourier norm. The
actual rough slots have the auxiliary SW estimate. Medium branches use Proposition 3.2;
low ranks use below-half Bombieri—Vinogradov. The one-long and two-long alternatives are
the direct Brun arguments of Appendix E, keeping the exact coprime mean and both Poisson
zero-axis cancellations. In particular, negative lower Brun polynomials are not multiplied as
though they were positive.
Choose the fixed moment order Ko, before narrowing

o 1 K
0<i€§mm<ﬁ*,200,2Kmom>, O<I€()<4(1+K).
Here k4 > 0 is fixed by the strict support margins in Appendix C. The complete local support
has exponent O, < 3/5; the long-branch parameter ¢ is selected with 20¢ + 0, < 1 and
40¢ + 3010 /2 < 1. All finite atom scalar masses and the fixed logarithmic number of charts
are paid by stronger local logarithmic accuracy. This proves (18) for the admissible families
and all sufficiently large even targets.

4. A POSITIVE UPPER SIEVE WITH ITS OWN DENSITY

The upper construction uses

19 2% 29 153 ) - <1+t 57 3t>
—_— = — = — = — ’U o mln S —
96" 107 128’ 5007 %P T 956° 2 '64 2

Its causal cap changes are made on the actual prefix; every retained ancestor decision is
preserved. Fourth, fifth and sixth changes are successive replacements, whose raw density
differences telescope. Later eighth-rank changes occupy 30 + 15 4+ 13 4+ 29 = 87 specified
domains. Same-stage domains have disjoint interiors; successive stages use differences from
their respective parent caps. Appendix F supplies the cap formulas and separation proofs.

po =

4.1. Exit identity and literal residual densities. For a finite allowed prime universe,
let ¢ be multiplicative with £(1) = 1 and 0 < £(p) < 1. The upper tree, whose first exits
have odd rank, satisfies the exact identity

(200 D u(d)lgrermineaé(d) = [J(1 =€)+ > &) ]I (A -¢&w).
d

P e odd first exit P<Plast(€)

Partition the excluded divisors by their first excluded prefix; the remaining smaller-prime
subsets give the displayed Euler product. Taking {(p) = 1, proves a rough-indicator
majorant for every integer n, including zero and negative integers.

For the raw density, take gy (p) = 1,52 v/ (p—1) and Vv (y) = [lacpey, pn (1 —1/(p—1)).
At a fixed rank the normalized exit for gy lies between zero and the corresponding exit for
go(p) = 1,52/(p — 1): a surviving prefix acquires the multiplier

[ Q-9 <t

Plast Sp<y
pIN
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The preceding square tests bound the last prime of a rank-j exit below by N Bumin/(3:2771)
on positive compact parameter sets. Deleting target primes thus changes each fixed-rank
integral by o(1) uniformly in N. Positive exit-series convergence, the one-sided bounds for

the same raw Rosser weights, and then a finite-rank sandwich yield
M M _ log R
Vn(y) Vn(y) logy

The upper identity for 1 < s < 3 also follows directly by moving its first cube to RY/3. This
computes the density of the divisor coefficient itself. The ordinary exit-series inputs and
their normalization are specified in Appendix F.

Mertens gives, uniformly in the target,

(22) VvV = 2 1 o),

For example the exact ratio to 2Cn [[,,(1 —1/p) is

I(-gte) T0-55),

p>z

(21) =F(s)+o(1) (s>1), =f(s)+o(l) (s>2), s

P2z

whose logarithm tends uniformly to zero at z = N“ u > 0 fixed. With F = F/(2¢")
and f = f/(2¢7), this is the normalization producing 4F(s)/u and 4f(s)/u in the density
functionals.

For a selected eighth cell, if Sg = t; + - - - + tg and the parent is bounded above by Rg, its

cap M satisfies
A6, parent — 98 < Re — Sg < M — Sg

1< < 3.
ts ts ts
The same residual identity therefore gives the lower saving
4(M — Rs)

(23)

(Re — Ss)(M — Ss) [Ti_1 i
Using the larger parent Rg is conservative. This density has no Chen quarter or ordering

factorial. The selected domains have tg > 53/13824, and all full and selected-complement
squares remain in force.

4.2. Finite realization and density errors. The ideal policy is approximated on a finite
causal partition before N grows. Small-last-prime tails tend to zero; proper affine walls have
vanishing mass, whereas open inherit/equality regions are retained. At even rough rank
take outer endpoint tests and at odd rank inner tests, preserving ancestry. This produces
a coefficient an(d) above the raw upper coefficient. Attach the small-prime beta upper
polynomial to positive ay(d) and the beta lower polynomial to negative ay(d). If B~ < I, <
B™, then an(d)Bsign(n) > an(d)I,(n) term by term. The resulting physical p)’ has unique
small/rough decomposition, squarefree support ¢ < N% a uniform bound | px(q)| < M for
fixed M, (¢, N) =1, and

(24) Rn(n) = ZPUNP(Q) > L, py(Neo))=1 = 0, Pn(y) = H p.
qln p<y
pIN

The finite sum also defines Ry (0).
Restricting (20) to primes above the presieve gives the upper projection inequality

Vy(w) > An(d)gn(d) < D An(d)gn(d).
d rough d full

Together with the absolute beta and box-error estimates this controls the density of the same
pn from above. Support inflation can be kept below 1/1000, giving 6, = 599/1000 before
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the small complete-scale adjustment. The auxiliary support cover used in Section 3 does not
change this density.

Let Ey.p, be the raw upper-density endpoint and let u be each of the two allowances for
finite approximation and coefficient realization. Their exact rational values are given in
(182)—(183). The directed estimates in Appendix I give

(25) K — Eyp — 2u > 9.6522-107% > 0.
Thus the physical coefficient in (24) satisfies
up
Py (@) Cn
26 Sy = < (K + o(1))—N_
(26) SO S U ot

and it is precisely the coefficient to which (18) applies.

Proof of Theorem 2.1. Use the finite coefficient constructed above. Equation (24) gives its
bounded squarefree support and (12), and (26) gives its density bound. The factorization and
parameter choices in Appendix C, followed by the prime-product estimate in Appendix D,
establish (18) for this coefficient and each weight in the fixed finite collection. Choose
their common refinement before taking N to infinity. Taking maxima of the finitely many
constants and thresholds gives the asserted uniformity. O

Proposition 4.1 (Positive product consequence). Fix a finite nonnegative labelled prime-
product family of bounded rank and uniformly bounded weights, with every original prime
at least N% for some fized ax > 0, product O(N), and only the admitted fized geometric
restrictions. Suppose its unsifted weighted mass Xy satisfies

log N
lim sup KXW < J < 0.
N—o00 N
2|N
Let Wi (m) denote the induced weight on the product m. Then
1
lim sup — Z Wy (m) < KJ.

N—o0 N
m<N
2[N N—m prime

The error estimate is absolute also when J = 0.

Proof. For a prime ¢, squarefree support and boundedness give

up log N
3 lpN (9)] < g N
©(q) (-1

Hence, by a union bound over the fixed number of original prime slots,

(27) S pﬁé‘)ﬂ (X9 — Xy)| < XN~ log N = o(Hy).

No factor N% is introduced. Small prime remainders cost N*o+°(1) The smooth complete-
product trim costs N1=#0+°() after the full modulus sum; its product is strictly below N,
so no 7(0) occurs. Positive majorization before distribution gives

Z W (m) < ZWN(m)RN(N —m)+o(Hy) < XwSN + o(Hpy).

m<N, N—m prime

Outer approximations with m > N are harmless because Ry (n) > 0 for every integer. Now
apply (26). Fixed geometric boundaries are handled by positive smooth outer approximation,
with N tending to infinity before the approximation error tends to zero. At each precision
the same p)} is used in the pointwise inequality, density and distribution formula. It need
not be the same coeflicient at different precisions. O
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5. THE FULL CHEN WEIGHT AND PAIRED DELETION

We use as, hg, ds for the fixed sieve cutoffs; the parameter a in Proposition (1 + a) retains
its introductory meaning. Put

417 19 2
3 59 5

= — s = T, dS = —, = —.
5000 125 250 Ho =798

For n < N define Qq(y;n) = 1gjn1p-(n/q)>y- All prime prefixes below have distinct entries.
Suppressing the argument n, the eleven terms are

Qs

Y| = Ql(Nas)>

Yy = Ql(NhS)a

}/3 - Z Qp(Nas)7
Nas<p<N1/3

Vi= ). QpN%),
Nas<p<Nds

Y5 = Z Qp1p2 (Nas)v
Nas<p;<pa<Nhs

Ys = Z Qplpz (Nas)v
Nas<p;<Nhs<py<Nds

Y7 = Z Qpip2 (P2),
Nds <p1<pa<(N/p1)'/?

Ys = Z Qpipz (P2),
Nos<p1 <N1/3<py<(N/p1)/?

Yo = Z Qpip2 ((N/(ppo))l/Q),
Nhs <py <Nds <py<(N/p1)'/?

Yio = Z Q@p1papspa (p2),
Nas <p;<pa<pz<ps<NPhs

Y= Z Qpipapsps (P2)-

Nas <p1 <p2<p3<Nhs<py<Nds
In particular Y71 has its full last range. Set
(28) W=3Y1+Ys Y3 - Yy + Y5+ Y5 —2Y7 — Yg — Y9 — Y10 — Y11.

The terms 3Y; + Y2 supply the rough-count baseline at the two cutoffs. The one-prefix
subtractions Y3, Yy remove overcounting, while Y, Yg restore the selected two-prefix contri-
butions. The terms 2Y7, Yg, Yy subtract the remaining three-or-more-factor patterns, and
the four-prefix terms Yjp, Y11 compensate the growth of the positive pair counts when sev-
eral small factors occur. Their combination gives the pointwise inequality below. The later
paired deletion links Y5 and Y7; by an injection, so that the change preserves that inequality.

Lemma 5.1 (Pointwise full-weight inequality). For squarefree n < N,
W(n) < 41ga<o.

Proof. If n is not N%-rough, all eleven terms vanish. For Yy, the only less immediate case,
its quotient cutoff exceeds N(1=4)/4 -~ Nas  Suppose therefore that n is squarefree and
N%-rough. Let 7, s,t count its prime factors below N"s, Nds N1/3 respectively. Its first six
counts are

(YiaY27Y3aY41a}/5'))}%) - (17 ]-T:Oatvsa (;),T(S - T)) .
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If » > 2, the quotient sifted at the second selected prime forces the first two primes in Yig
and Y71 to be the two least prime factors of n. Thus

r—2
Y10:< 9 ), YH:(T—Q)(S—T),
with the binomial zero at r = 2, 3. Substitution in the first six weighted terms minus Y79+ Y11
gives s — t < 0; the other subtractions help.

For k = Q(n) > 3, let ¢; < ga < --- be the factors of n. Then ¢1¢3 < n < N, sot > 1,
Y7 =1,-9 and Yg = 1;—1. When r < 1, the remaining upper bounds for W are

case upper bound
r=1 2—t—1t:1
r=0, s>2 4—s5—1t
r=s=0 2—t—14
r=0,s=1,1t>3 3—t
r=0,s=1,1t<2|3—-t—1—14—3.

In the last case, k > 4 would imply n > N+&+2/3 5 N o k = 3; moreover qiqaq3 >
Nhs+ds+2/3 5 N The pair (q1,q) therefore contributes to Yy, giving the extra subtraction
displayed there. All the bounds are nonpositive. For k < 2 direct substitution gives W < 4;
the unit has W (1) = 4. O

Let & = &) U &1 be the disjoint union of the rational rectangles specified in Appendix I.
The two families have 6091 and 11481 members, respectively, in the coordinates

(t,u) = (logy p2,logn p1), as <u < hsg <t <ds.

The rectangles have disjoint interiors; shared edges have zero limiting mass and are assigned
once in the finite partition. Write Y5(&") for its pair terms and Y7;(&) for the four-prefix
terms whose last two selected primes (ps, p4) have (logy p4,logy p3) € &. The weight is

(29) WgZW—}%((ap)-f—YH(éa).
Lemma 5.2 (Paired injection). For squarefreen < N, Y11(&) < Ys(&), and hence We(n) <
Mg ny<a-

Proof. Map a contributing four-prefix tuple to its last pair (ps,ps). The quotient roughness
forces its first two selected primes to be the two least factors of n. The image lies in the
prescribed rectangle, and removing pspy4 leaves an N%-rough residual, so this pair contributes
to Y5(&). Since the first two factors are determined by n, two tuples with the same last pair
coincide. The map is therefore injective. O

The fixed prime-factor bound |1/as] = 11 bounds |[Wg| by 1016 on rough n. The number
of n < N with a repeated prime at least N is at most 2N!~% for large N. After restricting
to primes p < N with (p, N) = 1 and removing the unit, the squareful and unit costs are at
most 2032N17% + 4 = o(Hy). It follows that

(30) 4D15(N) > Y We(N —p) —o(Hy).
p<N
p prime
(p,N)=1

6. THE LOWER SIEVE AND FINITE DOUBLE-SIEVE TRANSITIONS

6.1. A lower estimate for the original prime sequence. The ordinary lower trees start
at w = ag and w = hg, with cap v = 249/448 and fixed small buffers. Their first exits have
even rank. The analogue of (20) is

(31) Zu(d)ld retainedg(d) = H(l - f(p)) - Z g(e) H (1 - g(p))
d

p e even first exit P<Plast (€)
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This identity proves both the pointwise lower inequality and the literal raw-density formula.
The selected fourth-rank restorations preserve even first exits: each cap is chosen before the
fourth cube test S5 + 3t4 < )4, and the ordinary residual level exceeds p3. A restored slab
and a fifth-rank saving are assigned disjoint regions in the lower functional.

For a presieve zyp = N, even exits give the exact projection direction

(32) VN(ZO)Rrough - ‘/full = Z gN(e) VN (plast(e)) > 0.
e full even exit
plast(e)<Z0

Round positive even coefficients inward and negative odd coefficients outward, retaining
the prefix decisions. Attach beta-minus to positive coefficients and beta-plus to negative
coefficients. If the rounded coefficient is arna(d), then awmd(d)Bsign(n) < amda(d)Io(n) term
by term. Therefore the physical lower coefficient satisfies

(q)
q)

low

o p
doAN(@) < L pyvoy=t, DL
. ol

qln

> Vi — coefficient-realization error.

Beta-minus need not be nonnegative. The second inequality uses (32) and absolute error
control, not coefficient order alone. The coefficient theorem supplies (18) for this very lower
coefficient.

The original prime sequence has a sharp endpoint at N. To use the smooth distribution
estimate for a signed lower coefficient, we first control the endpoint error in absolute value.

Lemma 6.1 (Sharp original-prime endpoint). Suppose the actual coefficient satisfies
199 (q)| < M with fized M, is supported on squarefree ¢ < NY with § < 1 and (¢, N) = 1,
and satisfies the permitted smooth-singleton instance of (18). Then

3 5@ (s, - T

.\
e ) = 04V (tog N) ).
Proof. Smooth the endpoint over [N — 6N, N 4 dN], with 6 = (log N)™® and B > A + 3,
and apply the smooth singleton estimate. The absolute boundary and exact-coprime mean
estimates in Appendix H bound the difference by O(6Nlog N + log? N), together with the
fixed-power complete product trim. The equality p = N is impossible for even N > 2. These
errors are absorbed by the chosen logarithmic accuracy. O

Apply the pointwise lower coefficient to the original prime sequence. Lemma 6.1 bounds
its remainder, while (21) and the prime number theorem evaluate its main term. This gives
the ordinary lower prime counts used below.

6.2. Finite defects and actual descendants. Put A (s) = sF(s)/(2¢”) and A_(s) =
sf(s)/(2¢). For a nonnegative finite marked family o(B) and one common @ = N*, nor-
malize by
) o(B)Cpn
Og =4li(N) Y ————— .
¢ 2 A(B) o8/ )

Here Cpy is the same singular-factor function as in (1). A defect H(s) means an upper bound
(A4 (s)—H(s)40(1))Oq; a defect h(s) means a lower bound (A_(s)+h(s)+0(1))O¢g. These
are estimates averaged over the positive marked family, not pointwise in B and not assertions
for a signed outer measure.

For residual exponent L = \ — logy B, write o = (1 — log B)/L > 2. A singleton child

with exponent Lu has
a—1

L' =L(1- =1
(I-w), a'=14—m

a two-prime child replaces u by u + v. All children retain the same total @, every full and
selected square, and their physical prime ceiling. The parameter « increases and is never
reset to 2 in a switched mass.
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Lemma G.1 proves the initial defect Jy = 1/50 and the positive transition J — 0.020249 +
0.13J on the permitted marked states with 1 < s < 11/5. Its hypotheses retain the residual
level, the prefix square conditions and a common comparison cutoff. Four applications give
Jy = 0.023273777353 > 2327/100000; this is the seed for the finite recurrence below. The
finite collection consists of 70 one-step and 36 two-step inequalities, together with the positive
Buchstab transitions

5 5
Hew (5) = / M) G, B (s) = / HW) g (5> 2).
max(2,s—1) W s—1 W

The one-step switched cost is K1/8, where I is the nonnegative switched mass of the action
specified in Appendix G. A two-step action has the positive defect contribution

(34) % 4H (s0) + H() + Z/ u(}z(f)u) du + Z// m(fl—(i?—v) du dv
D1 Doy

in addition to its proved ordinary and positive-switching base. There are three singleton and
four good pair domains. With a; = 1/¢; and ag = 1/s¢, the pair domains are

| domain | pi(u,v)
D; ag<u<v<az, v+2u<l| so(l —u—0o)
D (ap,a1) x (az,as3) so(1 —u —w)
Dy ap < u<v<a (I1-u—v)/u
Dg (ap,a1) x (a1,az) (1 —u—0)/u.

The admissibility conditions include 2v < 1 and v 4+ 2u < 1. The excluded portion of Ds
receives only a positive product cost, not ordinary feedback. Unit surfaces in the switch-
ing terms stay in their masses. The envelope used for every actual a > 2 is w(s) <
max(1/s,70893/125000) for s > 1, with the conservative extension below 1 specified in
Appendix G.

Two levels of iteration. The four scalar steps produce the certified constant used to initialize
the arrays; they precede generation zero of the array recurrence. The indices in Hy,, by,
including m = 248 and 430, count only simultaneous updates of the two cell arrays from
that initialization. Thus the scalar seed iteration and the envelope generations have different
state spaces and iteration counts.

We define the envelopes by simultaneous finite induction. Each right-hand side uses the
preceding generation, takes the maximum of alternative estimates, and uses a minimum over
the full closed support when an argument crosses a cell boundary. The 200 closed cells have
endpoints 1 + /50, 0 < ¢ < 200. Let H,,, h,, be the step-function lower envelopes after m
generations; at a shared endpoint take the smaller of the adjacent values. Starting directly
from the seed, 430 rounds determine all 400 final entries. These generation-430 arrays are
used only in Us, Uy; the remaining occurrences use generation 248.

The finite induction also needs a common approximation, not just finite depth. Positive
transition mass is at most 12 and the root coefficient norm at most 7/2. A local oriented error
§ propagates by at most §(124*! —1)/11 before normalization. Choose 4 inside the prescribed
final reserve and use one nested finite refinement for all queries. Residual exponents after
the finite transitions remain above a fixed positive multiple of 1017440 so every positive
leaf satisfies the fixed-cutoff hypothesis of Proposition 4.1. Zero-mass cells are controlled by
absolute errors.

6.3. Evaluation of the eleven-term weight. The lower functional is
1
(35) C = Z(BLI + Lo+ L+ Lg — Uz — Uy — 2U7 — Ug — Ug — Uy — UH).
The lower starts are the causal starts at as, hs. The ordinary estimate at hg is inserted after

its full least-prime correction is removed from the reference expression. In Uz, Uy the Hyzg
argument is max(2, L/as) with L = v(t) — ¢ in the enhanced range. The region L/as < 2
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has positive measure and uses the value of the lower envelope at 2. The pair lower terms
use hagg where L/ags > 2 and zero below 2. The positive costs Uz, Ug, Ug retain their labelled
multiplicities and are estimated by Proposition 4.1.

For Ujg,Uy1, work on one common positive partition of the four-prefix domain, with
decreasing coordinates x > y > z > w. At each cell use the minimum of the switched
kernel Kw((1 — S4)/z)/z and the admissible ordinary kernels 4(1 — Hasg(max (2, L/w)))/L.
Fach ordinary alternative retains all full and selected square conditions. A refined estimate
replaces its parent estimate, and overlapping alternatives are compared rather than added.
Appendix G gives the states and their common prefix-preserving approximation.

The restriction in (29) requires an estimate of the lower functional as well as the pointwise
injection. On a pair rectangle & = [t;, t,] X [ug, u,], put

57 5
R(t,u) = 6—4—§t—u, Ruax = R(t;,w),  Smax = Rmax/as, Mg = log(t,/t;)log(u,/u;).
Write L4 for the cellwise lower estimator assigned to a rectangle %. It vanishes on &p. In
& there are 227 crossing cells on which it vanishes and 11254 positive cells with 2 < sy <
Smax < 9/4. Since log(s—1)/s is increasing there, and h%in denotes the cellwise hogg minimum
over the full closed argument support, the discarded lower estimator, in Chen-quarter units,
is bounded above by

M, .
(36) > 2 (10g(Smax — 1) + h%™) < 0.002372094.

