EXTREMAL COEFFICIENTS OF PELL REPRESENTATION
POLYNOMIALS AND INTEGER FIBRES IN THE SILVER RATIO

HYDRA RESEARCH PROJECT

ABSTRACT. Let P, be the Pell numbers and, for £ > 1, let ps(n) be the coefficient of z™ in
Ge(z) = Hfi;(l + 2P 4 22%5), that is, the number of words (dz,...,des1) € {0,1,2} with
Zj d;jP; = n. We prove that B, = max,, p¢(n) = 2L"Y/2 for every £ > 1, and we determine
the set M, of all maximizers for every length. For odd ¢ > 3 it consists of the four integers
ue, ue + 2, ug+ Poy1, ue + Pog1 + 2 with ue = (Pey2 — 5)/2, and My = {0,2,4}. For even
lengths | M| = 9 and |Mai| = 16k — 8 for k > 2; moreover Moy is the union of two explicit six-
element cores and four explicit chains of two-element blocks. All proofs rest on one structural
fact: when two consecutive Pell weights are adjoined, the nine shifted copies of the previous
coefficient sequence overlap at most two at a time. As an application, let § = 1 + /2 and let
Um (t) be the number of strings (dr)i”_5,, € {0,1,2}*™*! with )", dx6* = t. We prove the
exact identity vm(t) = pam+1(tPam+2) for every integer ¢. Consequently maxiecz vm(t) = 4™,
attained only at t = > " 6% = Pypny1 + Poyy when m > 1 and at t € {0,1,2} when m =0,
and every fibre over Z[v/2] in the same window contains at most 4™ strings. The results and

proofs constitute human-directed, Al-authored mathematical research and have been checked
only by Al-model audits; no human review has taken place, and novelty is not established.

j=—m

1. INTRODUCTION AND RELATED WORK

Counting the representations of an integer in a redundant numeration system is a classical
problem. For sums of distinct Fibonacci numbers the representation function R(n) has been
studied in detail. Kocabova, Masdkova and Pelantova [KMPO05] determine the maximum of
R(n) between consecutive Fibonacci numbers and describe the integers at which it is attained,
and Stockmeyer [Sto09] proves R(n) < v/n + 1, with equality exactly at n = F2 — 1. The same
programme—the maximum of the representation function at a fixed numeration length, together
with a description of its maximizers—is carried out for the m-bonacci systems in [KMPO07]. For
expansions in Pisot bases, Grabner and Steiner [GS11] study expansions of minimal weight;
in the Fibonacci case with digits {—1,0,1} they obtain the exact maximum 2.=D/3] for the
number of such expansions of length & [GS11, Theorem 4.6]. Edson [Eds13] develops methods
for computing numbers of representations in linear numeration systems.

For the Pell numbers Py = 0, P, = 1, Phy2 = 2P,11 + P,, the literature we consulted
concentrates on distinguished single representations. Horadam [Hor94] describes the maximal
(lazy) representation, in which every positive integer is written with the largest possible number
of Pell summands; the minimal (greedy) representation and the recursive counting of partitions
into Pell parts of unbounded multiplicity are treated by Knopfmacher and Robbins [KR04]; both
normalizations appear in [Hor96]. They are recalled in Section 2.2 to separate them from the
quantity studied here.
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In this paper we study the bounded Pell representation polynomials
I+1
Go(z) =[] (1 + 27 4 2275), pe(n) = [2"] Ge(x), 0>1,
=2
so that py(n) is the number of words (da, . .., dgy1) € {0, 1,2} with > d;Pj = n. We ask for the
maximum coefficient By = max,, p¢(n) and for the set My = {n : py(n) = By} of all maximizers.

1.1. Main results. Our motivation is a question about the silver ratio § = 1 + v/2: how many
ternary digit strings of length 4m+-1, centred at the exponent 0, can represent the same integer?
Let

Vm(t) = #{(dk)%rzn—Qm € {07 1, 2}4m+1 : deék = t}, Ny = I?EaZX Vm(t)'
k

The results are stated under seven canonical identifiers, which we keep throughout.

« Theorem PET-1 (Section 3): By = 2L¢=1/2 for every £ > 1.

o Theorem PET-2 (Section 4): for every odd ¢ > 1, the complete list of maximizers; four
integers for ¢ > 3, and M; = {0,2,4}.

o Theorem PET-3 (Section 5): |Ma| =9 and |My| = 16k — 8 for every k > 2; the case k =1
is exceptional.

o Theorem PET-4 (Section 6): an explicit description of My for every k > 1 as the union of
two cores and four chains of two-element blocks; the families are pairwise disjoint for k > 2,
while for k = 1 the two cores meet in {5,7,9}.

o Theorem STT-1 (Section 7): vy, (t) = pam+1(tPam+2) for all m > 0 and t € Z, by an explicit
bijection of words.

e Theorem STT-2 (Section 8): N,, = 4™ for every m > 0; the maximum is attained only at
the integer Cy, = 372, 0% when m > 1, and at ¢ € {0,1,2} when m = 0.

« Theorem STT-3 (Section 9): every fibre over Z[v/2] in the window {—2m, ..., 2m} contains
at most 4™ strings.

Theorem STT-1 reduces the silver-ratio question exactly to bounded Pell representations, and
Theorem PET-1 and Theorem PET-2 solve that problem. The even-length results Theo-
rem PET-3 and Theorem PET-4 are not needed for the silver-ratio application; they complete
the description of M,.

All proofs rest on one structural fact (Lemma 3.2): when the two weights Ppio and Ppi3 are
adjoined to Gy, the nine shifted copies of the coefficient sequence of Gy overlap at most two at
a time, and only when they are adjacent. This forces the doubling Byio = 2B, and turns the
maximizer sets into an exact set recursion.

1.2. Scope and status. The statements concern the Pell recurrence, the digit set {0,1,2},
the weight window Ps, ..., Pyy1, the exponent window {—2m,...,2m} and the target domains
stated in each theorem; they do not extend to other recurrences, alphabets, windows or quadratic
units. We do not claim priority: the statements were not found in the literature we consulted,
but that search had documented gaps, which are listed in Section 10.3. The mathematical work
is human-directed, Al-authored research and has been checked by Al-model audits only; the
statement at the end of the paper describes which system did what. No human mathematician
has reviewed the proofs.

1.3. Organization. Section 2 fixes notation and collects the elementary identities used later.
Sections 3-6 prove the four Pell theorems, and Sections 7-9 the three silver-ratio theorems.
Section 10 discusses scope, limitations, the literature and the verification status. Appendix A



PELL REPRESENTATION POLYNOMIALS AND SILVER-RATIO FIBRES 3

lists small cases, Appendix B summarizes what is and is not established, and Appendix C records
the historical labels of the theorems and the role of computer checks.

2. DEFINITIONS AND PELL REPRESENTATION POLYNOMIALS

2.1. Pell numbers. Let Py =0, P, =1 and P49 = 2P, 41+ Py; thus P, =2, P; =5, Py = 12,
Ps =29, Ps =70, P; = 169. We extend the sequence to all n € Z by P_,, = (—1)"*1P,. The
recurrence then holds for all n € Z: for n =1 it reads P, — 2Py = 1 = P_1, and for n > 2 one
has P49 — 2P i1 = (-1)" 1P, o+ 2(-1)"'P, 1 = (-1)"* (P, 2 + 2P, 1) = P_,,.
Lemma 2.1 (sums and parity). (a) 3521 Pj = (Pry1 + Pr —1)/2 for every r > 0.

(b) P, =n (mod 2) for every n > 0.