BEE positive T MK

For the negative term, the same selected parents are switched in the 48-division four-prefix
cover and avoid the refinement on 40000 parent cells. If Ay is the reference density mass
and sy its fixed K feedback slope, the cellwise bounds in Appendix I give 0 < s < Az/K),
Ky = 6.7619. Therefore

/@ = A% - (KO - K)Sgg > (K/Ko)Agg

Dividing by its positive reference mass gives an explicit pointwise density majorant of the
switched kernel. Restricting this majorant to the complementary positive family removes at
least KIg/8 in Chen units, where

dtdudzd
o 1= oo e St
(tw)es Jas<w<z<u  tUZ W

The use of w > 1/2 is valid since (1 — Sy)/z > 77/38 > 2 throughout this family. For one
rectangle the integral is exactly

log(t,/t;) [log(ur/ul) + log(ur/as) +2 _ log(wi/as) +2 .

ag Uy Uy
The finite lower bounds for the gross improvements are 0.002095161 on &y and 0.003799514
on & . Subtracting (36), the additional raw improvement from & is

71371
50000000

The paired restriction removes mass from the positive majorant and pays for the assigned
lower estimators on the same deleted region. The masks &y, &1 are disjoint.

(38) 0.003799514 — 0.002372094 = 0.001427420 =

6.4. A preliminary lower functional. Denote the current lower endpoint by Rpase and
the bound for each finite-density and coefficient-realization error by Bpase; see (184)—(185).
There are two further improvements on &: a larger lower bound for w on an inner fibre,
and a smaller payment for the discarded lower estimator. We treat them separately before
combining their contributions.
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6.5. The paired-domain improvement.

Lemma 6.2 (A global Buchstab lower bound). For s > 1 one has w(s) > 1/2, and for
s> 17/3 one has w(s) > 11/20.

Proof. The bound 1/2 holds on [1,2] and propagates by (s(w(s) —1/2)) =w(s—1) —1/2.
For 7/3 < s <3, uselogz >2(x—1)/(x+1) for z > 1 to get
1+log(s—1) _ 3s—4 _ 11
= > > —.
w(s) s - 82 T2
The last inequality follows because the concave polynomial 60s — 80 — 11s? is positive at
both endpoints. For 3 < s < 10/3, the first bound and log2 > 2/3 give

sw(s) >1+1log2+ (s—3)/2>s/2+1/6 > 11s/20.

This establishes the stronger bound on the unit interval [7/3,10/3]. The identity (s(w(s) —
11/20))" = w(s — 1) — 11/20 then propagates it to successive unit intervals. O

The extra positive fibre. The already selected parent majorant dominates Kw((1 — ¢t —u —
—w)/z)/zonas < w <z <u< hg <t<ds. Foreach rectangle & = [t;, t,] x [u, u,| of
the same mask, put

3(1—t, —
(39) Z % = min <ul, w) )
13
The finite exact geometry check gives Zg > ag for every cell. Moreover the definition gives
1—t, —u, —2Zyg > (7/3)Z5. Hence on the inner fibre ag < w < z < Zg one has z < u and

l-t-u—z—-—w>1—-4% —u — 2z > gz
Lemma 6.2 supplies an additional 1/20 in w, beyond the 1/2 already paid in (37). The
remainder of every fibre keeps its original bound. The two nonnegative contributions hold
simultaneously.
Integrating the added 1/20 and including the Chen factor 1/4 gives at least the following
additional coefficient from Z:

K . (2
Gy Kloglr lgﬂ/ log(2/as)

80 Uy 22
1 1+log(Zg/as)
4 —l —1 — | — =
(40) 80 o8 ul [as Zp

The inner w integral is log(z/as), and the remaining primitive is —(1 + log(z/as))/z. Thus
there is no permutation factor and no extra factor 2. The fixed rational walls in (39)
remain within the same admissible finite positive family. Restriction uses the positive parent
majorant and its assigned cell decomposition.

The directed interval estimate of Appendix J gives

_ 558583
41 G — 0.000558583 =: .
(41) > T g

BeEoUS

Only this rational lower endpoint is used below.
The discarded positive lower estimator. The lower estimator assigned to a rectangle 4 is the
maximum of its constant and chord estimates for the ordinary term, plus its nonnegative
double-sieve defect. The complete sum on &, including the Chen factor 1/4, is denoted by
Le. Its rational fixed-point evaluation gives
(42) .- 5645403422587826010135 < 466977

¢ 7 2417851639229258349412352 200000000

We next bound this discarded lower functional directly by rational intervals.

= 0.002334885 =: Ajgss-
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To specify the enclosure, on a positive cell use the residual function R(¢,u) = 57/64 —
(5/2)t — u used in the preliminary functional, and put
r# = R(tr,ur), Rg=R(ti,w), si=rg/as, sp=Rg/as,
lo S| — 1 lo Sp — 1
o loGi=1) o logls =)

S1 Sh
Here 2 < s; < s, < 9/4. Define

Mg = log(t,/t;) log(u,/uy),

dt du
Mp o= | R(t,
R% /j (t,u) =
57 5
= aM@ — §(tr — tl) log(ur/ul) — (UT — ul) log(tr/tl).
The two ordinary alternatives, after division by the Chen factor 4, are bounded above by
(43) fiMg filRgMp — Mg 2) + fn(Mp.z —raMz)
as as(Ryp — 1) '

Indeed the exact endpoint values f;, fr, dominate the lower endpoints used in the functional.
Both coefficient integrals are nonnegative because ry < R(t,u) < Ry, and the fixed-point
lower roundings can only decrease the estimator value. The cellwise estimator takes a max-
imum of its constant and chord alternatives; taking the maximum of the two upper bounds
in (43) preserves the direction.

For the separate defect term, take hfgn to be the minimum of the hosg closed-cell values
meeting the exact interval [s;, sp], including both adjoining cells at a knot. This minimum
is at least the one over the outward-rounded lookup interval. Therefore hf%inM /R is an
upper bound for the cellwise defect estimator, and can be added to the preceding maximum.
All relevant hoyg entries are nonnegative. If the outward lookup crosses below 2 and returns
zero, the same upper bound remains valid. On the 227 crossing cells the constant, eligible
chord alternatives and lookup all give zero. Every & cell has s, < 2 and likewise has zero
cellwise lower estimator.

The proxy sum has a rational upper enclosure strictly below Aj,gs. Appendix K obtains
it by range reduction and alternating logarithm series with explicit remainders. Thus Ajgss
can replace the payment in (36) without weakening the lower inequality.

The recovered payment is exactly

(44) 0.002372094 — Ajogs = % = 0.000037209.

The retained Lg lower endpoint is the whole Lg lower endpoint minus 4 \jpss, namely
1421673188323272382945058469141
472236648286964521369600000000

The total removed negative gross in Chen units is now the safe value 0.002095161 +

0.003799514 + g = 0.006453258. Combining (41) and (44) gives the additional lower

coefficient

(45) A = g + (0.002372094 — Ajogs)

37237
62500000

We add A/8 = 37237/500000000 = 0.000074474 to each of the two error allowances.
The two enlarged allowances cover finite density approximation and coefficient realization,
respectively. The net increment after both extra reserves is

3A 111711
46 A—2(A/8) = — = ————— =0.000446844.
(46) (A/8) 4 250000000
The walls and queries are finite, so their local accuracy can be chosen inside these posi-
tive additional allowances by the same common approximation and coefficient realization

argument used for the preliminary lower functional.

= 0.000595792.
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6.6. The lower endpoint and the order of limits. With the paired-domain improve-
ment, the raw endpoint and each realization allowance are
(47) Riow = Rpase + A,
(48) Biow = Bpase + A/&

Their exact values are specified in Appendix I. From (30), the actual lower coefficient real-
ization, finite induction, and evaluation of the paired lower functional,

Dy 5(N
(49) lim inf 2220V Riow — 2Biow.
N—o00 Hy
2|N
The two allowances leave
(50) Riow — 2Biow > ¢+ 4.9061 - 1077,
so in particular
(51) Riow — 2Biow — ¢ > 4.9061 - 1079 > 0.

In particular Dy 2(N) > cHpy eventually, with ¢ as in (5).

Fix the finite set of estimates and their dependencies, the tail and compact approximation
tolerances, the cutoffs defining fixed compact parameter domains, the prefix caps, and the
support reserves. Next choose the common beta and rough parameters, fine labels, fixed
divisor and moment orders, admissible k, and local logarithmic accuracy. Only then let
N tend to infinity through the even integers. Taking the maximum of the finitely many
thresholds makes all estimates simultaneous. Since Cy > Cy > 0, fixed power savings and
O4(N/log" N) with A > 2 are uniformly o(Hy). The finite induction therefore gives the
conclusion for every sufficiently large even target.

7. FINITE NUMERICAL ESTIMATES

The preceding upper and lower constructions reduce the numerical part of the proof to
the following finite inequalities. Table 2 gives the correspondence between these quantities
and the certificate fields used to verify them. Appendix I defines their integrals, partitions,
directed enclosures, and error allowances.

Lemma 7.1. The upper density functional has an upper endpoint Ey, as in (182). It admits
finite density and coefficient realizations with errors at most u each, where u is as in (183),
and Eu, + 2u < K. The eleven-term lower functional with paired deletion has a lower
endpoint Riow = Rpase + A as in (47). The corresponding two errors are at most Bioy each,
where Biow is as in (48), and Rioyw — 2Biow > c¢. The generation-430 envelopes used in
Us, Uy are generated by 430 simultaneous applications of the positive finite action map to the
stated seed. The generation-248 envelopes used in the other specified terms have the separate
enclosures described in Appendix 1.

Proof. For the upper estimate, evaluate the four terms

A 22
Eyp = o + 11+ I3, compact + I3 tail — Z G
j=1

using upper endpoints for the four costs and lower endpoints for the nonnegative savings G;.
Each successive change is measured from its parent; overlapping alternatives are maximized
before integration. The noncompact tail is bounded over its entire range.

For the lower estimate, apply lower endpoints to L1, Lo, Ls, Lg and upper endpoints to
Us, Uy, Uz,...,Upp in (35). The changes of lower starts, restored exit regions, and finite-
table corrections are inserted on their prescribed disjoint regions or as complete parent
replacements. The paired-domain terms are then evaluated by (37), (36), (41), and (45).
This gives the rational endpoint Ry -
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All scalar operations are rational. Logarithms are enclosed by series with explicit remain-
ders; the sieve functions are enclosed by oriented interpolation estimates. Affine cells are
triangulated using exact vertices and exact polynomial moments. Positive savings may be
bounded on a subset, with the remaining saving discarded; an upper bound for a negative
cost covers the full retained region. The finite recurrence reads only the preceding generation
and rounds every nonnegative contribution downwards. The detailed enclosure and coverage
statements are given in Appendix I. Rational subtraction gives (25) and (51). O

Numerical data. The finite partitions, recurrence, and directed integral bounds of Appendix I
are supplied in Theorem (1+1.75) on the Goldbach Conjecture — Numerical Supplement,
version 20261106 [2]. The appendix describes the data and their certificate correspondence
with Lemma 7.1.

8. ORDERED BAD SEMIPRIMES AND THE FINAL SUBTRACTION

We now estimate By(NN). Its dependence on b is contained in the unsifted mass of the
ordered semiprimes; the positive product estimate then imposes the prime complement.
Fix 1/2 < b < 1 and set 3 = b/(1 + b). Products below 2N'~*0 have a negligible count.
For a remaining bad product m = rgq, the inequality r > ¢® implies » > mP?; both primes
therefore have a fixed positive exponent. Use the coordinates
log r rq
t= ) Y=
log N N
On a fixed radial strip n < y < C, PNT in ¢ = Ny/r followed by reciprocal-prime partial
summation in r gives the unsifted mass element
N  dtdy
log N t(1—1t)
The PNT errors are uniform on positive exponent compacta. A prime upper bound controls

y < n by Op(nN/log N); N tends to infinity first, then 1 tends to zero.
The exact ordered bad inequalities are

1 logy
0 1 t< =
SYss =27 2log N’

(52)

blogy
(1+b)logN’

t>p+

Their limiting unsifted mass is

1 12 gt b 1172
(53) Jb:/o dy/ﬁ =1 = {logl_t]ﬁ = log(1/b).

The ordering r < ¢ counts each composite once. There is no factor 2 and no further singular
factor in J,. The equal-prime diagonal has size O(v/N) and can be retained or restored after
a squarefree argument.

Smooth the complete-product wall in y and the remaining walls in ¢. For any fixed € > 0
a positive outer approximation has limiting mass at most J, + € and stays in the admissible
finite family. A partition of unity repeats no mass. Proposition 4.1, followed by N — oo and
then € | 0, gives

By (N
(54) lim sup Bu(N) < Klog(1/b).
N Hy

Unique factorization gives the exact identity
(55) Dy(N) = D;12(N) — By(N).
The unit was excluded in (2); a convention including it would change the count by at most

one. Zero is excluded by p < N. A square is a bad remainder when b < 1, and a prime
remainder is a good one. Combining (49), (51) and (54) proves Theorem 1.2.
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It remains to verify the strict scalar inequalities in Corollaries 1.3 and 1.4. For rational b
put z = (1 —0)/(1 +b). The positive atanh series and its geometric tail give

95 »2j+1 95 »2i+1 9,193
(56) 2;} 51 < log(1/b) < Lgg(b) := 2]2:%] 5T 1 + 1931 = 27)"
Every endpoint is rational. Substituting (5) gives
c— KLgs(3/4) > %029064 > 0.0165,
¢ — K Lgs(74816964/10%) > 100114%23517311 > 1075,
(57) ¢ — K Lgs(74816865/10%) > 106416125258358807 > 1079,
¢~ KLop(0/10) > 12493424414[;)2([))949969098 - 194880,

The respective surpluses exceed 3.2064 - 1072, 1.1497 - 108, 6.4162 - 108 and 4.5244 - 10~*.
First choose the fixed realization and positive-smoothing errors inside these strict margins;
then let the remaining uniform asymptotic errors tend to zero. Taking the maximum of the
four resulting thresholds proves both corollaries.

Range supplied by the fixed constants. For 1/2 < b < 1, the right-hand side of (6) is positive
precisely when b > exp(—c/K). This value describes the range supplied by the present
pair of coefficient bounds. Extending that range requires stronger applicable lower or upper
estimates, with the moving-residue and coefficient-class conditions preserved.

APPENDIX A. THE RESTRICTED MEDIUM CONVOLUTION ESTIMATE

We prove Proposition 3.2. The convolution lengths are U, V', with x = UV, and a denotes
the nonzero residue. The even target is denoted by N in the main text. Put ¢ = 7/32 and

3
5 = xl/(loglogx) , y= wl/loglogaz.

The coefficients «, are fixed throughout the modulus sums and satisfy the auxiliary-
coprimality Siegel-Walfisz condition (16). All constants in this condition are uniform over
the coefficient family. We use e(t) = exp(2mit); an inverse in an exponential is always taken
modulo its displayed denominator.

A.1l. A smooth majorant and divisor estimates.
Lemma A.1. There is a fized function ¢ € C°((0,00)) such that 0 < ¢ < 1,9 =1 on
[1,2], suppy C [1/2,5/2], and
6Vl < CI(N2, ()] < exp(—cy/IH]).
Consequently, for polynomially bounded positive £,V and H > Cil(logx)®/V,

= Y [5(M)

|h|>H

<pz P

for every fized D > 0.

Proof. Choose 1; = co/j% with 3°n; = 1/2, let u; be the uniform probability measure on
[(—1;/2,7n;/2], and put ¢ = uy *ug *---. Its support is [—1/4,1/4]. Differentiating the first j
factors as signed measures gives total variation at most [[;<;(2/m:) = CI(5")2. The remaining
convolution is a probability measure; retaining further undifferentiated factors also gives a
continuous density at each fixed derivative order. The function ¢ = 1(3/49/4) * ¢ has the
asserted support and derivative bounds. Integration by parts j times, with j a sufficiently
small multiple of \/[t], gives the Fourier estimate. A decreasing-integral comparison bounds
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the tail in (58) by a polynomial factor times exp(—c;(logz)®/?). If H < 1, every omitted
integer already has |h|V/¢ > (log ), and the same argument applies. O

Write n = log, U, ¢ = log, Q1, u = log, Y2 and v = log, ()3. The hypotheses of Proposi-

tion 3.2 imply
1 7 130

59 < - —4 — - —
(59) n > o, n< g - 4o, q+u+v<10 >
In particular Q1Q2Qs < z*/® for large z. Split ¢o = ups and ¢35 = vt into their z-rough
and z-smooth parts. The terms s > y or £ > y have arbitrarily large logarithmic saving. To
see this, first collapse the modulus coefficient with its fixed divisor bound. The primitive
progression bound for divisor-bounded functions [12], followed by Rankin’s method with
exponent 1/log z, gives

Y C
(60) Z T(é) < exp(—(loglogz)? + O¢(loglog x)).
0<gt/5
sm(£;2)>y

Here sm(¥; z) is the largest divisor of £ all of whose prime factors are at most z. The bound
is used with divisor means, rather than with a pointwise factor z¢.

We also use the following translated progression estimate. For fixed C,K,é > 0, an
interval I C [—2%, 2%] of length at most L and f < Lz~ satisfy

(61) Z 7'(|U|)C < ?T(f)c(log :U)O(l).
v=r v(eniod 1)
v#£0

Indeed, put ¢ = (r, f) and v = gw. The resulting progression modulo f/g is primitive

and its length-to-modulus ratio is L/f > 2. The range |w| < (f/g)2%/? is bounded by a

fixed divisor estimate. Split the rest by sign and into dyadic intervals, subdividing them

into lengths comparable to the smaller of their scale and L/g. The primitive divisor bound

applies on each interval with fixed positive length and modulus margins; summation proves

(61). Cauchy’s inequality gives its mixed version for 7(v)P7(jv — a|)¢, with v = a excluded.
On a dyadic block put d = st < D, w = ugvg < R and define

(62) Ad(w) = Z 72 (UOS)’Y?) (UOt)]-ﬁxed individual intervals and supports-

st=d
UYUo=wW

Thus Ay is independent of ¢, |Ag(w)| < 7(dw), D < y? = z°D), and DR =< Q2Q3. With
Q=Q1,Y =QD and § = 0/3, (59) implies

(63) UV > 2, Y <Uz79, YR < z'79.

We write S for the original factorized discrepancy sum restricted to this block. All values of
d = D remain in this single sum before Cauchy’s inequality is applied.

We reduce to one-bounded [ before applying dispersion. For divisor-bounded f, retain
7(m) < (logz)® and normalize by (logz)?¢. The discarded coefficient at v = nm is at
most (logz)~%7(v)P*+2. For v # a, summing the moduli costs at most 7(Jv — a|)?; fixed
shifted divisor moments therefore give O(z(logz)?~¢), with E independent of C. The
exact product v = a contributes separately at most gd/5to(1), Ordinary divisor means and
the reciprocal totient sum control the mean term. Choose C first, then request sufficient
logarithmic accuracy for the normalized estimate.
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A.2. Dispersion and the principal variance. The dispersion step separates a common

principal term from the nonzero frequencies. A remaining nonnegative principal variance is

estimated by the auxiliary Siegel-Walfisz hypothesis before the exponential sums are treated.
Set ¢ = qd, n, = Agq(r) and ho = [ 1. For fixed (g, d) define

B, = Z Qn, A (b) = Z o,

(ntr)=1 n=b (mod {)
(n,r)=1

1 mlr)=1
—ma)=l XT(m) = Z an(lmnza (mod ¢r) — 1mn:a)~

Cr m)= T
( ) SO(ET) (n,fr)=1

All n sums retain the original interval. Remove mn = a before applying Cauchy’s inequality.
The first-moment cost is YRz, which is power-small by (63). Nonnegative majorants for
q and m then give a Cauchy multiplier VY (logz)® and the exact variance

V' =S —2RS) + S%,
2

)

S1=>Y_v(q/Q)>_w(m/V)|> mCr(m)
q,d m T

8= S w(a/Q) Y vm/V) (z mxr<m>) (z nscs<m>)7

q,d m

(64) Sy =Y ¥(q/Q)Y_ ¥(m/V)
q,d m

2

> e X (m)

The common principal term is governed by the kernel

co(r,s) = __pllrs)
an lrsp(lr)p(ls)

If L is any common multiple of ¢ and the finitely many supported r, then

1 1w ory=1 L(wes)=1
65 co(r,s) = — ’ . .
(&) =T 2 e el

This is a positive Gram kernel. The size of L is irrelevant because it is used only in the finite
identity. Smooth coprime counting yields

2 C
(66)  Si=M+0 (W) M=V Y 00/Q) Y neddr, $)B, B
q,d r,5

For S5, remove (m,s) > 1 while mn # a. A rough common factor f > z gives
factors R/f and z/f; applying (61) and summing Zf>z7'(f)c/f2 bounds this error by

VU?(logz)¢/(Yz). Only then restore mn = a for Poisson summation; the cost is RUz°().
The zero frequency has coefficient 1/(¢re(¢s)), whose ratio to ¢(r,s) is 1 + O((logz)/z).
Consequently

2

Y (log z)

where, with the original coprimalities retained,

MrNs L
By = E Y(q/Q) tro(ls) Z Olp, Olny
d s ni,n
B (n1,0r)=(na,ls)=1

~(hV ahmy YR
(68) <3 () (). = tose)”
0<|h|<H:

(67) Sy =M+VE; +0a ( <+ RUx°(1)> ,

Lemma A.1 permits this Fourier truncation.
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For S, retain both exact-product exclusions during all divisor cutoffs and common-factor
removals. The clean set has

(r,s)=(s,) =1, (n1,lr)=(n2,ls)=1, (ni,ne) =1,

69
(69) n1 =ny (mod £), Iny — ng| > U(log )~ Fer.

The removed rough common factors cost VU?(logz)®/(Yz) + z(logz)®; the close pairs
cost VU?(log x)¢~Cer /Y + z(logx)C. These estimates follow respectively by counting two
multiples or a multiple and a primitive progression; their additional unit terms are absorbed
using Y/U < 279, Choose the divisor truncation and then Cyep, sufficiently large.

Now nj # na. Restoring one equality mn; = a costs only R(U—I—Y):L"O(l) = RUz°M: fixing
its factorization leaves O(U/Y + 1) choices for the other n, and the other rough modulus
divides a nonzero shifted product. Both equalities cannot hold. Apply CRT and Poisson
only after this restoration. On (69),

1

P(O)calrys) = o

Put d.(b) = A-(b) — B, /(). Since Y3 Ar(b) = By, the zero frequency is M + P, where

(70) P=Vho Y ¥(q/Q)p(€) > nlsce(r,s Zd ds(b) > 0.

q,d 7,8

Positivity follows from (65). In particular this principal variance must be bounded; it does
not cancel identically.

The auxiliary Siegel-Walfisz hypothesis and the primitive character large sieve give, for
every fixed A,w > 0,

(71) S o Zu 2 o, TOPOU2

A
<oy (log x)

For clarity, normalize a1y, ;=1 by 7(r)¢0. Its auxiliary Siegel-Walfisz constants remain uni-
form because 7(kr) < 7(k)7(r). Character orthogonality expresses the unweighted variance
through nonprincipal characters. Write each modulus as fk, where f > 1 is the primitive
conductor, and keep (n,k) = 1 in the coefficient before applying the large sieve. On a dyadic
conductor interval f =< Ry, its bound at fixed k is O(U(U/Ry + Ro)/¢(k)). Summing con-
ductors f > (logz)” and inducing factors gives O(U?(logx)?>~® + UY). Small conductors
are bounded by the auxiliary Siegel-Walfisz condition with its 7(k)“° cost; their total is
O(U?(log x)30+¢1=2B)_ Choose b, and then B, to obtain any prescribed logarithmic saving.
The weight 7(£)* follows by Cauchy’s inequality, ordinary divisor means and the elementary
bound for the variance O(U?/¢).

Using (65), Cauchy over the r variables and ¢(¢r)~! < (logz)/(Y'R) gives, for a fixed
divisor order By,

V (log x)? :
P < (YT\’, ) Z T(T’)QBO Z 7'(£)2B°Jrl Z |d, (D) 2
=R (<8Y b

VU?
Y (log z)4

The factor 7(r)2¢0 in (71) is summed by a divisor mean; it is not included in an unspecified
uniform constant. Combining these estimates with (64) gives

(72) 51 <4 fogz )A+V\F(1ogx) (VIEL] + /1 Eal),

where Ej is the nonzero CRT frequency sum on (69). The restored single-zero term con-
tributes at most vzY R z°), which is power-small.

<A
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A.3. The first exponential sum. For a fixed smooth w, Poisson summation and the
complete Kloosterman Weil bound give, for every integer A,

9 U
L (O + 5 (4.0,

(73) S w(n/U)e(An/e)

(n,0)=1

The zero Fourier frequency is a Ramanujan sum and gives the second term. For the other
frequencies use

2V
-2 v
(h,AO < 37V, 3+ [R/V)? <=
d\(AE) k#0
dlk dlk

This proves (73) also when the frequency length is below one.

Fix d in (68), put Q" = dQ and restrict ¢’ to multiples of d. This restriction is permit-
ted inside the bounded ¢’-dependent coefficient. The following calculation applies with @’
denoted temporarily by Q and R by R. Absorb the bounded smooth factor into the r, A co-
efficient and apply Cauchy while retaining the original unrestricted r, s support. Expansion
of the square gives

3

U
(74) |Ey(d))? < z° Q3R2

where

Z w(n/U)e(W).

(n,qrr')=1

T= > 2
qu7r7TIXRO<‘h‘7|h/‘SH1
(a,grr’)=1
Put j = hr/ — h'r. The 5 = 0 tuples number RH ¢, since hr’ # 0 and h'r = hr' is a
divisor equation. Their contribution is < z*QRHU. For j # 0, the square-root term in
(73) contributes < Q3 2R3H7. For its Ramanujan term write r = gu, r’ = gv, (u,v) = 1.
Then

Gorr') < g*(hyr)(B '), > (hg) < 3Q7(|4]),
=Q

> (hor) < 2Hi7(r), > (rr')? < R

0<|h|<H; rr' <R

and

Because (a, ¢rr’) = 1, a disappears from these geds. The total Ramanujan contribution to
Tis < 2°UH?R. As H; < QRU(log x)%/x, (74) becomes

UQ UQ5/2R3 U%QR
(7 P <o (524 DL 2R,
Return to @ = Q1 and the logarithmic variables in (59). The required gaps follow from
n+q<1-9o,
g tuto< 2
n utv< —— —
1 0 2
) 35 23 5 v
n+§q—|—3u+3v— E(q—n) 16(2n—|—u+20) 16(n+q+5u+2v)—§
1021 1470
_— 1/1 .
< 512 3 + O(1/logx)

The last inequality uses |a| > coz and ¥ = 7/32. The divisor bound for Aq and D = z°)
can now be paid inside a power saving. Sum U?/(dQ) over d < D using Y ,op1/d < 1.
With room to absorb one further D,

(]2 _ /2
(76) S T
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A.4. The second exponential sum and the reciprocity phase. Write E, =
Y a=p E3(d)/d. For fixed d, E3(d) is the sum over ¢, wi,wa < R, ni,ny < U and
0 < |h| < H, where H < QDR?*(logz)?/V, of

Aa(w)Aa(ws)an @y 0 (W>

quiwe qdwywa
(77) e (ahnle n ahnquw1> '
qdw; wo

The restrictions are

(Q7 Cl) = ]-7 (w17 an) = 17 (wQ’ aqdwl) = ]-7
ni=ny (mod qd), (ni1,naqdwi) = (na,nigdws) =1, |nq —no| > U(logz) e,
There is no independent bounded ¢ coefficient after the outer Cauchy step. The denominator
in (77) is quiwy; the factor 1/d occurs outside E3(d).
Exact reciprocity gives

( ahniws  ahnsgdwy )
e +

qdw wa
(78) . (ah(nl — ng)nquw1> . < ah > ‘
n1woy qdw1w2n1

All inverses are justified by the displayed coprimalities. Split A by sign and the ¢ support into
a bounded number of intervals on scales ¢y < Q). Normalize the five variables (g, w1, w2, n1, h)
by (g0, R,R,U, H). The last phase has amplitude

Mixed differentiation at most once in each coordinate therefore bounds the total five-
dimensional variation by

(79) (1+ (logz)® + (Ja|/z)(log )?)® = £ +o),

Repeated partial summation leaves anchored rectangular sums. Their endpoints are fixed
before estimation, and their h coefficient is a single fixed signed-interval indicator wy, |wp| <
1. It has no dependence on any remaining arithmetic variable.

Partition the rough coprime pairs (njws,n2) by the cross-coprime partition of [9, Lemma
13.2]; its number of parts is exp(O((loglogx)*)). Expand the two copies of (62) inde-
pendently, including both choices of the factorization st = d. Put R < vg, S < ug. A
total-product interval is retained as

Lai<risi<Bi = lris;<B; = Lris;<a;-

Thus it becomes a difference of the permitted product upper cutoffs, without inserting a
coupled condition into a one-variable coefficient. For a bilinear form, complex polarization
replaces two different coefficient sequences by diagonal sequences with at most four times
the diagonal bound. Apply this successively to the two R, two S and two n sequences, at
total constant cost at most 4.

We give the resulting unweighted sum explicitly. Fix d, a cross-coprime class C, endpoints
q0 < q1 < 2qo, two product upper cutoffs By, Ba, and one-bounded sequences ;, Ag, Qn, Wh-
All these data are fixed before the remaining summations. Let % be the set of tuples
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(g,71,72, 81, 52,11, N2) satisfying

w<q¢<q, (¢a)=1, r =R, s =<5, n=U,

(ris1,argse) = (resg, agdris1) =1, risy < By, rasp < Ba,

80
(80) ny =ng  (mod qd), (ni,n2qdris1) = (n2,niqdrass) =1,
(n1T2827n2) € C, |n1 — n2| Z U(logx)fcsep'
Define
B Whae = Y Dntudndutn Ty g (0h(n = no)norisidg)
Z qrires152 o<i<H 17259

There is no smooth reciprocity phase in this definition. The preceding endpoint separation
and polarization give

(82) |E3(d)’ < $5K+0(1) sup ‘Wbare’7

where the supremum is over the choices specified above. The 2°(1) includes the cross-coprime
classes and the two independent factorizations of d, but the five-variable phase loss occurs
only once. It remains to bound (81).

The first Cauchy inequality. Put f = (n; —n2)/(dq), which is a signed nonzero integer. The
new variable satisfies 0 < |f| < 2U/(dqo), and

(83)
Nn17r289 niraes2

. (C‘h(nl — nz)n27’1$1dQ) . (ahfnz’f’1S1>
Keep qf = (n1 — n2)/(df) integral and in [qo, ¢1] at this stage. The product cutoff in s; has
the exact finite Fourier expansion

Lrs<B = /01 Dy (§)e(s1€) de, Dy (§) = Z e(—j&).

1<j<B1/m

There is a common nonnegative majorant L(€) < min(1+By /R, 1+||&[ =) with [, L(€) d¢ <
logz and |Dy, (§)| < L(&); set ¢, (§) = Dy, (§)/L(E). For fixed & write N, = SAse(s€)/s.
These coefficients are one-bounded on s < S. If 2 denotes the conditions in (80) which are
independent of s, after putting ¢ = ¢y, the exact Fourier integrand is

1 YriCr (5)’77“ sy Oty Oy
W. _ = 161 2\s2 Anq Xy
2(¢) S 29: qfriT252

ah norisSi
(34) < Y N Y Wz(f .
nirasz
$1XS 0<|h|<H
(Sl,aTLN”QSQ):l

In particular [Whare| < (log ) supg [Wa(§)|. For each f the number of pairs ni,n2 < U
with nq = ng (mod df) is O(U?/(d|f|) + U). Summing over f and then 71,79, 52 gives
O(U?R?S log x) outer tuples. Since the outside coefficient in (84) has absolute value at most
O(1/(qoR?S?)), Cauchy’s inequality gives

U?logx

(85) Wa(é)? < BRSSP

W‘S’
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where the following nonnegative sum retains the congruence but discards other outer restric-
tions:

We= D, 2 IS

0<|f1<2U/(dqgo) ni,n2xU r1,ro<XR 598
ni=n2 (mod df) (nar1,niresz)=1

2

ah fnsris
(86) YN Y wne (f211)
niras2
518 0<|h|<H
(31,an1r252):1
Every discarded restriction is outside the squared inner sum. The cross-coprime property of
C justifies the displayed coprimality before the original class restriction is removed.
Completion of the positive square. We may now remove the congruence in (86) and enlarge
|| <2U/qo, because all its summands are nonnegative. Put b = nory and ¢ = nyryse. Their
multiplicities are at most 7(b)73(c) and can be bounded before summation. Split b, ¢ and
| f| into dyadic intervals. On each such block B < UR, C < URS, F < U/qq, and a fixed
smooth nonnegative majorant ¢(b,c) = ¢¥(b/B)y(c/C) gives

(87) Wy < x¢ Z Wiy,
B,C,F+
where the sign of f is absorbed into a and
2

(88) W, = z g(b,c)z Z A Z wpe (ahfbs)

b,c f=<F| sxS 0<|h|<H
(b,0)=1 (s,00)=1

There are only logarithmically many dyadic blocks. Combining (85) and (87), and using
qo = Q, gives the outside factor in the form

sup Wi/Q.

U
89 Whare e
(89) Whare| < QRS2 gy

Expanding (88) and interchanging the two s labels when necessary yields
(90)

— af(hisy — haso)bsys
Wi= D, > NN Y X g(b,c>e<f(“ 252) ”>.

C
$1,82<S 0<|h1‘,|h2‘§H fXF b,c
(s182,0)=1 (e,bs1s2)=1

The terms with h1s1 = hoss have total absolute value at most z*HSBFC. For the others
set z = $182, y = f(h1s1 — has2) # 0, and define the coefficient

(91) ﬁ(yv z) = Z Agg)‘{qlwfuwh?
s182=2z, 8;<S
F=F, 0<|h;|<H
f(his1—has2)=y

We retain (z,a) = 1. The variables b, ¢ do not occur in (91); the restrictions involving them
remain in the kernel. Consequently the nonzero contribution is exactly

(92) > Bly,z) Y. gb.c)e(ayzb/o).
y#0,z b,c
(a,2)=1 (e,bz)=1
In particular |3(y, z)| < b(z,y) for the positive tuple count in the following lemma. This
domination also holds after any dyadic restriction on y, 2. It is independent of the future
Poisson frequency, which has not yet been introduced.
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Lemma A.2. Let b(z,y) count tuples s; < S, f < F, 0 < |hj| < H with z = s152 and
y = f(h1s1 — hasa) #0. Then

(93) S b(z, vu)? < (1 + H/S)

z u#0

(HS)*F

for every v > 1 on polynomially bounded scales. The left side vanishes when v > 8FHS.

Proof. At fixed (z,y) there are at most 7(z)7(|y|) decompositions (s1,se, f, k), with k =
h1s1 — hesy # 0. Cauchy therefore reduces the square to collisions of h pairs with the
same ($1,892,k), followed by a single f count. Group according to ¢ | v, v/c | k, with
the count of f bounded by 2F/c. Equal h pairs contribute < x¢(HS)?F/v. For unequal
pairs put g = (s1,82), s1 = gu, s2 = gv, (u,v) = 1. Their differences have the form
(h1 — hi, ha — hb) = (jv, ju), with 0 < |j| < 2Hg/S. If b = (g,v/c), the condition on k/g
is divisibility by v/(cb). Counting nonzero multiples from zero, without an additional unit
term, gives at most O(H Scb/(gv)) such values. Factoring the remaining nonzero integer hov
costs only a divisor factor. The unequal contribution is consequently

H3SF H3SF
xfis Z M < 1'2575.
v

14

<
g<28

The last estimate follows from 3> 95(g,v)/g < 7(v)(1 + log(25)). Renaming 2¢ proves the
result. The support bound follows from 0 < |y| < 8FHS. O

In the present application H/S < z°M(Q/U)Dy < 1, where Dy = U?R?S/z. Thus the
factor 14+ H/S is bounded.

A.5. The reciprocal kernel and the spectral estimate. We estimate the reciprocal
kernel with the coefficient independent of the future Poisson frequency. This separation
makes the same frequency interval available at every spectral level, as required by the level-
average exceptional estimate.

We use Y for the coefficient length, Z for the level length, and P for the length of a
nonzero Poisson-frequency block in this subsection. The original convolution lengths remain
U,V. For (u,z) supported on u <Y, z < Z and (a,z) = 1, put

(94) K=Y B0wz) Y w(c/C)ub/D)e(auzb/o).
U,z c,b
(¢,bz)=1

Either sign of u is treated separately. Define B? = >z 1By, 2)|? and B2 = >z 1By, 2)|%
further coprimality indicators or unit phases do not increase these norms.
Poisson summation in b is the exact identity

S ¢(b/D)e(auzb/c) = g 3" W(mD/c)S(mz, au; c).

(b,c):l meZ

The zero frequency contributes at most z*D+vY Z B, since |S(0,au;c)| < (au,c) and
S e (au, ¢) < Cr(|aul). Its square is x*D?Y ZB?. For nonzero m truncate at the common
value (C'/D)z¢ and split into common signed dyadic intervals. Ordinary smooth Fourier
decay, with a fixed sufficiently large derivative order, controls the discarded tail.

On an actual interval m < P, put

4m+/|a|PY 4dmy/
02%7 ’U:m/P7 w:u/}/’ sz/Z, t:m
ovZ VERY)
Then ¢/C = y/vw/(/t. This change of variables removes a from the normalized amplitude.

Fourier expansion on a fixed compact box separates the amplitude into a Bessel test function,
a common factor 17(m)e(mw) and an arbitrary complex u, z coefficient. Choosing the Fourier
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decay order above the fixed Bessel derivative order makes the coefficient norm summable.
Thus the m interval I and phase w are common at every level z.

The cusp conversion and packet operation are given precisely in Appendix B. They trans-
form the u coefficient to

(95) 61/(”7 Z) = 1(n,a):15(l/nv Z)e(_n/z)v v ‘ aoo’
at packet cost (|a|v)?/?, while leaving the common m functional unchanged. Let
pPC*Zz la|PY
0= 27 TO = 9 -
la|PY + C?Z C

The regular spectral contribution and the exceptional estimates yield

|Lp|? < xepo{ > (|a|)?(Y/v + Z + Tp) (P + Z + Ty) B2

v|a>
(96) +(C?*2)(Y + 2)' V(P + Z)l_wBQ}.

Here Lp is the separated Kuznetsov sum, before restoring the Poisson factor D/C.

We give the spectral summation leading to this polynomial. Throughout this step, a
regular spectral norm is the positive direct-sum norm (104): its Maass atoms have weight
1/ cosh(nt;), its holomorphic atoms weight 1/(27) after the stated Fourier normalization,
and its continuous part measure dt/mw. Cauchy’s inequality is applied within each compo-
nent of this same measure, before the three components are added. At fixed z,v, write
A(t), B(t) for the n- and m-side coefficient arrays on dpu., with entries >, 5, (n, 2) R 1(n)
and >, cre(mw)Ry o (m), respectively. Here ¢ labels an entry of the regular direct sum,
including its component and basis labels, and R; . denotes the corresponding Fourier coeffi-
cient in (104). Let Ao, By > 0 denote the norm-bound amplitudes, and let ug,vg > 0. If the
two cumulative regular squared norms are bounded by (T2 + ug)AZ and (T? + vy) B3, the
Bessel bounds

1 + [log Yo

LS O < 0l (2 max(1,2%0)

H()] <

give

[ o a®B® a0 < W

Indeed, above max(1,2Yp) the cumulative norm product grows on the jth shell by at most
22] leaving the summable factors 277/24-277. The level Cauchy factor is v/Z. With L = Y/v,
this gives the first term of (96), including the packet cost.

For exceptional forms put 7; =2,/1/4 —X\; <9, Xo =1+ Z/L, and X =1/Yj. Use

\/(1 + Y2 +up)(1 + YZ + vo) Ao Bo.

1+ X7 <201+ X/VXo)" (14 Xo)7/2.

The fixed-level n norm is < x¢(1 + L/Z)B2. The common-interval m norm is

v,
< 2°P(P+ Z) 1+{P(1+X/‘/Y0)2} ]

(P+ Z)?

Multiplying these bounds and the squared packet cost gives a term absorbed in the regular
expression and the second term of (96). The factor |a|v cancels only in this latter term after
the two norms are multiplied. The same argument applies to the holomorphic component
with height & — 1 and to the continuous component with real height ¢ in (104). Their
measures remain unchanged throughout the shell summation. On the exceptional spectrum,
1/ cosh(ntj) = 1/ cos(w|Imt;|) < 1, since |[Imt;| < 7/64; hence the unweighted exceptional
estimates used above differ only by an absolute constant.
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Restoring D/C, the elementary inequality

Z(L+ Z +Ty)(P+ Z + Tp)
Z + Ty

<(L+Z)(P+2Z)+ ZTy

and P < C/D give
K> < z¢ T2,
where the complete nonnegative polynomial is

T =Y (law)’{C(Y/v + Z)(C + DZ) + |a|Y Z} B?

v]a>®
(97) +{C(CDVZ)*(Y + 2)'%(C + DZ)'"% + D*Y Z} B2

The actual cutoff P < z¢C'/D is accommodated by reducing the initially chosen e. If C/D <
1/2, estimates are applied only on nonempty actual intervals; the real comparison value C/D
is not used as the length of a nonexistent integer interval.
Return to the convolution scales. Apply (97) first at the actual dyadic lengths in (92). All
its coefficients are nonnegative and increasing in the four lengths, since 0 < 9 < 1/2. We
may then replace these lengths by

2a3
(98) D=B,=UR, C=C,=URS, Z=5 Y:U}f/s.
The accompanying counting parameters satisfy F < U/Q and H < z°Hjy, where Hy =
QR2S%/V. These selectable powers are included in the final ¢ after choosing the input
exponents smaller. Put

U?R?S Y
Dy = = — < 1.
0 T A <
Then B,Z > C,, B? < x, and C.B.Z = Y. Lemma A.2 and H/S < 25(Q/U)Dy < 1 give
HS)*F
(99) BZ < xei, B% < z°(HS)*F.
v

The auxiliary divisor sum satisfies

Z 1/19—1 _ H(l _p—(l—ﬂ))—l — .1‘0(1).

v|a> pla

Its logarithm is O((logx)?), by splitting the prime divisors at logz; this is uniform for
polynomially bounded a. Consequently (97) gives

(100) 7% < 2 (HS)*F {[a]’ (C.B.Z + |a|Y)Z + CI*¥'B.2** 1 B2V 7}
For clarity, the four monomials on the right yield the following ratios after multiplication by

(HoS)*(U/Q) Q

U4RASS - U3V?2 :
monomial ‘ normalized contribution
a|”C, B, Z> Dy = |a]"UQR?S% /22
(101) la|'*Y Z (|a|/x) Dy
Ci+2ﬂB* 22—219 D2 — U1+219QR2+21955_219/‘T2
B2Y Z QR*S®/V3 < Dy.