(c) 2P, = Pyy1 — Py—1 for every n > 1. Consequently, for every m >0,

m m m
2) Py = Pomy1 — 1, 2) " Py = P, 2) " Pit1 = Panyo.
i=1 i=1 i=0

Proof. (a) For r = 0 both sides vanish. Passing from r — 1 to r, the right-hand side increases
by (P,4+1 — Pr—1)/2 = P,, which is the r-th summand. (b) Py and P; have the stated parities,
and P,yo = 2P,41 + B, = P, (mod 2). (c¢) Pyy1 — Po—1 = 2P, is the recurrence. The
three sums telescope: Y iy (Paiy1 — Paic1) = Pons1 — Pry Doty (Poj — Paj—2) = Pay, — Py and
Yoito(Pive — Poi) = Pany2 — Po. a
Lemma 2.2 (addition and Cassini identities). For integers a,b > 1, Py = Py Pyy1 + Pa—1 5.
Forn > 1, Pr% — Pn—lpn+1 = (_1)n+1.

Proof. Induction on n gives

2 1 n P11 P,
p— g >
Q (1 O) , Q ( P P (n>1).
The lower-left entry of Q°Q° = Q%*? is the addition identity. Taking determinants, Py, 1P,_1 —

P2 = (det Q)" = (—1)". O
Lemma 2.3 (powers of the silver ratio). Let 6 =1+ /2 and A =1 —+/2 = —6~'. For every
ke,

F =P, 6+ P, Ne =P A+ Py_y.
Consequently P, = (6% — X\¥)/(2v/2) and Py, + Py_1 = (0% + \¥)/2.

Proof. Both 6 and A are roots of x? = 2z + 1. The formulas hold for k = 0 (as P_; = 1) and
k =1, and both sides satisfy the Pell recurrence in k, forwards and backwards. Subtracting the
two formulas gives 0¥ —\¥ = P (6—\) = 2v/2 Py; adding them gives §* +\F = P (6+\)+2P,_1 =
2P, + 2P _;. ]

2.2. Two distinguished single representations. The word “canonical” is used in more than
one sense for Pell representations, and we avoid it for representations. Two normalizations are
in use.

o Greedy (minimal) representation [KR04, Hor96]: every positive integer has a unique repre-
sentation N = >, a; P; with «o; € {0, 1,2}, subject to a; =2 =14 > 2 and a;—1 = 0.

o Lazy (mazximal) representation [Hor94, Hor96]: every positive integer has a unique represen-
tation N = Y, B;P; with §; € {0, 1,2}, finitely many non-zero, subject to 8; = 0 = ;1 = 2,
and i € {1,2} for the largest index k.

The “maximal representation” of [Hor94] maximizes the number of summands of a single rep-
resentation. Every statement in this paper concerns a different quantity: the number of repre-
sentations of a fixed integer, that is, the size of a whole fibre.
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2.3. The Pell counting model. For ¢ > 1 let

I+1
(2.1) Gy(z) = H(l + xfi 4 2275), pe(n) = [2"] Ge(z),
j=2
By =maxpy(n),  Me={n:pi(n) = B},
and let Dy = deg Gy = 2 Z?ié Pj. We set pg(n) = 0 for n ¢ [0, Dy]. Equivalently, p;(n) is the

window always begins at P» = 2.

Lemma 2.4 (degree and symmetry). For every { > 1, Dy = Pyyo + Ppiq1 — 3, and pg(n) =
pe(Dg —n) for alln € Z. In particular n € My if and only if Dy —n € M.

Proof. By Lemma 2.1(a), D; = 2(2?2{ P;—Py) = (Piy2+Pri1—1)—2. The map dj — 2—d; is
a bijection of {0, 1,2} and carries a word of value n to a word of value }°;(2—d;)P; = Dy—n. [

2.4. The silver-ratio model. For m > 0 put s = 2m + 2 and

m

Ry = pam1, Hy, = Dymy1 = Pymy3 + Pymyo — 3, Cm = Z 52]"
j=—m
and let v, and N, be as in Section 1. This is a ternary, symmetric-window model: the digits
are 0,1, 2, the exponent window is {—2m, ...,2m}, and in v,,(t) the target ¢ is a rational integer.
Since every 6F lies in Z[v/2], every value 3, di6* lies in Z[v/2]. The integer s = 2m +2 is always
even; this parity is used in the proofs of Theorem STT-1 and of Lemma 8.2.