The last comparison follows from B2 < x and |a| > 1. The zero-difference contribution in

(90) satisfies
U \2 U U2\’
(qrs) msp.50- - (Q) o
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For the nonzero part, (92) gives [Wy 49| < 2°J. Combining this square root with that in
(89) gives explicitly
U 4 j2 j2
<QRS3/2> (U2/Q)* ~ UARASE
The two contributions prove

< .CEE{(l + |Cl|/$)D1 + DQ}

U2
(102) W] < 53¢ {D + [ + |al/z) Dy + Do)},

U2R2S a 19U R255 U1+219 R2+21955—219
DO = x ) Dl = | | 1% ) D2 = Q 1'2 .

loa

A.6. Completion of the convolution estimate. The scale hypotheses give Dy < 278
and Dy, Dy < 27157 on every small-factor block. Together with |a|/2 < 2 and the single
variation cost (79), (102) gives

U?
|Es3(d)| < ) <x—4o+5l-€+e I x—150/4+215/4+€> .

All selectable epsilon losses, the vanishing subpowers from the partitions and one additional
normalizing factor D fit inside 27/19. Since k < /100, both remaining savings exceed o /2.
Harmonic summation in d therefore gives

L]2 /2
103 E —ax %
(103) B < 5
Insert (76) and (103) into (72). The exponential-sum contribution is O(z'~%/*(log z)%).
The earlier single-zero restoration is 0(561*‘7/ 6+0(1)), still power-small. Choose the auxiliary
Siegel-Walfisz and logarithmic precisions to pay for the finitely many dyadic choices, the
fixed logarithmic number of blocks and the normalization of 3. Equation (60) deals with the
omitted smooth parts. This proves (17).

APPENDIX B. NORMALIZATION OF THE SPECTRAL INPUTS

We record the normalizations to identify the positive measures used in the spectral Cauchy
inequalities. The regular spectrum and the exceptional spectrum are treated in their respec-
tive ranges.

These inputs are used in (96); the packet coefficient and the common frequency interval
are specified in (95) and the discussion preceding that estimate.

We specify the classical statements used in the preceding proof. They are applied at
trivial character, level z, cusps oo and 1, with (a,z) = 1. Write R(n) = /|n|p(n) for the
Deshouillers—Iwaniec normalization of the Fourier coefficients. The cusp scaling matrices are

The cusp conversion in [3, Lemma 4.3] introduces e(ay/z); hence the ordinary Kloosterman
coefficient carries e(—ay/z).

For y = vn, v | a®, (n,a) = 1, the coprime packet identities in [1, Lemmas 3.1 and 3.2]
give, on every normalized oldform dilation,

Ry(avn) = Ay (av)e(n(av — 1)/z) Ry (n).

Multiplication by e(—avn/z) leaves exactly e(—n/z). The packet coefficients in [1, (3.3)]
have Frobenius norm z¢ after divisor losses. Cauchy’s inequality in that packet and the
Kim-Sarnak exponent bound [5] therefore cost (|a|v)/64¢ and give the common coefficient
(95). No eigenvalue is assumed common to all dilations. The holomorphic and continuous
quadratic forms in [1, Lemma 3.2] use the corresponding identities with 9 = 0. The continu-
ous term is integrated with the formal Plancherel measure, rather than treated as the norm
of an individual square-integrable Eisenstein series; see also [17, Proposition 8.2].
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For completeness we specify the positive norm used for every regular spectral Cauchy
inequality. Let ¢ be either cusp. In the notation of [11, Proposition E|, write

RM(n) = pP(n) = \/InlpP1(n),
E— 1)1\ /2
Rl () = (EM)k U)o,

Rgc(n,t) = n"pyc(n; 3 5 +it).

The symbol R; in the packet formulas denotes Rj-\/[ . For T'> 1 and b supported on n < L,
L > 1/2, define

Q. (Ti0)= >
%ER
[t;|<T

tr %

k€2Z>0 ]
k—1<T

1 T
104 + — E / n
( ) Q 0 =T nx<L

This is the direct-sum measure du, used above. The constants 1/(27) and 1/7 are the
constants in the Kuznetsov formula; the factor 1/cosh(nt;) is part of the Maass measure
and is not absorbed by the change from p*B to RM. By [3, Proposition 4.7] and [11, Lemma
H],

(105) Q. (T3 b) < (2LT)" ( )Z\b 2

The harmless change from & < T to kK — 1 < T costs only a fixed factor. The continuous
term in this convention has measure dt/7, as in [11, (3.27)]; it has no additional hyperbolic
factor. The test-function bounds used with this norm are [11, Lemma D]. For opposite-sign
Kuznetsov sums the holomorphic term is absent, and the same positive norm is still an upper
bound.

Put 7; = 24/1/4 — X\; < 7/32 on the exceptional spectrum. The fixed-level estimate [11,

Theorem A], at cusp 1, supplies

Z bnRj’l (n)

nxL

> bR

COSh 7rt =

> buRl (0

nx<L

2
ve(n,t)| dt.

2

(106) > X < (zL)(1+L/2)Y |bal®>, X < max(1,2/L).

exc

The coefficients may depend on z but are independent of spectral height. The level-average
estimate [11, Theorem J] gives

(107) > Y X7

27 exc

2

Z e(mw)Rjoo(m)| < (ZV)(Z+ V)V, X <max(V,Z%/V),

mel

where I C (V,2V] and w are common to every level. For a partial interval I, choose an integer
P > 4V and expand 1;(m) = S+~ cxe(km/P) on residues modulo P. The coefficient norm
is Y |cx| < log(2 4+ V). Minkowski in the Hilbert norm indexed by (z,j) and Theorem J
with phase w + k/P prove (107), with only a logarithmic squared loss absorbed in (ZV)€.
This argument requires the same interval at every level. For larger X, the bound 7; < 9
gives the continuation factor 1 + (VX/(V + Z)?)?.

The transformed estimates apply on each nonempty interval of length at least 1/2, in-
cluding an endpoint interval containing n = 1. The m interval is common to all levels, and
the n coefficient is independent of spectral height. The condition (a,z) = 1 is retained in
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every packet operation. These are precisely the interval and coefficient restrictions used in
the preceding spectral estimate.

APPENDIX C. FACTORIZATION OF THE FINITE SIEVE COEFFICIENTS

We prove that the actual upper and lower sieve coeflicients have the factorization re-
quired by the distribution estimate. Throughout this appendix N is the even target. Finite
partitions, levels, and approximation tolerances are chosen before N tends to infinity; the
arithmetic coefficients themselves may depend on N. We write wye(n) for the number of
distinct prime factors of n.

C.1. Finite policies and residual square conditions. Write

_ 19 _2% 13 g 299
=96 HOT 198’ cap = 956’ = 500"

The number © bounds the complete carrier; Ac,p bounds the high-rank levels. A finite policy
specifies a level N* at each of finitely many prime prefixes. An ancestor decision is fixed
before the children are subdivided. For decreasing exponents t1,...,¢;, put S; = t1+---+t;.
The full square conditions at an auxiliary level N* are

(108) Si—1+2t; < L.

If I is a selected subset of the marked slots, put by = Y ,c;t;. In addition to (108), retain
all the conditions

(109) br+ > ti+2;<0 (j1).

i<j

it
For j after the last selected index, the left side of (109) is exactly S;_1 +2t;. Thus adjoining
smaller primes preserves the selected conditions whenever the full conditions are preserved.
An admitted cube also implies the next square, since

S+ 2t < Sj_1 + 3.

This observation applies to both parities of the ordinary sieve tree: upper first exits have
odd rank, and lower first exits have even rank.

The physical level A and the auxiliary covering level ¢ have different uses. The coefficient
and its density use A; factorization may use a slightly larger £. No change in A is made in
obtaining this cover. Here is the needed choice at the three-slot alternative. Put

14t 3
= W(z) = Acap — 3%

On a coarse box let I' = infmax(A,W) and A\ = ' — 2e, where the variation allowance

satisfies x < €/10. If inf A > A4 €/2, choose £ = A+ e/4. Otherwise sup A < A+ 11e/20, so

W > T throughout the box; choose £ = A + e. This leaves a reserve of at least 9¢/20 above

the lower bound and e below the upper bound. The remaining initialization reserves include
3 525 n 49z -0

256’ 8704 272 ’

The higher-rank changes are restricted to compact pieces on which their support conditions

have positive reserve. Fine endpoint enlargement is then taken smaller than this reserve.

At an ordinary lower start t; < hg = 19/125 < g, the endpoint admissibility condition

satisfies
1+t 3 249
T Ay — oty ) > 2
max( g fear T g 1) = 448

A(t)

1- Acap —2up =
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A level with a fixed buffer below 249/448 therefore has a strict covering interval. A restored
fourth exit is admitted only after its own cube and all the full and selected squares have
been checked. For upper prefixes above pg, the function

@) = mi <1+x 57 3)
=min | ——, — — =
v\ 2 64 27

satisfies v(z) > 3x for z < pg. Selecting y < x gives 2z + y < 3x; selecting y + z < z gives
2x + y + z < 3z. These are the initial square bounds for the two additional alternatives.

In a marked state write S = logy B, L = A — S and o = (1 — 5)/L > 2. A singleton
of exponent Lu changes the residual length to L(1 — u) and a pair of exponents Lu, Lv
changes it to L(1 — u — v). In both cases « increases. The conditions 2u < 1, or 2v < 1
and v + 2u < 1, are precisely the new full square conditions. The selected conditions then
follow from (109); the parent prime ceiling is retained. The finite construction has at most
440 elementary transitions. Its residual exponents are at least Ly, = 0p101~%0 for some
ly > 0, and its appended prime exponents are at least Lyi/6. In particular all switched
leaves have a common positive prime cutoff.

C.2. Finite approximation and strict margins. The finite partition is chosen jointly
for all the marked queries. At the third upper exit, the omitted last-prime tail is

O(n(1+log2f;70)>, nd0.

At lower exits of rank r = 3,4, 5, the corresponding bound is O(n(1 + log" ' (hs/n))). The
higher changes have positive last-prime cutoffs; in particular the eighth-rank domains have
ts > 53/13824. On the compact remainder, proper affine walls can be trimmed with arbi-
trarily small mass. A region on which the chosen label is identically inherited is retained
rather than treated as a wall. Freezing the coarse decision before refining the children gives
one common finite policy for the count and the density.

For the third envelope, the coarse parameters e, x give 0 < Lgng — A < 4e + 6. Fix
the finite policy and its positive reserves. The admissibility functions are continuous on
finitely many compact boxes, so their strict reserves have a positive minimum. Hence some
ks« > 0 preserves all the inequalities when log, N € [1,1 + k] and the endpoint enlargement
is sufficiently small. The margin is obtained on these fixed compact pieces, after the limiting
boundary regions have been removed.

C.3. Three-factor representations. We describe the endpoint construction, since the
factorization must hold for the coefficient as a whole. Let x be the complete local scale,
qo = log, N, ¥ = 7/32, and ag > qo the residue parameter in the local admissibility condi-
tion. For a small fixed ¢ > 0 put

HCOV — qog + 2C’ D — :L.OCOV—QC’ A — U.’L'_C,
where U is the chosen medium length. Define

vo = 200y — 1,
2—(2429)0cov 2 — 2000y — ¥
3—49 ’ 3 } )

In this subsection the slot exponents and b; are measured to base x: they are gy times their
preceding base-N values. The covering exponent in the full and selected square conditions is
therefore gol. The selected subset admissibility condition is vy < by < ug, with (108)—(109)
imposed on ordered upper endpoints. All lines of this admissibility condition are retained
after rescaling, including a line that is dominated when ag = 1.

Suppose first that C = D/(Azb") > 1. Put the selected slots in group two and insert the
remaining slots greedily into capacities A, C'. At every insertion the selected square bounds

Uy = min{
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the square of the new slot by the product of the remaining capacities, so at least one accepts
it. The resulting group endpoints satisfy

B1§A, BQZ.TbI, B:),SC
and

A’ByB2 < z'74¢,
(110) NYAB B3B3 < x*74¢,
A1+2ﬁ313372035+2ﬁ < 22— (4+49)¢

If C < 1, insert all slots into A, D/A using the full squares. Here 1 < D/A < z%. Set
B3 = 1 and replace 2% by D/A in the last two bounds. The first bound follows from
A2B, < AD < 223/24-5¢/2  Thus no factor with an endpoint below one is introduced.

For the three-slot W alternative initialize capacities A,z", D/(Az") with the first two
slots. One fits 2¥; the square of the other is at most the product z'=%ov=2¢ of the two
remaining capacities. Continue inserting whole slots. If a first slot fits none of the capacities,
adjoin it to group two. Its new product B lies in (2%, 2%0], since that slot is at most the
third slot and p3 < z“ ™%, Failure of the first capacity together with the full square gives
ABc < D, so the two residual capacities are legal. The full-square greedy argument finishes
the partition. If no failure occurs, the capacity product gives (110) directly. These algorithms
use only endpoint data of a whole atom and its medium length. They never use the individual
arithmetic tuple or the sign of a progression discrepancy.

C.4. The coefficient identity and squarefree restriction. Refine the interval labels to
a common disjoint half-open alphabet. If my slots have label I, set M = [[;m;!. The
unrestricted prime convolution N, of the slot list has value M/]],vp(n)! on its support.
Its sorted squarefree coefficient is therefore 14Ny /M. For a fixed three-group partition put
M; = [[; mr ;! and let ~; be the group convolution divided by M;. Then 0 < 7; < 1 on
every integer and the exact identity is

Ny MiM;Ms

(111) B 7

(71 % 72 % 73)-
An empty group is the unit mass at one. A marked convolution already contains its marked
multiplicities. Only its ordered residual slots are divided by their factorials: regrouping a
signed atom elgNay/Myes gives the external scalar eMyMaMs/M,es. This scalar is fixed,
although it need not be bounded by one.

Choose w = N below every marked prime exponent. For p < w, p | BN if and only if
p | N. Hence one pair of small-prime beta weights, with support below the smallest residual
reserve, serves every state in the finite marked family. The sign of the atom determines which
member is attached. The small and rough prime universes are disjoint, so decomposition
into these two parts is unique. Attaching the small-prime beta weight to one of the groups
in (111) preserves one-boundedness.

Global squarefreeness remains in the physical coefficient and its density. It is removed
only in the analytic tensor expansion. If the support is D, < N% with 6, < 1, the change
in the discrepancy is at most a fixed divisor factor times

N N
(112) Z ( +1+ ) < (N + D*)N—no-l-o(l)‘
4<D. q ©(q)
p?|q for some p>N"0

The term 1 includes an exact complete product equal to N. No divisor function is evaluated
at zero.
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C.5. Parameter order and the medium estimate. Before small-prime attachment, end-
point enlargement and local rescaling, the complete supports at rough rank at most two have
exponents

19 38 1527

48’ 125’ 3584
for the upper, ordinary lower and marked families, respectively. Their gaps below 1/2 are
5/48, 49/250 and 265/3584. For the last bound use x < 57/224, x + 2y < Acap, and hence
x4+ y < (Acap +57/224)/2 = 1527/3584. The fixed coefficient norm permits the below-half-
level Bombieri—Vinogradov estimate for these pieces. A high-rank coefficient requires the
factorization above.

First fix the finite collection of estimates and their dependencies, coarse policy, factoriza-
tion conditions and positive reserves. Choose ¢ below these reserves and the prime cutoffs,
and set 0 = (/2000. Next choose a common beta support small enough for the density and
support tolerances. If the rough-rank bound is J, take the endpoint mesh 7 so that (J + 2)7
is below every remaining reserve. Only after the fixed divisor and moment orders are known
choose

. o 1 K
(113) 0<K]§mln{/€*,200,2},(mn}, 0<K]0<m.
Here Kinom bounds the fixed moment orders in the Fourier tail and complementary-coefficient
truncation. Make k(g smaller if necessary so that the total carrier, safely bounded by 6, =
599/1000, satisfies 6, /(1 — ko) < 3/5 and all three low-rank supports remain below one half.

Replacing A by U in (110) leaves savings (,2(,9(/16. After two reserves of (/16, the
smallest saving is 7¢/16 > 150. Small-prime attachment enlarges only group three; its
costs 20g,203, (24 20){3 are included in the reserves. Dyadic subdivision therefore produces
Q1, Q2, Q3 satisfying all four size conditions of Proposition 3.2. The strict margins absorb
fixed endpoint constants. There are finitely many atoms, with fixed total absolute scalar
norm, before N grows. This establishes a uniform three-factor representation for the actual
finite coefficient families.

Checks for the medium branch. The following checks connect Proposition 3.2 with its appli-
cation in Proposition D.3. They are made after fixing the common finite policy and its strict
support reserves.

Condition or input Realization in the application Verification

Complete scale and = = UV is the scale of the complete product (119), (113)

residue and a = N. The trim and local rescaling

give cox < N < 1%,
Rough medium An individual interval carries the rough 1 or (120) and its proof
sequence Mobius sequence, its bounded weight and

permitted Mellin twist; the
auxiliary-coprimality estimate is retained.
Complementary Unique factorization gives a fixed divisor Lemma D.1; proof of
sequence bound. Any logarithmic truncation is Proposition D.3
charged by the mixed moment estimate
before applying the local bound.
Three modulus The normalized group convolutions are (111); full and selected
factors separate and one-bounded, with the squares (108)—(109)
residue-coprimality support retained.
Marked multiplicities remain external
scalars.
Four strict size tests The three monomial bounds, the medium (110); the reserves following
capacity, small-prime attachment and local 113
rescaling yield all the tests in (15).

=
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Condition or input Realization in the application Verification
Moving-residue The exact reciprocal phase is retained. Its (78), (79); Appendix B
phase and spectral variation and the packet and spectral norms

input use the stated local margins.

Uniform summation Fixed atom scalars, Fourier norms and (112); proof of

errors logarithmically many charts are covered by  Proposition D.3

stronger local logarithmic accuracy. Prime
powers, squarefree collisions and exact
products equal to N are counted separately.

For the four size tests, deducting the stated support reserves from the savings ¢, 2¢,9¢/16
leaves strict margins that absorb fixed dyadic endpoint multiples. This check concerns the
medium branch; the below-half estimate and Appendix E cover the other branches of Propo-
sition D.3. Upper coeflicients, lower coefficients and ordinary marked descendants enter
through that proposition with their actual signed coefficient py.

APPENDIX D. DISTRIBUTION OF THE SMOOTH PRIME PRODUCTS

This appendix proves (18) for the finite coefficient families of Appendix C. The medium
branches use Proposition 3.2; the remaining branches use the below-half estimate or Appen-
dix E.

For a smooth weight W on at most k, labelled prime slots, with p; > ¢N** and product
O(N), define

1., .. -1
E(N;W)= > Wn(p1,---.px) (1p1---pkN (@) — M) .
P1,Pk v(q)
The geometric weights have fixed polylogarithmic mixed Euler derivative bounds. They
carry no additional arithmetic filters.

D.1. Two auxiliary mean estimates. Let d; denote the j-fold divisor function. We record
the elementary moment estimate with its dependence on the moving shift, since logarithmic
truncations require a fixed moment order.

Lemma D.1. Fiz nonnegative integers R, S and a constant C > 1. Put Kpom = 22™2x(:51)

and 0 < k < 1/(2Kmom). Uniformly for |a| < Cx'*™* and an interval J C [1,Cz],

S o) (b — al)® <c p,s 2(1 4 log z)mem =,

beJ

b#a
Proof. If an interval I C [1, Z] has length Y, choosing a largest coordinate of an ordered
j-tuple whose product belongs to I gives

dodin)<j > dima(d)(Y/d+1)

nel d<z'-=1/j
<H{Y (14 1log 2)" =t + 21719 (1 +1og Z)772}.

Indeed the product of the other j — 1 coordinates is at most Z*~1/7; dropping the largest-
coordinate restriction only increases the sum. The two final bounds follow by expanding the
divisor function as an ordered product and summing the last factor. For every integer e > 0,
7(n)¢ < dse(n). On a prime power this follows by mapping an e-tuple in {0,...,v}¢ to the
histogram of the subsets of coordinates reaching each of the positions 1, ..., v; the histogram
is a weak composition of v into 2¢ parts and determines the tuple.

The nonzero values |b — a| lie, with multiplicity at most two, in at most two intervals of
length O¢(z) and upper endpoint O (z'**). Apply the preceding interval bound to dg,,,
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to obtain

ZT(’b _ a|)25 < x(l + log x)Kmomfl + $(1+H)(171/Km0m)(1 + 10g x)Kmom*2'

beJ
b#a

The second exponent is at most 1 —1/(2Kmom) —1/(2K2,,,) < 1. The unshifted 2R moment
has the same bound. Cauchy—Schwarz proves the assertion. The term b = a is removed before
applying the divisor function. O

Lemma D.2 (A convolution estimate below one half). Fizn >0 and ¢ > 1. Let x = UV,
2" < U,V <x'77 and let o, 3 be supported on [U,cU] and [V, cV] with

Z la(m)|? < U(log )€, Z 18(n)|? < V(log ).

They are independent of the summation modulus. Suppose that for every fized A1, B > 0,
every k> 1, r < (logz)? and (b,r) =1

1
(114) Yo oam)-— Y a(m)| <a,,p 7(k)PU(logz)™ M,
£ o(r) _
m=b (r) (m,rk)=1
(m,k)=1
with one fized exponent Cy. For every A > 0 there is a D > 0 such that Q < \/z(logz)~P
implies

> a(m)bn)

(mn.g)=1

<4 z(log x)

S max

g=0 (@)=

> am)b(n) - ——

mn=a (q)

Proof. Put L =logz. The primitive multiplicative large sieve [4, Theorem 18.2] is

(115) S Z

< H—l—l—RQ)X:Lz(n)2
T<RSO n

when z is supported on an interval of at most H consecutive integers. Character orthogonality
removes the principal character exactly. A character modulo ¢ = rk induced by a primitive
character x* satisfies x(m) = x*(m)1(mr)=1, including when (r, k) > 1. Put ag = al(p p)=1
and By = 1, )= and write Ay (x), Br(x) for their character sums. Since p(rk) > p(r)p(k),
the required sum is bounded by

(116) > (11<;) >

k<@ ¥ 1<r<Q/k ¥

n

*

> AR(x)Br(X)|-
r)

x (r)
Both coprimality restrictions are essential. The restrictions do not increase the L? norms
and, for fixed k, do not depend on r.

Let Ry = LP°. For R < r < 2R, R > Ry, Cauchy-Schwarz and (115) bound the inner
sum by

< LC'{ZJr\/E(ﬁJr \/V)+R\/§}.

Summing dyadically, then over k in (116), gives
+ (L
(117) < L¢ {R + L2/x(VU + W)+Q\/§}.

Here 3"y 1/0(k) < 1+1logY and 35 1/(kp(k)) < oo; the latter sum occurs in the last
term. Both follow from n/p(n) = 324, w(d)?/¢(d) and 1/(dp(d)) < 7(d)/d?. The middle

term in (117) has a fixed power saving because \/z(vU + VV) < 2z'~/2. Taking By, D
sufficiently large controls the other two terms.
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For r < Ry, sum (114) against the primitive nonprincipal character. Its mean vanishes,
yielding |Ax(x)| < @(r)7(k)¢°UL=41. The L' bound for £y is O(VLS/?), so the small-
conductor part of (116) is at most

<L (Y o] [T (k)0 |
(k)

r<Ro k<@ ¥

Choose an integer J > Cp + 1. Since n/p(n) < 7(n) and 7(n)’ < dys(n), the last sum is
at most (1 + log Q)2J. After By is fixed, taking A; sufficiently large finishes the proof. All
divisor orders are fixed before the requested logarithmic accuracy. O

For an original prime slot, the classical prime Siegel-Walfisz theorem [14, Exercise 64],
followed by partial summation, gives (114) at k& = 1 with any prescribed saving. For ar-
bitrary k the change deletes only primes dividing & and is at most 2||a||sowps(k); its fixed
logarithmic norm is absorbed by the positive-power scale U. Thus Cy = 1 works for all the
required exponents. Fixed smooth profiles, interval endpoints and Mellin twists with fixed
polylogarithmic variation preserve the estimate. For several original primes, put one such
slot in a and the remaining factors in 8. Unique factorization supplies a fixed divisor bound
and hence the required L? norm for j.

D.2. Proof of the prime-product estimate.

Proposition D.3. For the finite upper, lower and marked coefficients constructed in Appen-
diz C, the restricted medium estimate of Proposition 3.2 and the below-half-level Bombieri—
Vinogradov estimates imply

S oN(Q) Ef(N;W) = Oaw (N(log N)™) (A >0).

The coefficient in the count and exact coprime mean is the same. The estimate is uniform
for the fized finite family and all sufficiently large even N.

Proof. Choose a smooth 7 equal to zero on [0,1] and one on [2,00), and multiply Wy by
n(p1---pr/N'7F0). The discarded products have size less than 2N'~%0  and are strictly
below N for large N. Their complete modulus-divisor sum and exact mean have error
O(N'—ro+e()) " All Euler derivatives of this trim are bounded.

Insert a smooth nonnegative dyadic partition in each original prime. On an original chart
put B, = 2i, X = [[; R; and Xt = 2¥X. With f(v) = p1/(oglogv)” fiy the common
roughness threshold

5 = f(26k*+2X+)
before applying a convolution identity. Every original prime exceeds z eventually. Replacing
its prime indicator by A(n)/logn and deleting proper prime powers costs a fixed power
saving: their reciprocal mass above ¢N is N~%/2to(1) Nonzero complete differences have
divisor cost N°() | and an exact product N contributes at most N?+o() separately.

For a group at scale R let Z = (2R)'/3 and py = plp 7. If & denotes the convolution
identity, 6 — 1 * uz is supported above Z; consequently A  (§ — 1 % uz)*3 = 0 below 2R.
Expanding gives

3
(118) A=> (-1 <3> wy 17070 xlog.
= J
7j=1

The original smooth chart is retained. The roughness projector factors over all the variables
in (118); use P~ (1) = co. There is no additional sharp coupled group boundary.

Each original group has at most six variables. Individual rectangles meeting its smooth
support give complete local scales satisfying

(119) 9—Tk=1x <z< 26k_1X+, f(:c) <2< xZ/(loglogx)?"
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Thus cN!=" < 2 < CN and coz < N < 2!t by (113). The scale z is always that of the
complete product.

To separate the geometric profile, use coordinates u; = log(n;/U;) and a smooth compact
extension w of the profile. Writing Dy, = 3 gc1, .y [|025w]|1, integration by parts gives

~ _ 1 N Dy,
291 < D [J0+ €)™ g [ 1P(€)de < T

The tail outside |{|oc < H is O(mD,/H). Here D, is a fixed logarithmic power. The
arithmetic sums can be interchanged with the absolutely integrable Fourier representation.
After the complete modulus sum, the tail at a nonzero difference b — N is bounded by fixed
mixed divisor moments

S 7@ (b — N < z(logz)©.

b=xz
Apply Lemma D.1; its fixed order is included in Kyom. The exact difference zero is estimated
separately by N?t°(1) Choose a sufficiently large logarithmic H. For the retained modes
one pays the Fourier integral norm, rather than the number of modes.

Choose an individual medium slot, if present, in X3¢ < U < X1/3+¢/4 Tts local length
lies in 2% < U < z'/3+¢/2 by (119). Its sequence has the form
Qp = enll(n)lpf(n)>zh(n)nita en =1 or M(n)a |h| <1,

with fixed polylogarithmic variation and frequency. The auxiliary Siegel-Walfisz property
required in the medium estimate is

(120) > an- L
n=b (q) SD(q) (n,kq)=1
(n,k)=1
For completeness, roughness can be inserted at even Brun order h = 2| (loglog x)?|. Its next
divisor support is 2"t < UY* and its gap density has arbitrary logarithmic decay. For
squarefree £, pu(fv) = p(€)p(v)1(y=1. Put Vy = U/¢ for the quotient scale. The identity

p)lpp=1= Y uo/w)
wlv
plw=p|¢
reduces the small-modulus calculation to the unrough Siegel-Walfisz estimate for u. Trun-
cation at w < Vél/ * Jeaves O(VZ/ 87(6)2); the smallest inner scale is U%/16. After summing
¢ < UY* this is O(U??/3210g? U). Large moduli are bounded by the one-bounded inter-
val estimate. Inserting (n,k) = 1 deletes only primes p | k above z and costs at most
2(U/z 4 1)wpt(k). Partial summation absorbs the allowed variation and twists by choosing
a stronger initial logarithmic accuracy. This proves (120) for the actual slots.

The complementary convolution is bounded by a fixed divisor power. If necessary, trun-
cate only this complementary coefficient at a fixed logarithmic threshold, using the same
mixed divisor moment bound for nonzero differences and N%°(1) at zero. The threshold is
chosen after the fixed orders, and the stronger local logarithmic estimate restores its normal-
ization. The medium slot is not truncated. Now apply Proposition 3.2 to the exact tensor
representation (111).

If no medium slot occurs, every original group contains a long slot: since ( < a./100,
six slots below X3¢ cannot have product comparable to R;. There are at most two long
slots, because three would exceed the complete scale. A truncated Mobius slot is O(X 1/ 3)
and cannot be long. Thus one or two long unweighted integer variables remain, with their
logarithms, smooth twists, individual intervals, and common roughness projector. Their
complementary short products are bounded by z2%¢ and x%%¢, respectively. Appendix E
estimates both cases with the exact coprime mean.
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Finally, the low-rank coefficient pieces have complete support with a fixed gap below /2,
For one original prime use maximal prime Bombieri-Vinogradov. For two or more original
primes, apply Lemma D.2 using one original prime slot as explained above. The bounded
total coefficient norm permits its absolute form. All fixed atom scalars, logarithmically
many charts and the Fourier integral norm are paid by requesting stronger local logarithmic
accuracy. The removed prime powers, collisions and trim have fixed power savings. The
finite family therefore has one eventual threshold for the asserted estimate. O

APPENDIX E. ONE AND TWO LONG ROUGH VARIABLES

The estimates here supply the branches without a medium slot in the proof of Proposi-
tion D.3.

For the one- and two-long-variable cases we use direct progression estimates and the
classical complete Kloosterman bound. The argument keeps the exact coprime mean and is
uniform in the size of the primitive residue.

E.1. Brun polynomials with a uniform density gap. Let L = loglogz, h = 2|L?],
r=h+1andlogz <2logz/L? Put P(z) =[[,c.pand y=2" = 2°1). Define
AT(d) = w(d)Lgpy,wpy<ns A (D) = 1(d)1gp(z),wps(d)<h1s
and
U(n) =Y _AT(d), Li(n)=> A (d), G.=U.—L:, r:(n)=1(pe)1-
dln din

Both divisor sums have coefficients of absolute value at most one and support below y. The
alternating binomial identity gives

r

(121) L.<r,<U,, U.,>0, Gy(n)= (“"pf((”’P(Z)))> > 0.

This also covers (n, P(z)) = 1, when both polynomials are one. The lower polynomial need
not be nonnegative.
For every q set

At (d) AT(d) — A (d) 1
Aq: Z 7d , 9q = Z —d s %:H(l—)
(d.g)=1 (d.a)=1 p<z P
plq
Finite inclusion-exclusion, applied to independent Bernoulli variables of means 1/p, gives
(Z <z 1/p)T
(122) OSAq—nggqu—#:: 2

The bound is uniform in the set of primes dividing q. The elementary prime harmonic bound
Yop<z1/p < Land rl > (r/e)" yield e, < exp(—cL?log L) eventually. Thus ¢, is smaller

than every fixed negative power of logz, whereas y = 2°) will occur only beside a fixed
power saving.

E.2. Smooth progression cores. For a compactly supported smooth profile define
Ni(f) = IIflli + IIf/)ln and Nao(f) = ||fllx + [|f”]l1. Progression summation and Mobius
inversion give

> /vy = [ 1+ 0w,

n=b (q)

(123 > 1w/w) =02 [ 14 06@m().

(n,q)=1
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These estimates are uniform in U > 0 and in the primitive class b. For a fixed m coprime
to ¢, the discrepancy of mn = a (mod ¢) from its exact coprime mean is therefore O((1 +
7(q)/¢(q))N1(f)). If (m,q) > 1 and (a,q) = 1, both terms vanish.

For two variables, use e(t) = e2™ and f(t) = [ f(s)e(—ts)ds. Let ¢q be the Ramanujan
sum and S(j,k;q) = 3225 mod ¢ €((Ju + ku)/q). For b = am (mod g), double periodization
gives the exact discrepancy

uv ~ . N ) cq(g)cq(k
(121) 5 S Rt (seime - A0,

¢ e ¢(q)
Both axes vanish identically, because S(0, k; q) = c4(k), S(bj,0;q) = c4(j) and ¢4(0) = ¢(q).
For jk # 0, use

S(bj ki)l < T(o)va (i ka) [ F(O] < Na(f)(L+ Jt) 7>

For every H > 0 and d > 1, 37,4 4;(1 + lj|/H)~% < 2H/d. Expanding common divisors
and using > g, d=3/2 < ((3/2) therefore bounds (124) by

125 N. (g
(125) 2(f)Na(g) ( VaT(a) + :
(q)

For the Ramanujan term one uses [cq(j)| < (j,¢) and 324, ¢(d)/d < 7(q). When g =1 the
discrepancy is zero.

Let a short coefficient «,, have Y |a,| < M log® z, with z =< MU or MUV. If ¢ < D
and |p(q)| < 7(q)” log? = with fixed J, B, the sums of the one- and two-variable core errors
are

(126) O(MDlog® z),  OMD?*?1log® 1),

respectively. On inserting Brun divisors di, d2 < y, the profiles are at scales U/d;, V/dy and
their norms in (125) are unchanged. Replace m by md;ds only in the primitive residue. The

fixed-product bound is uniform in that residue, so summing the divisor pairs costs at most

y2.

E.3. Restoring roughness with the exact mean. For a nonnegative smooth F', expan-
sion of the divisor coefficients in (123) gives

> Fnfo)n) =02 D4, [ F 0 @mi(F),
(n,q)=1 a

(127 > Fn/0)Gm) = U2y, [ B4 0tyr@Mi(F))
(n,q)=1 1

Both left sides are nonnegative. They are exact coprime sums; the factor ¢(q)/q is retained
throughout.

For two variables write U; = U,(n;), r; = rz(n;) and G; = G(n;). The valid product
comparison is

(128) 0 < UUy —riry < G1Uy + U1 Gs.

Indeed U Uy —1119 = (U —7r1)Us+71(Uz—72). This argument does not multiply two possibly
negative lower polynomials. For complex profiles choose nonnegative smooth majorants
F > |f], G > |g| and use |a| only in estimating the absolute gap. If C; denotes the
congruence count and M, its exact coprime mean, and B = G1Us + U1G>, then

(Cy = My)(afglrirs — UiUn))| < Cy(lalFGB) + M,(la|FGB)
< |(Cy = My)(|a| FGB)| + 2M,(|a| FGB).
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The first term is covered by expanding the Brun divisors and (126); the second is estimated
by (127). Fixed divisor/totient mean bounds give the total two-variable error

(129) <log”  {MUVe, + M(U +V)y + My? + My*D*?}
The one-variable version is
(130) < log® £{MUe, + My + MyD}.
40¢

Only fixed logarithmic factors multiply €,. For the long alternatives, M < x2%¢ or z40¢,
D < 20 with Oy < 3/5, and min(U, V) > ¥ for a fixed v > 0. Choose ¢ so that

3
2OC + @loc < 17 40C + 56100 <1

Every remaining term in (129) and (130) then has a fixed power saving. The errors are
consequently O (zlog™" z) for every fixed A.

E.4. Individual sharp intervals. Let 6 = (logz)~”. An interval in a fixed positive scale
has a smooth approximation whose error is bounded by nonnegative smooth strips of nor-
malized width O(J) at its endpoints. If the interval is shorter than ¢, a single strip covers it.
Their integrals are O(9), their first-derivative norms are O(1), and their second-derivative
norms are bounded by a fixed power of 6~!. Multiply by the fixed envelopes for the other
profiles.

Apply the proved rough smooth estimates to these positive strips. Their exact means are
bounded by

< log® {x6 + M(U + V)y + My}

in the two-variable case, and by logC, x{xd + My} in the one-variable case. The exponent
in the first term uses the strip integral, not its derivatives, and is independent of B. The
B-dependent derivative losses affect only the fixed-power errors. Choose B after the desired
logarithmic accuracy. This controls both the count and the exact mean, uniformly in every
primitive residue, including a residue equal to an intermediate complete product. It proves
the required extension to sharp individual intervals. No assertion about arbitrary sharp
coupled domains is used.

APPENDIX FF. CAUSAL UPPER SIEVE POLICIES

This appendix gives the upper-policy density and coefficient realization used in Section 4;
its finite savings are evaluated in Appendix I.

We construct the divisor coefficients from finitely many decisions on prime prefixes. Pre-
fixes are ordered by decreasing primes: if p; = N%, then t; > --- > t, > 0. Write
S;j =1t +---+1t; and Sy = 0. A parent is obtained by deleting the last prime of a prefix.
Every decision at that parent is retained when smaller primes are appended.

F.1. Admissible caps and the parity of first exits. For a nonempty subset
IC{1,...,r} write

(131) br = Zti, G[(i) = max b[—i-zti—l—Qtj , max & = 0.
i€l j.g; i<j
i¢ il
The full-square support condition is
(132) Grai(t) = max (Sj_l + Qtj).
1<5<r

The candidate selected-product endpoint is
145 b
(133) v(b) :min{+ 57—3}.

2 764 2
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A selected branch on a compact prefix region is admitted only when its constant cap A
satisfies, with a fixed positive margin,

(134) max{1/2, Grai(t),Gr(t)} < XA < wv(by)

throughout that region. The separate three-slot branch with endpoint Ac,p, —3t3/8 is subject
to the whole-box factorization conditions of Appendix C. A maximum of candidate endpoints
is always taken over branches satisfying their support conditions.

An ordinary upper residual tree at total exponent A, after a prefix of rank r, applies the
cube tests

(135) Sii14+3t; <A (j>r jodd).

If 7 is even, these are the ordinary upper residual tests. If r is odd, they are the ordinary
lower residual tests. The earlier membership decisions are retained. At an even prefix a
change of cap is made after admitting the prefix; it introduces no exclusion at that rank.
At an odd prefix a cap may be chosen before its own odd test, provided that the decision
depends only on that prefix and the previously fixed policy. Either operation leaves every
first exclusion at odd full rank.

Lemma F.1 (First-exit identity). Let T be a prefiz-closed collection of squarefree products
from a finite prime set P, containing the empty product. Suppose that all first excluded
prefizes have odd rank. For every multiplicative & with 0 < &(p) < 1,

(136) Youlde@ = TTa—e@)+ > e T a-<&m).
deT peEP e first exit p<§i:(e)

In particular de ae1 w(d) majorizes 1(n I..0)=1 for every integer n.
’ Alpep

Proof. Each excluded divisor has a unique first excluded prefix e; its remaining prime factors
are smaller than past(e). Summing the complete continuation gives u(e)§(e) [T,<p,., (o) (1 —
&(p)). Subtract these disjoint continuations from the complete Euler product. Since p(e) =
—1, the sign in (136) is positive. Take £(p) = 1), for the last assertion. The same finite
identity applies at n = 0 and at negative integers. U

The square tests persist through descendants. A retained odd cube implies its own square.
The following even square follows from ordering:

(137) Sj,1 + 2tj < Sj,Q + 3tj,1 < A\

After all selected slots have appeared, the expression in (131) for any appended slot equals
its full square. Consequently (134), checked at the selected prefix, continues to control the
complete descendant vector.

F.2. The cap changes and their density differences. Set
19 25 299 153

— =— 0=— Aeap = —.

o6’ 107 128 500’ P = 956

The first prime is less than N?°. The three-slot endpoint below t; = g is the envelope of
admissible branches of

PO =

3t3
8 )
above i the initial three-slot endpoint is v(¢;). Every branch in (138) retains its individual
factorization conditions. In particular the displayed list is not an unconditional permission
to select any nonleading pair.
At rank four the selected candidates are M = wv(b;) with 4 € I, satisfying (134) and
exceeding the inherited third cap. Such a change is made only on prefixes that already pass

(138) U(tl), U(tl—{—tg), U(tl —|—t3), U(t2+t3), U(Sg), Acap_
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the third cube. Membership through rank four is unchanged and subsequent odd cubes use
the new cap. The limiting density difference on a region C is

(139) 4/ (- S/”trfiM Se)/tr) g Lo dty, F:%,

where r = 4, L is the inherited cap and M the selected endpoint. Indeed an even prefix
P, contributes gy (P, ) VN (N*/P.,p,) to its complete subtree. Subtracting the two subtrees
gives (139); it is an identity of raw densities before taking an asymptotic limit.

At rank five a candidate v(br), 5 € I, is compared with the inherited cap and the fifth
cube Sy + 3t5. Its cap is fixed before that cube. Thus a fifth prefix rejected at the smaller
cap may be retained at the larger one; all earlier decisions remain fixed. The negative fifth
subtree has the ordinary lower residual, and its saving is

F((M = S5)/ts) — fF((L — 55)/755)
(140) 4/ t1tatatsl?

[

e’Y

o dt57 f = )
with the zero extension of f below 2. The inherited first-five cap is bounded above by
3t
3 wby) @£ T C {1,...,5}}.

(141) Rs(t) = max {Acap -3,
Using an upper bound for the inherited cap in a positive saving is conservative. It does not
change the physical cap or its density.

The rank-six changes are even-prefix changes of the form (139). They are applied after
preserving the third and fifth admission tests. In particular L3 — Sg > 2t5 — tg > tg on a
region whose fifth cube is controlled by Ls. A convex piecewise-affine majorant Us > Rs can
be obtained by choosing one defining affine upper plane for each tent in (141). For a new
concave endpoint M, put d = M — Us and restrict the region to M — Sg < 3tg. Write L for
the inherited cap. Where d > 0, the retained fifth cube gives

L—SG<U5—S6<M—SG<3.
te — e tg -

1<

Thus F(s) = 1/s throughout the interval of comparison, and

te(M — Us)
(Us — Sg)(M — Sg)
The cap is changed only where d > 0, giving the saving lower bound

4d4

RoRn T ti’
where R,, > M — Sg and R, > min{Us — Sg, M — Sg} > 0 are whole-region upper bounds.
The positive part is taken before a lower bound for the positive prime-density measure is
extracted. For a rectangular region, concavity gives [dy/Vol(C) > 2763 . d(v).

Two additional changes occupy disjoint parts of py < « < pg. For the rank-two change,
put a(z) = 2v(x) — 1 = 25/32 — 3z and use

a(z) <y <z, L=v(z), M=uvy).

F((L — Sg)/t6) — F((M — Sg)/ts) >

(142)

The support conditions follow from 2z, z + 2y, 2z + y < v(x) < v(y); the selected slot is 2.
The saving is the » = 2 instance of (139). For the rank-three change, put ¢ = y + z and
impose

alz) <t<z, z=tw/2, 5/9<w<]1, L=v(z), M=uvt).

Here y < 3/16, whereas the rank-two change has y > 3/16. Selecting slots {2,3} gives
the extra support condition 2x +t < M. The third node is retained and its lower residual
is changed, giving the » = 3 analogue of (140). Its arguments lie in [2,4], where f(s) =
log(s —1)/s.
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At rank eight a selected endpoint M is compared with a valid upper bound Rg for the
inherited sixth cap. The retained seventh cube and the additional condition M — Sg < 3tg
give

A6 — S Re¢ — S M-S
L A6 TO8 N6 o8 8

143 1
(143) tg 18 tg

< 3.