3. EXACT MAXIMUM COEFFICIENT

Fix ¢ > 1 and write
U = Py, V = Ppo, W = Ppy3=2V+U, D=Dy,=U+V -3,
the last identity by Lemma 2.4. Since V = 2U + Py, we have V — U = U + P, > 3, with equality
only for £ = 1; in particular V > U + 2. Since Gyyo = Gy (1 + 2V 4+ 22V) (1 + 2V 4 22W),
(3.1) pero(n) = Z pe(n —aV —bW) (neZ).
a,be{0,1,2}
This is the coefficient identity for a product of polynomials: distinct pairs (a,b) correspond to

distinct words, so no word is lost or counted twice.

Lemma 3.1 (the nine shifts). The nine shifts aV + bW (a,b € {0,1,2}) are pairwise distinct.
In increasing order they are
eg=0, eg=V, e =2V, e3=2V+4+U, e =3V+U,
es =4V + U, eg =4V +2U, e; =5V +2U, eg=06V +2U,
with consecutive gaps V,V,U,V,V,U,V, V.
Proof. aV + bW = (a+ 2b)V + bU. For fixed b the three values increase in a by steps of V; the

blocks b =0,1,2 start at 0, W =2V 4+ U and 2W = 4V + 2U, and each block starts at distance
U > 0 above the last element of the previous block. O

(3.2)

Lemma 3.2 (window lemma). For every n € Z, at most two shifts e; satisfy 0 <n —e; < D.
If two do, they are consecutive in the order (3.2).
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Proof. The admissible shifts lie in the closed interval [n — D,n], of length D. If three shifts
e;j < e; < e lay in it, so would the three consecutive shifts e;, e;11,€;42, whose span is the
sum of two consecutive gaps, namely 2V or V + U. Since V > U, both spans are at least
V+U =D+ 3> D, a contradiction. The same estimate excludes two non-consecutive shifts,
whose span is at least that of three consecutive ones. [l

The margin is exactly 3, so the conclusion survives the fact that the interval is closed. The
argument uses only the degree D of Gy and the gap pattern, not the shape of the coefficients of
Gy.

Proposition 3.3. Byio < 2By for every £ > 1.

Proof. Fix n and apply (3.1). A term py(n — e;) is non-zero only if 0 < n —e; < Dy, so by
Lemma 3.2 at most two terms are non-zero. Each is at most By. Hence pyi2(n) < 2B;. ]

Theorem PET-1. For every £ > 1,
B, = 2l=1/2],

Moreover, for every £ > 1 there is an integer xp with
(3.3) pe(xe) = pe(ze — Pry1) = B

Proof. We prove (3.3) and By;o = 2By simultaneously, by induction from ¢ to ¢ + 2, separately
on odd and on even ¢; we keep the notation U, V, W, D.

Bases. For { =1, G =1+ 22+ 2% so By = 1, and 71 = 2 = P, gives p1(2) = p1(0) = 1.
For ¢ = 2 the nine sums 2a + 5b (a,b € {0,1,2}) are 0,2,4,5,7,9,10,12, 14, pairwise distinct, so
By =1, and x9 = 5 = P3 gives pa2(5) = p2(0) = 1.

Step. Assume (3.3) for . By Lemma 3.1, (e2,e3) = (2V,2V 4+ U) and (es,e6) = (4V +
U,4V +2U) are pairs of consecutive shifts at distance U. For e € {2V, 4V + U} put n = e + z.
Then (3.1) contains the two terms

pe(n—e) = pe(xe) = Be,  pe(in—e—U)=p(x¢— Pry1) = By,
and every other term is non-negative. Hence pyio(n) > 2By, and with Proposition 3.3, By =
2By. Both targets 2V + zy and 4V + U + x4 are therefore maximal, and they differ by 2V + U =
Ppys = P(4+2)+1. So (33) holds for ¢ + 2 with xy10 =4V + U + zy.