Consequently (139) is bounded below by the integral of
4(M — Rs)
(Re — Ss)(M — Ss) 151 i’
Each chosen region must retain every full and selected-complement square, as well as all
ancestor tests. Regions acted upon at one stage have disjoint interiors. Changes at different

stages are combined by the exact telescope V3 — Vg = (V3 — V) + (Vi — V) + (V5 — Vg). For
each density difference we use one lower enclosure.

(144)

F.3. Literal ordinary densities and finite realization. Let gn(p) = 1p52, pv/(p — 1)
and Vy(y) = [I,<,(1 — gn(p)). The ordinary cubic Rosser coefficients satisfy, uniformly on
compact subsets of the stated ranges,

(145)
Vi (VN ) VEONOLNY
VN F(B/t) +0(1) (B/t>1), VNN F(B/t) +o(1) (B/t > 2).

Here the densities are those of the literal coefficients, not merely upper and lower bounds
for an arbitrary sifted sequence.

To see the uniformity in N, compare a normalized fixed-rank exit with the corresponding
exit for go(p) = 1p>2/(p — 1). A surviving prefix gains the multiplier

I[I Q-9 <y

Plast §p<y
pIN

other prefixes disappear. A rank-j exit has last prime at least NV Bmin/(32771) op g positive
compact parameter range. Deleting prime divisors of N therefore changes any fixed-rank
integral by o(1) uniformly. The positive Rosser exit series converges uniformly on compact
parameter ranges, and the raw one-sided bounds give the opposite side of a finite-rank
sandwich; see [13, Proposition 11.8 and Lemma 14.7]. First choose the rank and then let N
increase. This proves (145). For 1 < s < 3 the identity at the first cube reduces the upper
calculation to cutoff N#/3, giving F(s) = 2¢7/s.

The normalization follows from Mertens’ formula. In particular the exact ratio to

20N [1p<,(1 = 1/p) is

S 0052 T0-55)
146 = 1—-—— 1—-—).
(146) sonTl-0-1/m L g=ie) U5
P2z
Its logarithm is O((1 +log N/log2)/(z — 2)). Thus Vy(N?!) ~ 2e77Cn/(tlog N) uniformly
in N. The factor 4 in (139) and (140) is exactly 2e7 - 2¢7.

The finite cell data consist of rational regions, their ranks, selected subsets, endpoints,
and parent labels. Every active region has positive margins in its admission and support
inequalities; an inherited region keeps its parent’s decision. The density is the sum of the
exact subtree differences. For a positive saving, any selected subfamily gives a lower bound.
For a negative cost, the upper bound must include the whole retained domain.

Proposition F.2 (Finite-policy realization). Fiz such a finite admissible policy and a pos-
itive error €. Assume the coefficient factorization conditions of Appendix C on its selected
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branches. There is a fived finite refinement and a bounded squarefree coefficient pyY, sup-
ported on (q, N) = 1, with the following properties. Its divisor sum is a nonnegative rough-
indicator majorant. The signed distribution estimate (18) applies to that same coefficient.
Its density differs, in the required upper direction, from the ideal policy density by at most
eCn/log N + o(Cn/log N).

Proof. First truncate any small-last-prime tail. At the third activation one may use, with
u=po/2and 0 < h < u,

(147) Ts(h) < (u1_8f2)2 (1og2 % +2log % + 2) = o(1).

This follows from F(s) — f(s) < 9/s? for s > 3, the residual lower bound A —#; —t3 > u, and
the ordered reciprocal-prime triangle of mass %logQ(po /ts). Higher selected changes have
positive last-prime cutoffs. Proper affine walls have arbitrarily small strip volume. Identities
and open inherit regions are retained. On the remaining compact pieces choose coarse caps
with strict margins and refine them in increasing prefix order. No ancestor decision may
depend on an appended prime.

The third endpoint is piecewise affine and Lipschitz. For boxes of width x < e/10, caps
of the form Ay = I'yp — 2e approximate it with error at most 4e 4+ 6x. Near a three-slot
branch with endpoint W = Ac,p — 3t3/8, an auxiliary factorization cover may exceed the
physical cap. If infg A > Ap + €/2, where A = (1 +t1)/2, take laux = Az + €/4. Otherwise
supgz A < Ag + 11e/20, and £y, = Ay + e lies at least 9¢/20 above the necessary support
condition and e below W. The other initialization square has margin 3/256. The auxiliary
cover gives a factorization for the coefficient; it never replaces the physical cap in a density
or residual level.

Choose a presieve zg = N™. At even rough rank use outer endpoint tests and at odd rough
rank use inner tests, retaining all ancestor labels. This gives ay(d) > An(d) for the raw upper
coefficients. If B~ < Iy < BT are the dimension-one small-prime beta polynomials, attach
BT to positive ay(d) and B~ to negative an(d). Term by term, an(d)Bsign > an(d)Ip.
Unique small/rough factorization defines the resulting p\’ and preserves squarefreeness and
boundedness.

The density direction needs an additional identity. Projecting (136) to primes at least z
gives

(148) Vn(z0) Y. An(d)gn(d) < D An(d)gn(d).
d rough d full

Only positive exits with last prime at least zg survive on the left. For a fixed coarse policy
the absolute beta and fine-box errors are O(e‘c/ g 24 Cholicy TNo. 5) relative to the root Euler
product. Choose 7,79 and then 7 so that these errors and the truncated pieces fit within e.

All these choices precede N. The fine rank is bounded by Jy > 6. /1o +2; support inflation
can be kept below 1/1000, giving 6, = 599/1000. Finally choose the fixed moment order and
complete-scale trim so that 6, /(1 — kp) < 3/5 and all local inequalities have strict margins.
Appendix C then gives (18) for this very coefficient. The pointwise bound follows from
Lemma F.1; the density bound follows from (148) and the absolute errors. |

APPENDIX G. LOWER POLICIES AND FINITE FEEDBACK

This appendix supplies the lower-policy realizations and positive marked transition in-
equalities used in Section 6. Appendix I evaluates the corresponding finite maps and inte-
grals.

G.1. The ordinary lower tree and fourth-prefix restoration. Put as = 417/5000,
hs = 19/125 and v = 249/448. For either w = as or w = hs, begin with the ordinary lower
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support at total exponent v5 = v — §, where 0 < 9§ is fixed and 2hs < vs. Its first square
2t1 < vg is automatic below w; its subsequent tests are

(149) ijl + 3tj < Vs (j even).

At an admitted third prefix, freeze A3 > v for future even cubes. An ordinary fourth change
is permitted only after S3 4+ 3t4 < As; it freezes Ay > A3. The fifth prefix is then admitted,
and may freeze A5 > A4 for future even tests. Every active selected cap is below its admissible
endpoint and above its parent and all support conditions (131)—(132). For the lower starting
families the selected endpoint is

1+b 32—-34b 57 3b
1 _(b) = mi —_— — — — .
(150) v-(0) mm{2’ 39 64 2}
The selected branch is kept through descendants; the residual size ratio of a marked state,
introduced below, is separate from the local residue exponent in the distribution estimate.
There is also a fourth-prefix restoration. On an otherwise first excluded fourth prefix
choose A4 before its own cube, subject to

(151) A3 < S3 4 3ty < Ay, max{Gp, Gr} < A < v_(by).

Attach the ordinary lower residual below p4 at level NV A4 /Py. Since Ay — Sy > 2t4, its first
square cannot fail. Its later first exits have even residual rank, hence even full rank. The
restored tree remains a lower tree. Its density gain is exactly

t
(152) 4/ F(Q = S0)/ta) dt1dtodtsdty.
t1t2t3t4

There was no retained residual at such a first exit, so no parent residual term is subtracted
n (152).

Define a finite rational family of restoration regions as follows. Let ro = (v — hs)/9,
n € {400,800}, and A = H?Zl[&,&—{—l/n] with rg < ly < €3 < £y < ¥1 < hg and u1+3us < v,
where u; = ¢; + 1/n. Let Us be the maximum of v, the upper bounds of all three-slot
selected endpoints, and Acap — 3¢3/8. It bounds the inherited third cap from above. With
D = lem(448, 256, 78n, 64n, 8n), retain a mask I containing 4 only if

c; = infv_(b;) — D™ > max{Us,sup G, sup Gr}.
» B B

Choose the largest retained cy; write it as ¢. For A = t1 + t9 + t3 + 3t4, clip the box to
max(A_,Us + D7') < A <min(A;,c— DY),

and split this interval into finitely many equal rational layers. Every layer satisfies (151)
with positive margins and lies outside previously retained fourth prefixes. On the clipped
region,

-5y 9(Acap — V) 84375

<24+ — =24 — <3
t4 * v — hg +90452

9< ¢

Thus f(s) = log(s — 1)/s is increasing throughout. If A < a; on a layer and uy4 is the fourth
upper endpoint, use s; = 2+ (c—a;)/u4 in the lower bound 4f(s;) Vol(E;)/(uiususu?). The
exact volume of ZN{A <t} is

1 el +ex+es+ 3eq 4
(153) = > (-1 (t — A — ) :
ec{0,1}4 n +

This is the inclusion—exclusion formula for weighted box widths (1,1, 1, 3)/n. Differences of
(153) give the layer volumes exactly.
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G.2. The lower coefficient and its original prime sequence. For a prefix-closed tree
with even first exits the counterpart of (136) is

(154) YoudEd)=1[a-¢w) - > &) I (-¢&wm).

deT P e first exit P<Plast(€)

Its proof is identical, using u(e) = 1. Taking £(p) = 1, gives a rough-indicator minorant.
With £ = gy and presieve zg it gives

(155) VN(zO)Rrough - vaull = Z 9N(€>VN(Plast(€)> > 0.
e full even exit
Dlast (€)<z0
This is the density direction required for lower coefficient realization.

Round positive even coefficients inward and negative odd coefficients outward, preserving
the prefix decisions. Attach beta-minus to a positive rounded coefficient and beta-plus to a
negative one. Term by term aynq(d)Bsign < arnd(d)lo. Consequently the physical coefficient
satisfies

ow p
(156) DoARD) S L pyven=ts D
q

qln

low

> Vhal — absolute density error.

N (q)
¢(q)
The second inequality uses (155) and the absolute beta and box estimates. It does not follow
merely from coefficientwise order, and beta-minus need not be nonnegative. The sharp-prime
consequence in Appendix H, applied to this same plj‘\),w, turns (156) into the ordinary lower
estimate for {N —p:p < N, p prime}.

For an admissible lower prefix, the third-, fourth-, and fifth-stage density changes are,
respectively, upper parent minus upper child, lower child minus lower parent, and upper
parent minus upper child. Evaluate each by (145). At ranks r = 3,4, 5, the difference of the
ordinary upper and lower densities cancels the apparent inverse-square singularity in the last
coordinate, leaving a tail O(e(1 +log" !(hs/€))). The remaining compact regions admit one
common finite refinement that preserves every inherited decision.

G.3. Finite feedback on positive marked families. The normalized states are estimates
averaged over a nonnegative finite marked family o(B) with a common total level Q = N*.
Put

. O'(B)CBN 1—10gNB
L=X—-logy B >0, Og =41i(N , a=—"—2>2.
v @ =N 2 B g @/ L
For a singleton child of exponent Lu, or a pair of exponents Lu, Lv, the residual level and
parameter are, respectively,

(157) L'=L(l-w), o=1+2"" L=Ll-u—-v), o =1+-2

1—u’

l—u—v
The total @, selected slots and prime ceiling are retained. In particular « increases; the child
is not reset to a = 2.

An admitted marked family here means a finite nonnegative combination of labelled prime-
box indicators, with fixed positive lower bounds on all marked prime exponents and on L. In
the classical case its complete modulus level is below N1/2 by a fixed power. In the enhanced
case 1/2 < X < 153/256 with fixed margins; it retains all full and selected-complement
square conditions and one factorization branch from Appendix C. It also retains a number
x > 0 such that adjoining primes of exponent below x preserves that branch and its support
conditions. The number Y is no larger than the least specified exponent. If a branch uses a
bound ¢ for a third slot not yet specified, it also satisfies x < c¢. Every enhanced ordinary
node at argument s has physical cutoff N%/¢ below NX. All these restrictions are imposed
with fixed margins on each box before endpoint limits are taken. The estimates concern the
marked average, rather than an individual fixed prime prefix.
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The child-to-parent measures are du/[u(1—u)] and du dv/[uv(1—u—v)]. They are positive.
To specify the one-step switched cost, define

(158) I(s,s0,) :/ w(a I B “3) duy dug dug

1/80<U1<ug<U3<1/s ug

ulu%u;;

The one-step inequality gives the candidate

Wi H, h](s; s0, ) = A4 (s) — A4 (s0) + H(so) —

N 1 Vs A (so(1 —w)) + h(so(1 — u))
2 J1/s0 u(l —u)

Here Ay (s) = sF(s)/(2¢7) and A_(s) = sf(s)/(2e?), with the zero extension below 2. The
physical singleton child cutoff is NX/%0 and its argument is 50(1 — u), not the argument at
a different total level. The positive switched family is Bqigogsn < N with N Liso < ¢ <
q2 < g3 < NF/% and P~(n) > go. Its unsifted mass, in the parent normalization, is I/4; the
factor 1/2 in the pointwise weighted inequality gives the cost KI/8 in (159). All its prime
factors have fixed positive exponents. Its unit quotient has a fixed power saving because
a—3/s>1/2.
A uniform bound usable in (158) is obtained by putting ¢, = 70893/125000 and

K
§I(S’ S0, @)

(159) du, 2<s< sy <h.

1, u <1,
max{1l/u,c,}, u>1.

(160) Wenv (U) = {

For v > u > 1 one has w(v) < wenv(u). On [1,2] this follows from w(v) = 1/v; on [2,3]
maximize 1 + log(v — 1) — ¢,v. The maximum is —log ¢, — ¢, < 0, since the exact rational
inequality c,, Z?:o ¢l /3! > 1 implies cye® > 1. The delay equation propagates the bound
for v > 3. Thus replacing the integrand by weny((2 — u1 — u2 — ug)/u2) bounds the cost for
every « > 2. The branch below 1 is a conservative bound for the switched estimates that use
it; unit quotient terms are counted separately when their domains have nonnegligible mass.

For a two-step action write ag = 1/s9, a; = 1/¢; and b = 1/s. The parameter conditions
are

2 <8< 3 <Py <P <89 <5, as+2a; <1, 3a; <1, as+2a; <1,

(161)
a0<(1—a2)/2<1/3<a2<1/2, 80(1—b)>2, so—1 <4, 50(2—2a2)>2.

Its three singleton regions are
(162) (ao,b), (ag, az), (ag,as), p(u)=so(1 —u), physical cutoff NZe,

The regions on which the ordinary pair estimate and its feedback are used are

‘ region ‘ child argument
DI lag<u<wv<az, v+2u<1| so(l —u—0)
Dy (a0, a1) x (az,a3) so(1l —u—v)
Dy ap < u<v<a (I1—u—wv)/u
Dy (a0, a1) x (a1,az2) (1 —u—2)/u,

For the pointwise weighted inequality the fifth term has the complete mother region
(163) Ds={ap<u<wv<ay}=DJUD;, D5 = DsN{v+2u > 1}.

Thus I's = T'F + 'y ; it is not restricted to D7 in the combinatorial inequality. The ordinary
estimate and child defect are used only on D;r. On Dy the complete count is retained and
bounded by the positive product estimate. The test 2v < 1 holds throughout D5, and the
other three pair regions satisfy both 2v < 1 and v + 2u < 1 by (G.3). If JY denotes the
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ordinary and positive switched base for the chosen admissible parameter tuple, the feedback
added to that base is
(164)

;{4H(so)+H(¢>1)+ 3 /ao ))du+ S //D uvlpz_l;i))d dv}

ce{b,az,a3} i=51,6,7,8

We now define this base and prove the sign of every contribution.

The twenty-one-term inequality. For a marked state let R = /B and, in this paragraph,
put Ayp = {(N —p)/B:p < N, pprime, B| N —p}. Let &, be its positively marked
average sifted at RY*. Write [l,r]’%C for k increasingly ordered exponents in [l,r]. For a
positive integer n, let

Qd(y; n) = 1d|n 1P*(n/d)2y‘

All additional primes in the following expressions are distinct; collisions with the marked
prefix, and square factors, are removed with their fixed power-saving errors. Every expression
is then averaged with the same nonnegative marked weights. The first four terms are

[y =40, + Dy, T2, Tg,Tu= Y Qg(R™;n), c=b,azas,
R0 <g<Re

where the last expressions include the average over n € Ay p. For I's use the full region D5

n (163); for I's, I'7, I's use the other three pair regions above. The summand is Qg, 4, (R*;n)
for i = 5,6, and Qgq,¢,(q1;n) for i = 7,8, with ¢ = R* < ¢o = R". For 9 < i < 21 the
ordered exponent domains are

9 [al, ag]% 10 [al, ag]i[az, b]

11 [al, CLQ] [CL2, ag]% 12 [ao, al]T[ag, b]

13 [ao, al] [al, ag] [ag, b] 14 [ao, al] [ag, b]?r
(165) 15 [al, CLQ] [(12, ag] [ag, b] 16 [(12, (Ig]il

17 [CLQ, ag]%[ag, b] 18 [CLQ, ag]T[ag, b]%

19 [al, (Ig] [ag, b],‘? 20 [(Iz, ag] [(Ig, b]ATl

21 | [as, b]?

For a domain with r primes, the summand is Qg;...q, (¢»—1; 7). Juxtaposition in (165) denotes
independent successive bands, with ordering only within each indicated ordered block. The
inequality to be used is

21
(166) 5B, <T1 —Ty—T3—Ty+ > Ti+0(0q).
=5

It is the second weighted inequality of [15, Lemma 4.2]; the following verification fixes its
complete ranges and multiplicities.

For a squarefree R*-rough quotient let A, B’,C, D count its prime factors in the four
bands [ag, a1), [a1,a2), (a2, a3), [as,b), respectively. (The symbol B’ in this verification is a
band count, not the marked prefix B.) Pointwise the first four terms are

'y =44 14—, (T3, T3, Ty)=(A+B' +C+D,A+ B A+ B +C).
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The remaining terms have the following values, where z; = max(x,0):

5 | (M) 6 | AC
71 (A-1)4 8 | 141 B
9 | 1a—o(B' +C —2)4 10 1A:07B/ZQ(C + D)
11 | 1o p—1(C — 1) 12 | 142D

(167) 13 ]_A:LB/Zl(C + D) 14 1A:1,B’:0(C + D — 1)+
15 | 1a=0,B=1,0>1D 16 | 1g=pr=0(C —3)+
17 | La=pr=0,c>3D 18 | La=pr=o,c=2(D — 1)
19 | 1a—op=1,c=0(D —2)+ 20| La=p—oc=1(D —3)+
21 | La=pr=c=0(D — 5)+.

Indeed a quotient cutoff at the next-to-last chosen prime forces all preceding chosen primes
to be the smallest factors of n. This gives each entry of (167). The signed right-hand side
in (166) is, respectively,

A>2 (A+ B —2)(A+B' —3)/2+ (A—2)C
A=1, B'>1 (B —1)(B' - 2)/2
A=1, B =0 (1-C—-D)y
A=0, B'>2 (B' — 2)(B' —3)/2

A=0,B=1,C>1 |0
A=0, B =1,C=0 | (2— D),
A=B=0,C>3 |0
A:BIZO, 022,1,0 (1—D)+, (3—D)+, (5—D)+

All are nonnegative, and at A = B’ = C' = D = 0 the value is five. The left side is five times
the indicator of that last case. Outside the R*-rough support every summand vanishes.
This proves the pointwise inequality. On a fixed positive exponent box the omitted square
and prefix-intersection terms have N1=¢t°(1) total mass for some fixed € > 0, which gives the
stated error after the finite marked averaging.

Termwise estimates and the ordinary base. The two components of I'; have upper multipliers
4A4(s0) + A4 (¢1). The three negative terms have lower multipliers

¢ A_(so(1 —u))

(168) B(c) = /ao u(l— ) du, ¢ =b,az,as.

The support conditions put sg(1—wu) in (2,4] on these intervals, so A_(so(1—u)) = log(so(1—
u) —1). The merged singleton and pair coefficients satisfy the complete square and selected-
complement tests of the parent state. In particular D;r, D¢, D7, Dg have the ordinary upper
kernel (1 —u — v)~! against dudv/(uv). For a child argument below 2, comparison with a
smaller sifting cutoff gives this same kernel, since Ay =1 upto3. On Dy ={ag<u<wv <
ag : v+ 2u > 1} the ordinary pair is not used. The positive product estimate gives the valid
kernel Kc,s0/4, because its rough argument is at least so(2 — 2az) > 2. Define

// du dv chso // du dv
u5 = )
D wv(l —u—v) -

(169) U = //D dudv (i =6,7,8).

w(l—u—v)

Thus the unsupported corner is replaced by a positive upper estimate; its ordinary mass or
feedback is not retained as well.

For a switched domain D; with r primes, let w = u,—1 and U = u; + -+ + u,. Its
normalized unsifted mass at the actual parent ratio « is

(170) Mie) = [ o, SEZEN)

U<a—w

dur 1

d
wH uj +/ED uj
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In the surface integral one coordinate is eliminated with derivative one. The surface counts
quotient 1; it is separate from the ordinary Buchstab term. Prime summation and the
rough-number formula on fixed positive boxes give (170). The upper count in parent units
is KM;(a)/4.

The following explicit bounds are uniform in o > 2. Put £;; = log(¢i/¢;), o1 = log(so/¢1)
and f3, = log(¢s/s). For i =9,...,15 take C; = max{cy, 1/ max(1,m;)}, where

9 | 2¢5 — 3 10 [ 2¢9 —2 — o/s
11 2¢3—¢3/¢2—2 12 2¢1—2—¢1/8

13 2¢2—¢2/¢1—1—¢2/8 14 28—8/@51—2
15 | 2¢3 — ¢3/d2 — 1 — P3/s.

These are lower bounds for the rough arguments on the respective domains. Equation (160)
gives

My = Co{(¢1 + ¢3)l13 — 2(d1 — ¥3)},
Mg = Cio{¢1 — ¢a(1 + t12) }log(2/s),
My = Crilia{da(las — 1) + 63},

Mis = Cia{so — ¢1(1 + Lo1) s,

Mz = Cizlor(¢1 — ¢2) log(da/s),
My = Cralon{p2(log(¢2/s) — 1) + s},
Mis = Cistia(¢o — b3)lap,

Mig = ¢al33/24, Mz = $al3303,/6,
Mis = ¢3033(3, /4, Mig = ¢3l1263,/6,
Mg = ¢slaslyy/24 + dol3y /24,

(171) Moy = ¢368,/720 + ¢3£3,/120.

For i < 19 there is no unit surface because the sum of specified exponents is at most
4/s < 2 < a. For i = 20, eliminate the first variable on the surface and use 1/u; < ¢9; the
other four variables are ordered in [as3, b]. This gives the second summand of M. Fori = 21,
eliminate the last variable, use 1/ug < ¢3, and integrate the other five ordered variables.
The other summands in (171) are obtained by integrating 1/(w []u;) over their displayed
bands, with w < C; for 9 < ¢ < 15 and w < 1 otherwise. Hence M;(«) < ]T/[\Z
The ordinary base is now the explicit functional
(172)
1 8 KoL
Jy = R {5A+(8) — 444 (s0) — Ay(¢1) + B(b) + B(az) + Blaz) — > U — T ZM@} :
i=5 i=9
Insert the upper estimates for positive terms and lower estimates for negative terms in (166).
The defects in the two components of I'; subtract 4H (sg) + H(¢1) from its upper estimate.
The three singleton lower defects subtract their integrals from the negative terms. The four
good-pair upper defects subtract the pair integrals from their positive upper estimates. After
division by 5 these are exactly (164). Therefore

(173) Dy < {As(s) — I8 — PoH, K] + 0(1)}0q,

where Py[H, h] is the expression in (164). This proves admissibility of a finite two-step action
from its mathematical base and positively weighted preceding-generation defects.

Sharper upper bounds may replace the positive costs in (169) and (170). Such a bound
must cover the same labelled family for every admissible o > 2, including its unit surfaces.
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Replace that cost once in (172), and bound the resulting explicit functional in the required
direction to obtain the corresponding transition constant. This preserves the sign argument
for the two-step inequality.

G.4. A finite seed on the admitted marked families. Put

11 227 353 29 61 681
(174) S_ ga S0 = 57 (¢17¢27¢3> — (100710725> ) Seed_m'

Here K < Kgooq, SO Proposition 4.1 also supplies the positive upper estimate with Kgooq. Let
Jseed be the right-hand side of (172) at the parameters (174), with s = S and K replaced by
Kgeeq. In particular its fifth cost is the full split cost (169), and the two unit-surface terms

in (171) are included.

Lemma G.1 (Finite seed). On an admitted marked family with o > 2, assume additionally
L/S < x in the enhanced case. Then

2327
P < (1= 1 .
= ( 100000 * % )> 9
The same upper defect is available at every 1 < w < S whenever the state admits the

comparison cutoff NS, The conclusion is uniform over each fized finite collection of such
families, and follows from four weighted steps after an initial seed of 1/50.

Proof. All primes appended in the twenty-one-term inequality have exponent at most L/S.
They therefore lie below the retained ceiling, so the largest specified slots, selected subsets
and any third-slot bound remain valid. The singleton residual square is 2u < 1. The pair
squares are 2v < 1 and v+ 2u < 1; they hold on D;, Dg, D7, Ds. Every new complete square
is obtained by multiplying the corresponding residual square by B. Once the selected old slots
have occurred, the new selected-complement square is the same full square. The ordinary
residual atoms are evaluated at their actual level Q/(Bq) or Q/(Bqi1q2). The remaining part
Dy is retained with its positive cost, using no signed distribution claim there. In the classical
case the complete ordinary modulus is below @, and the absolute below-half remainder gives
the same conservative functional. The switched terms require only @ > 2 and fixed positive
prime cutoffs.
The directed enclosure of the explicit functional is
11672890052052913 20249 1

Jseed 2 526160752303423488 106~ 50°
The finite certificate for this inequality is specified in the ancillary data under
seed_certificate. Its ordinary integrals are those in (168) and (169); its switched
masses are the explicit upper bounds in (171). The ordinary double integral is first inte-
grated in one coordinate. The resulting one-dimensional logarithmic integrals are enclosed
by rational Darboux intervals and the logarithm remainder of (186). Upper endpoints are
used for positive costs and lower endpoints for negative costs in the definition of Jseeq. Thus
(175) proves the initial defect Jy = 1/50 before any later array recurrence is used.

Suppose an upper defect J > 0 on [1,S] has already been proved on these admitted
families. Positivity and cutoff comparison give

Hy(w) = J1p5(w).

The lower Buchstab identity at the same total level gives the previously proved option

(175)

(176) hy(w) = Jlog 1 12,145 (w).

The normalization is independent of w, and Ay (w) = 1 for 1 < w < S. To check the
comparison inside (176), a Buchstab child indexed by v € [w — 1, S] has appended exponent
L/(v+ 1) and residual exponent Lv/(v 4 1). Its seed comparison exponent satisfies
Lv L
< .
Swv+1) “v+1
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It is therefore below that appended prime and the preceding stable ceiling. Its new square
holds because v > 1. The lower child need not itself admit argument S; the seed is applied
to its upper Buchstab children.
Insert Hjy, hy into (164). Since sg,¢1 > S, the unchanged-prefix defects vanish. Write
ux = 67/227, b=1/S5, and set
B D;n{u+wv>117/227}, i=5%6,
o\ Din{v>1-16u/5}, i=1,8.

The feedback is exactly Ageeq, where

- ¥ /Clog{S/[S(()(l_u)_l]} "

5 ce{baz,az} u(l — u)

(177) + D //E w( 1dﬁcfiv— v)}

1=57,6,7,8

For i = 51,6 the support condition is so(1 —u—wv) < S; fori =7,8itis (1—u—v)/u < S. All
retained pair-child arguments exceed 1, and the singleton lower arguments exceed 2. There
is no feedback from Dy .

Every boundary in (177) is rational and affine. For a vertical slice l(u) < v < 7(u) the

exact pair integral is
1 1 r(u)(1 —u—1(u))

u(l—u) B l(w)(1 —u—r(u)
For Ex+ the successive u intervals have endpoints 50/227,117/454,19/58,1/3. The domain
Eg is its entire rectangle. The nonempty support in E7 starts at 1265/5648 and changes its
lower boundary at 5/21; the lower boundary of Eg changes at 1265/5648. Rational Darboux
enclosures of these pieces give

75057365825327405 13
seed = 57 6460752303423488 ~ 100
The exact endpoints, subdivisions and source correspondence are specified by the same
seed_certificate data as (175).
Equations (173), (175) and (178) prove
20249 13
106 1007
At each step (176) is derived from .J,, before the weighted inequality is applied. Starting at
Jo = 1/50 the four exact values are
22849 2321937 232675181 23273777353 2327
106’ 108 7 1010 7 1012 ~ 100000
There are finitely many appended-prime operations. Their exponents remain positive after
all compact choices have been fixed, so the positive-product estimate and the distribution

remainders apply at each of them. The finitely many errors are o(©¢); the strict final surplus
absorbs them in the stated order of limits. g

(178) by

Jn+1 =

Use at the roots and descendants. For Us, Uy, the specified prime has exponent ¢t > as,
the residual exponent is L = v(t) — ¢, and the upper argument is max(2, L/as). On the
enhanced range t < 57/224, the largest-prime branch has 2t < v(t) < (1 4 ¢)/2, so its
stable ceiling can be taken below t and arbitrarily close to it. Its physical cutoff exponent
min(ag, L/2) < as < t lies below that ceiling. Whenever the seed is used, its comparison
exponent L/S is no larger than this physical cutoff. The classical tail uses the below-half
interface. For Uyg, Ur1 the same argument uses the least specified exponent w and physical
cutoff min(w, L/2); the original selected subsets and first three slots are already fixed. For
the lower pair terms Ls, Lg, the seed occurs only inside (176). The first appended prime is at
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most N, and every seed comparison prime is below it by the preceding displayed inequality.
These comparisons also preserve a third-slot bound equal to as.

More generally, every finite action in (159) or (164) retains the total @, every old square
and the stable ceiling. New singletons have 2u < 1; new pairs in the ordinary part have
2v < 1 and v + 2u < 1. Their physical cutoffs are no larger than the least newly appended
prime. Equation (157) shows that their ratios remain at least 2. Induction therefore keeps
the seed and its Buchstab consequences within the admitted families. No seed defect is
inserted directly into an empty-prefix lower start.

The finite induction uses the preceding generation on every right-hand side. At each state
take the maximum of alternative estimates; when a child argument crosses a knot, use the
minimum over all adjoining closed cells. Each step therefore gives a bound for the same
positive marked counts. Only finitely many steps are used.

Here is an explicit common approximation bound. The positive operator masses satisfy

18| <logh < 2,
Wil <1+ Llogd <2,
2
IWa|| <1+ 2logd+ 2125(3/10)* < 12.

For the last estimate 1/5 < wu,v <1/2and 1 —u—v > u > 1/5, so the pair kernel is at most
125 on each of four regions. The unchanged-prefix coefficients sum to one. The switched
positive costs belong to the base of the action and are not additional feedback edges. If each
local oriented approximation error is at most §, then

127+ — 1

(179) €j+1 <d+ 12€j, €4 <é 11

The absolute coefficients of the eleven-term functional sum to 14 before its factor 1/4, giving
root norm 7/2.

At depth at most 440, every residual level is at least A,1017%4? > 0, and an appended prime
exponent is at least this number divided by 6. Recursively refine appended exponents on each
fixed positive parent, using an error within § times its normalized mass. Proper cap and knot
walls are null; structural clamps and inherit identities are retained. The denominators are
bounded away from zero. Equation (179) then gives one finite set of queries with arbitrarily
small total error. Only after fixing that set does N increase. A positive-mass vertex has a
positive limiting ©¢/H y, so the absolute distribution errors become 0(©¢); zero-mass pieces
are handled by absolute errors.

APPENDIX H. ENDPOINT ESTIMATES AND THE ORDER OF LIMITS

The sharp-prime lemma (Lemma 6.1) applies to the same coefficient constructed above.
We record the absolute bounds that allow it to be used for signed lower weights. If |p'9% (¢)| <
C, its squarefree support is ¢ < N 6 < 1, and § = (log N)~B, then the endpoint contribu-
tion is bounded by

(180) > SR @l <2¢ > 7(n) < Nlog N +log N.
p prime  ¢|N—p 1<n<[dN]
0<|p—N|<SN

The difference p — N = 0 is impossible for even N > 2. The exact-coprime mean boundary
has the same bound because -, o 1/¢(q) < log N. The smooth lower trim below 2N'~*0
costs N1=#oFo(1) in the progression sum and O(N'~%0 log N) in the mean. These have fixed
power savings. Choosing B > A 4+ 3 makes all boundary terms smaller than the prescribed
logarithmic error.
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For the exact-coprime prime mean, let wp¢(g) be the number of distinct prime divisors of
q. Every such divisor is below N, and squarefreeness gives

(181) Z‘p ’wpf < Z — Z (p(le)<< log? N.

z<N9 e<N9 /¢

The sum over £ is over primes; summing over all integers already gives the stated crude
bound. Removing the O(log N) prime divisors of N from the original sequence contributes
N°M by the divisor bound. These estimates justify using the sharp original prime count in
(156), without obtaining a prime lower bound from the positive-product upper constant K.

The upper and lower count estimates follow the parameter order in Section 6.6. The
fixed moment orders precede the choice of x in (113), and the boundary exponent satisfies
B > A+ 3, as above.

APPENDIX I. FINITE NUMERICAL ESTIMATES

We specify the finite quantities that determine the two constants in Lemma 7.1. The
construction separates integral enclosures, the finite defect recurrence, and the final rational
subtraction, so that each contribution has an explicit mathematical definition and direction.

I.1. Supplementary data. The finite data are supplied in Theorem (1+1.75) on the Gold-
bach Conjecture — Numerical Supplement, version 20261106 [2]. They comprise 106 affine
transitions, 200-cell defect arrays at depths 248, 312, and 430, and 17572 paired rectangles.
Rational quantities in finite-construction-data.json are represented as quotients of inte-
gers. The fields upper_saving_bounds, lower_root_bounds, and lower_integral_bounds
give directed rational endpoints. The map certificate-map.json identifies their source
certificates and the corresponding domains, subdivisions, and interval witnesses. Table 2
gives the correspondence between the mathematical estimates and their certificate fields.
Verification commands and inputs. Run the commands below from the supplement root
with Python 3.11 or later, with assertions enabled. The sixth-rank computations also use
NumPy. The rows distinguish reconstruction from saved certificates, exact checks of the
finite construction, and recalculation of specified witness bounds. All output files requested
with ——output or ——output-dir are written outside the supplement.

Entry point Quantities checked or Numerical inputs

recomputed retained

File set, sizes and recorded  The versioned

SHA-256 identities. MANIFEST.json.

finite-data/reproduce-data.py Exact extraction of finite The supplied

--check data and field source-certificate values.
correspondence from source
certificates.

finite-data/verify-finite-data.py Finite defect recurrence;

verify-package.py

Action coefficients and

replay-records.py

replay-ordered-cover.py

paired-cell geometry, masses
and loss proxy; I's
decompositions; density
sums and strict scalar
margins.

Ordered-cover keys, stored
integer-floor sums and the
cost identity.

The selected-method floor
on every row of the grid-48
base cover; use --grid 32
for its predecessor.

integral endpoints
identified by
certificate-map.json.

Stored floors in the
ordered witness.

The recorded method
choices and
generation-248 defect
table.
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Entry point Quantities checked or Numerical inputs
recomputed retained

verify-sixth-domains.py Affine sieve-argument ranges Recorded vertices,
on the saved polyhedral coordinate maps and
cells. caps.

replay-sixth-rank.py Grid-400 sixth-rank cube The supplied cube

contributions and their sum, witness and polyhedral
together with the preceding records.
polyhedral range checks.

The recurrence and paired-cell checks use the action and integral inputs listed in Ta-
ble 2. Their primitive enclosure obligations remain those of the corresponding integrals
and policies in this appendix and Appendices F—G. The enclosure_obligations entries
of certificate-map.json list the active assertions, complete records and supplied algo-
rithm sources for each primitive family. Witness generation is described in the package
README; in particular witnesses/generator-0041.py generates the ordered base cover
and witnesses/generator-0045.py the sixth-rank cube witness. The generation-248 pro-
file and other numerical inputs retained by a replay are checked through their own entries,
so that each verification has an explicit set of inputs. The package README gives the
command options; the fixed-point arithmetic for the finite data is specified below.

1.2. Exact scalar endpoints. The exact values used in the upper density estimate are
9979702576710911234850619807816847864907359959

182 Ey, =
(182) TP 1475913550962201227946780619099353215139840000
(183) " 145007961227048312210593427530128000784681

~ 11807308407697609823574244952794825721118720000

For the lower construction, before the paired-fibre increment, put

1345575129530003739571681432301188857312754737

685738127494661151198444592354557952000000000
2504748318091942808229694219379799307550987

5485905019957289209587556738836463616000000000

The two copies of u and of Bpase pay for distinct finite approximation and coefficient-
realization errors. Quadrature errors are already contained in the oriented integral endpoints.
The ancillary fields scalar_bounds contain the resulting exact sums and strict surpluses.

(184) Ryase =

(185) Brase =

1.3. Directed arithmetic. All rounding used to prove an upper bound is outward, and all
rounding used to prove a lower bound is inward. More explicitly, at denominator Q = 2
a rational interval [z, y] is represented by [|Qz], [Qy]]. Addition and subtraction are exact
at the integer level. For multiplication the four endpoint products are enclosed by their
minimum and maximum and rounded in the indicated directions after division by Q. Division
is performed only after verifying that the denominator interval is positive.

For logarithms put z = (x —1)/(x +1). If 1 <z <2, then

n—1 »2j+1 n—1 52j+1 9,2n+1

1 2 <logz <2 .
(186) ;)2j+1_0gx_ ;)2j+1+(2n+1)(1—22)

This follows by summing the positive power series for 2 arctanh z and bounding the remaining
denominators below by 2n + 1. For n = 96 the remainder is at most 9/(4 - 193 - 3!193). Range
reduction and a separate enclosure of log?2 extend the formula to every positive rational
argument used here. The paired-cell calculation uses denominator 2224 for the series and
denominator 2'%° for its returned intervals. Thus no floating-point evaluation of a logarithm
determines the direction of an inequality.
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1.4. Enclosing delayed functions and integrals. It is convenient to propagate the nu-
merators

sF(s) sf(s)
A = — A_(s) = .
+ (S) 267 ) <S> 267
Their initial branches are A4 (s) =1 for 1 < s <3 and A_(s) =0 for s < 2, and subsequent
branches satisfy

Ae(s—1)

A_(s—1) A (s) =
s—1

Al =
+(S) s—1 ’ —

The equation for a branch involves only the preceding unit interval. One therefore ob-
tains rational interval enclosures successively on a rational mesh, splitting at every integer
breakpoint. Lower and upper integral bounds follow from the corresponding interval bounds
for the integrand. Chord bounds and curvature bounds sharpen these enclosures without
changing their direction. An arbitrary query is enclosed on its entire support, including both
adjoining cells when an endpoint is a mesh knot. The analogous construction for sw(s) uses
(sw(s)) = w(s — 1) and its initial branch w(s) = 1/s on [1,2].

The chord integration can be implemented without numerical quadrature. On [j/n, (5 +
1)/n] the integral of the affine endpoint interpolant of a numerator V, divided by its argu-
ment, is

(G +Dlog(L+1/5) = 1)V (j/n) + (1 = jlog(1 + 1/7))V((j + 1)/n).

Both weights are positive because they are integrals of nonnegative affine basis functions
against du/u. The monotonicities of F' and f imply that A} is convex and A_ is concave
on their nonconstant branches. Their numerator curvature on a delayed cell is bounded in
absolute value by 1/(j/n — 1). Thus the integrated chord error is at most

1

PR A

This quantity is subtracted from a chord lower estimate or added to a chord upper estimate
as appropriate. The weights themselves have alternating rational series

(-1

(_1)k+1
(j—f—l)log(l—l—l/j)—lzzk Era

e, 1—jlog(l+1/j)=
i1 (k +1)5* Z

k>1

Their fourth and fifth partial sums enclose the exact weights. This supplies rational enclo-
sures even where direct subtraction of nearly equal logarithms would be numerically incon-
venient.

The finite integrations use rational boxes or rational polytopes. For a polytope given by
affine inequalities, every possible active basis is solved exactly, and each resulting vertex
is tested against every original inequality. Boundedness and the face incidences are verified
before a pulling triangulation is formed. Polynomial moments are then exact: on a d-simplex
T with barycentric coordinates Ag, ..., Aq,

d d
a; . Hj:() a!
(187) /TjHOAj dx = d! vol(T)i(d Sk

Rational lower or upper bounds for the remaining kernel factors, together with these moments
and (186), give the required integral enclosure. A boundary box in a negative-cost upper
integral is retained with an upper bound for its whole contribution. In a positive saving, a
box may instead be omitted after establishing that its omitted contribution is nonnegative.
These two rules have different signs and are used separately.
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1.5. The upper density. Write
22

Uy = % +h+Isc+ Iy,  Egp=U—> G
j=1
Here I3 is the integral over the region with last coordinate at least 1/100, and I3; bounds
its entire complementary tail. Put D = (F' — f)/(2¢"). Its delay equation gives
D(s)+ D(s—1) 2D(s)

S s

using positivity and monotonicity of D. Therefore D(s) < D(10)(10/s)? for s > 10. If
d =1/100 and pp = 19/96, the upper-tree cap inequalities give a residual exponent at least
po. For 0 < z < ¢ its delayed argument is at least (pg — z)/z > 10. Enlarging the two
remaining ordered coordinates to z <y < x < pg yields the complete tail bound
Z(OpOOD_(l(S(;)j {10g2’[;0 +210g% +2}.
Here the ordered z,y integral is %log2(p0 /z), and the remaining integral over 0 < z < ¢
is elementary. In particular the logarithmic singularity at z = 0 is integrated rather than
discarded. The first integral is enclosed by a positive series with its geometric remainder.
The compact third integral is covered by a disjoint partition, including conservative bounds
on its boundary boxes.

Table 1 gives readable lower bounds for the nonnegative savings G: its integer entries
satisfy G; > m; 107, The full rational bounds are in the supplementary data. Successive
changes on one region are measured from their respective parents. In particular, the last
two rows give only the curvature and mixed increments over the preceding bound for that
integral.