Conclusion. From By o = 2By and By = By = 1 we get Byj_1 = Bo, = 287! for k > 1, which
ig ole=1)/2] 0

Remark 3.4 (no circularity). The lower bound in the step uses only (3.3) at length ¢ and the
non-negativity of the coeflicients; it never uses Byio. The upper bound uses only the degree of
Gy (Proposition 3.3). The pair at length ¢ + 2 is derived from the two bounds, not assumed. In
particular By,;,+1 = 4", the case used in Section 8.

4. ODD-LENGTH EXTREMAL CLASSIFICATION

Theorem PET-2. Let ¢ > 1 be odd, put U = Pyy1 and ug = (Ppyo — 5)/2. Then uy is an
integer, Dy = 2uy + U + 2, and

My ={ug, ug+2, up+U, ug+U~+2} ={ug, ug+2, Dy —up—2, Dy — uy}.
For ¢ > 3 these are four distinct integers. For £ = 1 the set has three elements, My = {0,2,4}.
Proof. Since £+2 is odd, P15 is odd by Lemma 2.1(b), so uy € Z. By Lemma 2.4, 2uy+U +2 =
Pyio + Py — 3 = Dy; this also converts the two descriptions of M, into each other, since

Dy—uw—2=wuw+Uand Dp—up=u+U—+2. Forl >3, U>P, =12 > 2, so the four
numbers are distinct. We argue by induction on odd Z.
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Base ! = 1. Here u; = (P3—5)/2 =0,U = P, = 2 and D; = 4. Directly from Gy = 1+z2+2%,
M; = {0,2,4}, which is the stated set (the elements u; + 2 and u; + U coincide).

Step. Assume the claim at an odd ¢, write B = By, u = uy, and use U, V, W, D of Section 3.
By Theorem PET-1, Byyo = 2B. Recall that

(4.1) V=2U+PF >U+2.

Necessity. Suppose pgia(n) = 2B. By Lemma 3.2 at most two terms of (3.1) are non-zero,
and each is at most B; since they sum to 2B, there are exactly two of them, they belong to
consecutive shifts e < €/, and each equals B. Then n —e, n —¢ € My, so ¢ — e is a positive
difference of two elements of M,. The positive differences of {u,u + 2,u + U,u + U + 2} lie in
(4.2) {2, U-2, U, U+2}.

On the other hand ¢/ — e € {V,U} by Lemma 3.1, and V' does not belong to (4.2) by (4.1).
Hence ¢/ — e = U, and by Lemma 3.1 the only consecutive pairs at distance U are (2V,2V 4+ U)
and (4V 4+ U, 4V + 2U); thus e € {2V, 4V + U}.

Puty=n—¢€". Thenn—e=y+ U, and y, y+ U € M. Every element of M, is at least u,
soy+ U > u+ U. The elements of My that are at least u+ U are exactly v+ U and v+ U + 2:
this is clear for U > 2, because u < u+2 <u+U <u+U +2, and for ¢ =1 (where U = 2) the
elements u + 2 and u + U coincide and the list is still {u + U,u+ U + 2}. Hence y € {u,u + 2},
and

n=e¢+ye{2V+U+u, 2V+U+u+2, 4V +2U +u, 4V +2U +u+2}.
Sufficiency. For each of these four n, the consecutive pair of shifts (e, e+U) with e € {2V, 4V +
U} contributes the two terms B + B. Hence pyi2(n) > 2B = Byy9, and by Proposition 3.3 each
such n is a maximizer.
Shape. Put ' =2V + U + v and U’ = Py 3 = 2V 4+ U. The four points are v/, v’ + 2, v’ +
U, ' +U +2. Since Ppyy =2P; 3+ Prio =5V +2U,
o= 4V +2U + (V = 5) _ Pra-5
2 2
which is the claim at length £ + 2. O