D'(s) = —

< - (s = 3),

(188) I3t <

Table 1: Rational lower bounds 10_14mj for the upper-
density savings.

j Saving m;
1 Fourth-rank cap replacement 3507783546602
2 Fifth-rank parent subdivision 1005163763573
3 Disjoint fifth-rank region 136378695993
4 Sixth-rank cap replacement 96281257455
5 Second-rank fallback above pg 4209783419
6 Third-rank fallback above pg 3908979560
7 Sixth-rank logarithmic moments 1525398138
8 Sixth-rank descending region 187855687
9 Sixth-rank ascending cap difference 387157212
10 Sixth-rank descending cap difference 236377744
11 Sixth-rank clipped lower window 846201484
12 Sixth-rank descending lower window 500857555
13 Sixth-rank local cap corrections 50721206
14 Sixth-rank nonsingleton regions 11743733
15 Eighth-rank radial bound 94105689
16 Eighth-rank ascending regions 1543640141
17 Eighth-rank descending regions 590010094
18 Eighth-rank unequal-parent moments 1304343681
19 Eighth-rank third-coordinate moments 357686854
20 Eighth-rank prefix-dependent moments 37235787
21 Eighth-rank curvature increment 97705
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j Saving m;

22 Eighth-rank mixed increment 607514

The upper enclosures use 3699127 fourth-rank boxes, 292633 fifth-rank parents subdivided
into 18728512 children, 1763420 boxes in the disjoint fifth-rank region, and 632104 sixth-rank
cubes. The eighth-rank regions have disjoint families of sizes 30, 15, 13, and 29. Across
ranks the cap differences telescope. On a parent region take the maximum of its valid saving
bounds, comparing its own bound with the complete child sum.

An upper bound for the four base terms, in the same denominator 104, is respectively

668896321070235, 76020940667, 11960259849166, 12313775.
Let Eyp 14 be their sum minus the sum of Table 1, divided by 10, Exact integer arithmetic
gives
Eup < Eup,147 Eup,14 +2u < Ka
where u is given in (183); indeed the last difference is greater than 9.65-10~8. The unrounded

rational sum gives (182). The two copies of u pay separately for finite approximation and
coefficient realization. Quadrature errors are included in the one-sided integral endpoints.

1.6. The finite defect recurrence. Put Q = 280 and
C; =[1+14/50,1+ (i +1)/50], 0 <17 < 200.

All table entries in this subsection are integer numerators at denominator Q. A four-step
seed is obtained by starting at Jy = 1/50 and using
20249 13

106 100
The initial defect and the implication represented by this recurrence are supplied
by Lemma G.1, with its marked-state and physical-cutoff conditions. The ancillary
seed_certificate contains the separate ordinary and feedback lower endpoints used there.

Thus the arithmetic starts from an analytic saving valid on the required family. Then
Jy = 0.023273777353 > 2327/100000. Initialize

|Q2327/100000], 1+ (i+1)/50 <11/5,
0, otherwise,

Jn+1 =

O — .

(189) a7 = {

For completeness the exact integer transition is specified here. An action « consists of
an integer by, a divisor d, € {1,5}, point pairs (j,m), nonnegative integer weights wq;, Vaj,
and a target set Ty,. Its candidate value is

1 Wil Vi H ;
A S g x|
(4,m) J J

The 70 one-step actions have d, = 1 and the 36 two-step actions have d, = 5. They are
evaluated at the upper constant K, = 6.761767 > K. The action parameters, weights,
constants and target sets are given individually in the actions array. The target condition
for action parameter s, is 14 (¢ +1)/50 < sq4.

Let ¢; be the integer lower bound for Qlog((1 + (5 + 1)/50)/(1 4 j/50)) in the data, and
set

(190) bo +

Su(j) = i B R § ESl

For 50 < ¢ < 200 the Buchstab candidates are Sp,(max(50,7 — 49)) for H; and Sg(i — 49)
for h;. Each new entry is the maximum of its preceding value and all applicable candidates.
Every right-hand side is evaluated using only the preceding arrays. This is a simultaneous
finite recurrence, with no assumption of convergence to a fixed point.
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The analytic action inequalities and their closure under descendants imply by induction
that the rational arrays are lower bounds for the defect functions on the whole closed cells.
Floors in (190) preserve this direction because the feedback weights are nonnegative. Ap-
plying the map 430 times to (189) gives the 400 entries in defect_tables.430. The arrays
at depth 248 are bounded below by the corresponding finite iteration. The depth-430 ar-
rays are used only in the two occurrences Us, Uy; the other designated occurrences use the
depth-248 arrays. Thus a change of table is charged only at its actual occurrence in the
lower functional.

1.7. The integrals attached to the eleven counts. The correspondence with the arith-
metic terms Y; is fixed as follows. Write Ay (s) = sF(s)/(2e7), A_(s) = sf(s)/(2¢7), and
put v = 249/448, w, = 25/224. The reference one-prefix terms are

Li = - F(v/an),
L2 = 4]/ + 07 (550) = 7(249/50) ) + Huon,

where H,ep is defined in (194). No defect table is inserted at the unmarked root of L: its
ratio 1/v is less than 2.
For the two-prefix lower terms put

Ps ={as < u <t < hg}, Ps ={as < u < hg <t <dg}.

On the enhanced part ¢t < pg, let V(¢,u) be the maximum of the admitted candidates
v(t),v(t + u), Acap — 3as/8; on t > g take V' = v(t). Here admission retains the full and
selected squares, the selected largest slots and the physical prime ceiling, as in Appendix C.
Set L =V —t — u. The lower integrals are

L S h amt .
(191) L 4//73 (L/as) +UL248 am(t,0) j=5,6.

The defect term equals hogg(L/ag) only on a fully admitted state with 2 < L/ag < 5, and
is zero otherwise. The ordinary lower term is also zero when L/ag < 2. Thus an uncertain
defect lookup can be discarded without changing an ordinary lower estimate.

For m = 248, 312,430, the one-prefix upper integrals are

AL (s5(t)) — Hpm(s;(t
(192) o = [ AT O) gy o1, = (),
I tLj (t)
with L;, s; given in (201) below. The reference values in the eleven-term sum use m = 248.
The two subsequent table improvements are inserted only through (202).
The last two costs use decreasing coordinates x >y > z > w on

Dip={as <w <z <y<z<hgs}, Dii={as<w<z<y<hs<z<ds}.
The integration measure is
dx dy dz dw
dsoy = ———.
TYZW
Put S = 2z 4+ y + 2z + w. The switched option has kernel Kow((1 — S)/z)/z. Each
admitted ordinary branch with residual exponent L = XA — S supplies the kernel

4{1 — Hoyg(max(2, L/w))}/L; all its full and selected support conditions must hold on the
whole cell. The chosen cell majorant bounds the minimum of these options from above.
Its integral defines the upper enclosure for Ujg + Uy1. The cell choices, residual intervals,
closed-cell defect minima and complete ordered cover are the data of the four-prefix
certificate. The switched option remains available when an ordinary branch fails its support
conditions. Since dg 4+ 3hs < 1, these two domains have no unit-quotient contribution. The
remaining switched costs Uz, Ug, Ug are defined in Section 1.9.
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1.8. Definitions of the lower correction terms. We specify the correction terms before
giving their numerical combination. Put v = 249/448, w, = 25/224 and write F = F/(2¢7),
f = f/(2¢7). The difference between the ordinary start at hs and the ordinary part of the
least-prime decomposition is

(199 B = 2 /m) =4 { (/s + 07 (F52) = Feas/50)}.

The defect part removed from that decomposition is the whole integral

hs Hogs((1—1)/(2t))
Wi t(l - t)/2

(194) Hyem = 4 dt.

The finite ordinary estimate at hg is inserted only after this entire defect term has been
removed. On a defect cell [s;, s,], the contributing interval in (194) is (ws, hs) N [1/(2s, +
1),1/(2s; + 1)]; its primitive is 2log(¢/(1 — t)), before multiplication by the factor 4.

For w = ag, hs, let Cs3, Cy, Cs be the successive caps of the same lower policy in Appendix G.
A cap is inherited or selected from the finitely specified subproduct branches subject to all
full and selected-complement support conditions. In particular v < C3 < C4 < C5 < Agap.

For decreasing t1,...,t,, write S, = > .-, t; and
dty - - - dt,
dspip = —————.
shr ty-- 'tr—lt%

The three retained domains are

E3(w)={0<tz <ty <ty <w:t]+ 3ty <},
54(11)) = {(tl, . ,t4) : (tl,tg,tg) S 53(10), 0<ty<ts, S3+3ty< 03},
55(11)) = {(tl,.. . ,tg,) : (tl,...,t4) € 54(’[0), 0<ty < t4}.

Thus the three nonnegative density gains are

(195) Iz(w) =4 esw) {F<V_SS) —F(03_53>} dsp3,

ts ts
w0 ne=f ()7 (Co%))
(197) I(w) =4 o {F(C4t_5s5) —F(C"’t_BS"’)} dspis.

The fifth square follows from Sy + 2t5 < S3 + 3ty < C3 < Cy4. The cap choices, branch labels
and parent cubes are fixed jointly; an integral evaluated with a different fourth cap cannot be
appended to (197). The rational certificates may integrate only a subset of these nonnegative
gains, so their endpoints are lower bounds, rather than assertions that the selected boxes
exhaust the ideal domains.

For the fourth-node restoration, let Rj, be the disjoint union of the rational slanted
slabs specified by (151). On each slab a cap A4 is chosen before the fourth cube, and
C3 < 83 + 3t4 < A4, with the full and selected support conditions retained. Its additional
gain is

-
(198) T, =4 f( 4 54) dspus.
° Ry tq

The exact slab volume is (153). This term enters the Chen functional with coefficient 1/4,
and its domain is disjoint from the other gains already counted.
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1.9. The fixed upper-cost slope and table changes. The coefficient Ayt used below is
a safe slope of a specified affine upper enclosure of five costs. It need not be the derivative of
a minimum of kernels. To state its components, put Ky = 6.7619 and A (s) = sF(s). The
three one-dimensional switched costs are
U [Y3log((1—2t)/t) + Ap(1/t—1)—1
Ko /d t(1—t)
Us (Y3 1og(2 — 3t)
Ko / e  H1-1)
Uy /ds log((1 —t —ds)/ds) "
Ko t(1—1t)
The extra ordinary-function contribution in the first integral can be evaluated without in-
terpolation:

dt,

dt,

: H1—t) 2 g™

Let U; denote the rational lower endpoints for these Ky-linear costs from the fourth-
derivative Simpson enclosures specified in five_cost_slope_certificate. The root
cost upper endpoints may use the separate midpoint enclosures; an upper endpoint
and a lower endpoint have different roles here. Their contribution to a safe slope is
Acost,789 = (2U7 + Ug + Uy)/(4Kp). For a retained four-prefix cell # outside the 40000
priority parents, write Ag for its assigned upper mass at Ky and sz for the supplied
nonnegative affine slope. The required cellwise conditions are

(199) 0<sy<Az/Ko, Az>KiTz,
where Tz is the exact nonnegative switched mass. They give
Agg — (Ko — K)S,gg > (K/KO)A% > Kng

No inequality s < Tz is required. At denominator Q = 2% the retained row slopes are sz =
10000d%/Q. Their sums for Uy, Uy; are 1277985388931956822 and 7976183963523684871,
respectively. Consequently

[ Ay s ), L

10000(1277985388931956822 + 7976183963523684871)
4Q ’
The complete retained-cell inequalities are indexed by the feedback_original_slope entry
of the certificate map.
For two valid defect envelopes H,, < Hn, define
a)(es0)

1/3 ( 83
(201) T(Hyp, Hy) = / tLS ) gt + / tL4 ,

where s;(t) = max(2, Lj(t)/as), with zero contrlbutlon outside [1, 5], and7 for e = 57/224,

(200) Acost - Acost,789 +

(1=1)/2, ac<t<p,
Ls(t) = (57/64 —5t/2, po<t<e,
1/2 —t, e<t<1/3.

The function L4 uses the first two branches restricted to (ag,ds). The factors 4 in the two
upper counts cancel the single Chen factor 1/4. Thus

(202) Ts19 = T (Haas, H312), T30 = T (Hz12, Hi30)-

At a knot the lookup uses the smaller adjacent value; on the positive-measure branch s; = 2
this means the minimum of cells 49 and 50. On an affine piece L = Ag — Byt the exact
inverse-cell primitive is

/T dt B 1 o T(AO —Bol)
l t(A() - Bot) AO & Z(A() - BQT) '
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This determines each table-change interval and its rational logarithm enclosure without
numerical interpolation across a knot.

1.10. Mathematical objects and certificate fields. Table 2 links the count estimates,
their integral bounds and the ancillary certificates. Paths in the last column are targets
in certificate-map.json; each target has the source filename, exact JSON pointer, di-
rection and any rational extraction formula. The map also includes the enclosure and
coverage assertions for each primitive family and the corresponding full-witness filenames.
The map’s domain_constructions entries identify the actual Cs, Cy, C5 region generators
and their selected records, including the two third-rank starts, the fourth-rank chord and
oblique regions, the fifth-rank child increments, and the slanted restoration. For Ujg, U1
they identify the generator witnesses/generator-0041.py and the complete ordered wit-
ness witnesses/record-0638.json. The witness records specify the parent policy, method

choices, generation-248 profile, and full facet descriptions of these domains.

Table 2: Definitions, directions and certificate targets.

Object

Mathematical estimate

Certificate target

Gj1<j<22

Finite actions

Seed and
tables

Liv U’L

Borda Hrem

I, (w)a Ths
Acosta

1312, T430
Paired deletion

Eup , Riow and
reserves

The specified child—parent density
differences in the upper tree; nonnegative
savings may use a subdomain.

(159), (172), (164); complete I's with
separate payment on Dy .

Lemma G.1 and the simultaneous map
(190); closed-cell estimates.

The integrals in Section 1.7; complete
retained domain for each negative cost,
lower estimate for each positive term.
(193), (194); remove the entire
generation-248 defect.

(195)—(198); one common lower policy and
disjoint restoration slabs.

(199)—(202); upper-cost slope and
successive table changes.

Assigned positive majorant and discarded
lower estimator on &y U &71; (204), (207).

The unique combinations in (203) and the
upper density expression.

/upper_saving_bounds/ (j — 1);
lower endpoint.

/actions/ k; lower base and
feedback weights;
/gammab_cost_decompositions.
/seed_certificate,
/defect_tables/ m; lower
endpoints, m = 248,312, 430.
/lower_root_bounds; lower for
L;, upper for U;.

/lower_auxiliary_bounds; lower
for Borq, upper for Hyep-
/lower_integral_bounds and
/lower_auxiliary_bounds/
restoration_L2_lower; lower.
/five_cost_slope_certificate,
/lower_auxiliary_bounds; safe
lower coefficients.
/paired_rectangles; exact
geometry, mass intervals and lower
estimator integers.
/scalar_bounds; exact sums and
strict surpluses.

For each negative cost, the mapped witnesses specify a complete cover of its retained
domain. For a positive saving, they specify the selected nonnegative subfamily on which its
lower bound is evaluated.

I.11. The lower functional. For the signed eleven-term expression, use a lower endpoint
for each positive term and an upper endpoint for each negative term. The following integers,
divided by 104, give such endpoints:
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Term Coefficient before division by 4 Endpoint numerator
Ly 3 1346406373358053
Ly 1 710262601191162
Ls 1 237450056438739
Lg 1 301984961684469
Us —1  2031242249325404
U, —1  1405868301028074
U -2 138343028785273
Us -1 405707594761181
Uy -1 325703365221150
Uio + Uns -1 67568703438104

The exact rational endpoints, rather than these shortened ones, define C71. The four-prefix

minimum covers all
51 50
4 =11
<4>+ 8<3> 90700

ordered rows, including the tied-coordinate simplices. The priority subdivision replaces 40000
parents by maxima with their complete sums of 516779 children. Its extra coefficient saving
is
_106520738437439293219
~604462909807314587353088

The terms Bord, Hrem, Ir(as), Ir(hs), Th, are defined in (193)—(198). Their exact bounds
are specified by lower_auxiliary_bounds and lower_integral_bounds. At Ky = 6.7619
put

5
CKO = Cll + P+ i (Bord - Hrem + 2{317“(@8) + Ir(hs)} + Ths) .
r=3

The third-rank integrals cover both cutoff regions. The fourth-rank integrals retain all spec-
ified masks and the disjoint additional bands. The fifth-rank integration uses 158251 floors
and 23662 additional slab or tied cells on the hg side and 679 integrals on the ag side. The
slanted restoration uses 98668 boxes and 789344 layers. Only nonnegative gains may omit
boundary strips. An asymmetric kernel is bounded on its ordered simplex; no factorial
symmetry is assumed for such a kernel.

With Acost as in (200) and 7312, 7430 as in (202), the initial lower endpoint is bounded
below by

(203)  Ck, + Acost (Ko — K) + T512 + T30 + 0.002095161 + 0.003799514 — 0.002372094.

Direct rational substitution is at least Rpase in (184). The paired-cell refinement below adds
exactly A from (45). After allocating the two reserves in (48), the resulting lower endpoint
exceeds ¢ by
13457260926863633771775678584711245753 -
2742952509978644604793778369418231808000000000 ’

Together with the upper calculation, this proves the scalar inequalities in Lemma 7.1 from
the stated finite enclosures.

APPENDIX J. A PAIRED-CELL REFINEMENT

The paired rectangles are specified without a geometric rounding convention as follows.
Put
ds — Ho hs — ag
52 0 W TSI

ti = po +i (0 <i,j < 512).
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Each row of paired_rectangles specifies a family &, or & and the rectangle [t;, t;+1] X
[, wjq1]. The families have 6091 and 11481 cells, respectively, with no common cell. Their
boundaries have zero integration measure. For a rectangle & = [t;,t,] X [u;, u,], define

3(1—t, — ur)>
13 '
The rational data satisfy Z4 > as and 1 — ¢, — u, —2Z4 > (7/3)Z4 in every row. Hence

Z%: = min <ul,

1=t uz : wzg (as <w < z< Zg, (t,u) € B).

On each rectangle, Lemma 6.2 gives w > 1/2 throughout the fibre and w > 11/20 on its
specified inner part. The second estimate improves a subset of the first contribution and is
used as an increment.

The positive parent majorant can therefore be bounded below by the contribution from
1/2 on its whole fibre plus 1/20 on this inner fibre. These are simultaneous nonnegative
contributions. After integration and the single Chen factor 1/4, the additional contribution
is

K. (1 141log(Zz/as
(204) Gy = 10gt10g“{ _ 1+log(Zz/a )}'
l Qs Zp

Indeed the w integral is log(z/as) and
[ o), _ L Lt loa(Zaje

22 as Z %

The normalization agrees with (40).
Every row of the data contains rational lower and upper endpoints for (204), represented

by integer numerators at denominator 2'%°. Applying (186) to its three logarithms and
summing the lower endpoints gives
558583
205 Gp>———.
( ) Z 4 109
BESENUSL

The sums on the two families are approximately 1.9318091250-10~% and 3.6540308174-10~%,
respectively. Only the rational lower bound (205) is used.

APPENDIX K. DISCARDED LOWER ESTIMATORS AND THE FINAL RESERVES

The paired deletion removes a positive term together with its assigned lower estimator.
To bound the resulting loss, we give both the exact finite sum of that estimator and a direct
rational upper enclosure.

On a cell write

57 5

R(ta U) - 674 - Et - U, r= R(tm uT)? RO = R(tla Ul), M = log(tr/tl) log(ur/ul)'

Cells of &y have Ry/as < 2 and zero assigned lower estimator. There are 227 cells of &
with r/as < 2; their assigned lower estimator is also zero. On the remaining 11254 cells,
2 <r/as < Rp/as < 9/4. Put

f = log(r/as — 1) _ log(Ro/as — 1)
=8 ) —_—o\Aod/7s -/

In

r/as Ro/as ’
and
575
Mp = o M = o (tr — 1) log(ur /ur) = (ur — ) log(tr/1).

Since r < R(t,u) < Ry, the two assigned ordinary estimators, in Chen-quarter units, are
bounded above by
flM fl(RoM—MR)—i-fh(MR—T'M)

(206) as as(Ro — )
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The coefficients of f;, fi are nonnegative. Replacing lower endpoints for these functions by
their exact values therefore increases the estimator. The maximum of the two expressions
in (206) remains an upper bound for the maximum of the two assigned alternatives.

Let A" be the minimum of the depth-248 lower table entries over all closed cells meeting
[r/as, Ro/as]. Both adjoining cells are included at a knot. The exact support is contained in
the outward-rounded lookup support of the assigned estimator, so hf%%in is at least the mini-
mum used there. Thus the additional term h%"M /Ry bounds its assigned defect estimator
from above. This comparison uses minima of finite lower estimators, not an upper estimate
for the mathematical function h. Adding it to the maximum in (206) gives the required cell
proxy.

The data record the assigned lower estimator on every cell as an integer at denominator
Q = 280, Their sum is 11290806845175652020270. After division by 4Q,

5645403422587826010135 466977

= 5117851639220258310412352 ~ 1°* = 200000000

An outward evaluation of the proxies above gives an upper endpoint below the same Ajggs-
For this evaluation one may reduce logarithm arguments to [1,3/2], use the 320-term al-
ternating series for log(l + x) and bound its remainder by the next term. All its di-
visors have positive interval lower endpoints. The resulting proxy sum is enclosed near
0.0023348841363598131014744273487904.

The retained whole Lg endpoint before the deletion is 3650774173156900914101685/Q.
Its nonenhanced half has the cell decomposition just used. Consequently subtracting 4\jgss
from that endpoint bounds the retained Lg from below; the enhanced half is unaffected. The
decrease of the paid loss relative to the value in (203) is exactly

37209
109 °

(207) Le

0.002372094 — Ajogs =

Combining this with (205) gives the raw increment

558583 + 37209 37237
109 62500000

Allocate A/8 to each of the finite-approximation and coefficient-realization reserves. The net
retained increment is therefore 3A/4 = 0.000446844. All estimates refer to this same fixed
set of rectangles, and each density contribution appears once. They give Rjow = Rpase + A
and Bloyw = Bhase + A/8, as in (47) and (48).

A =
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