= Up4-2,

Remark 4.1 (specialization to £ = 4m+1). Take ¢ = 4m+1 and s = 2m+2. Then U = Pyyp40 =
P55 (not Py, unless m = 0), and by Lemma 8.1 below uy = (Pymnt3 — 5)/2 = 2, — 2, where
zZm = CmPs. Using up +U = Dy —ug — 2 and H,, = Dymyy1,

argmax R, (n) = { zm — 2, zm, Hm — 2m, Hm — 2m +2}.
n
For m = 0 this is {0,2,4}; for m > 1 it consists of four distinct integers.

5. EVEN-LENGTH RECURRENCE AND COUNTING

For a length L > 1 and an integer g put
TL(g):{SCEML: x—gEML}.

Lemma 5.1 (extremal-set recurrence). For every £ > 1, with the shifts eg < --- < eg of (3.2),
7 7

Meyo = |J (Mg + e) N (Mg + eiy1)) = | (ei + Tleir1 — €:)),
i=0 =0
and the eight pieces are pairwise disjoint.
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Proof. By Theorem PET-1, Byyo = 2By. By Lemma 3.2, pyi2(n) = 2By requires two non-
zero summands in (3.1), both equal to B, and belonging to consecutive shifts e;, e;11, i.e. n €
(My+e;) N (My+e;q1). Conversely, a point of such an intersection has two summands equal to
By and, by Lemma 3.2, no third non-zero summand, so its coefficient is 2B,. A point common to
two different pieces would have three non-zero summands, which Lemma 3.2 excludes. Finally

(M@ + 6i) N (Mg + 61‘4.1) =e; +Ty(eir1 — ei) by definition of T}. O
From now on let £ = 2k with £ > 1, and put
c—95
a= Py, ¢ = Py, e = Pyy3=2a+c, v=—

In the notation of Section 3 (with ¢ = 2k), V =a, U = ¢, W = e; v is an integer because c is
odd. (Here e denotes the number Py 3, not one of the shifts e; of (3.2).) Let

Xy = Tox(a), Yi = Tok(c), Qar = | Yl

Lemma 5.2 (even blocks). For every k > 1,

Moo = (Qx + Xi) U (Qy + Yi), Qx ={0,a,e,a+e,2¢e,a + 2e}, Qy = {2a, 2a + e},
where the siz translates h + X (h € Qx) and the two translates v + Yy (r € Qy) are pairwise
disjoint.

Proof. In the order (3.2) the shifts are 0,a,2a,e,a + €,2a + €,2¢e,a + 2e,2a + 2e, with gaps
a,a,c,a,a,c,a,a. The two gaps equal to ¢ start at e = 2a and es = 2a + e; the six gaps equal
to a start at 0,a,e,a + e,2e,a + 2e. Apply Lemma 5.1. [l

Lemma 5.3 (X} and the extreme maximizers). For every k > 1: min My, = v, max My, =
a+v+2, v+2€ Mo, v+1¢ Moy, and

Xpe={a+v, a+v+2};  in particular | X;| = 2.

Proof. Let L = 2k, so L — 1 is odd. By Theorem PET-2 at length L — 1 (where uy_; =
(P41 —5)/2=vand U = P), M1 = {v,v+ 2,v+ Pp,v + Pr, + 2}; hence min M1 = v,
v+2€ My qyandv+1¢ Mp_1. Since G, = Gp_1(1+ ¢+ 2%¢), only the constant term of the
last factor contributes to coefficients below ¢, so pr(n) = pr—1(n) for n < ¢; and By, = Br_1
by Theorem PET-1, because |(L —1)/2] = [(L — 2)/2]. Hence My, N[0,¢) = Mr_1 N[0,c¢),
and since v +2 = (¢ — 1)/2 < ¢ we obtain min M, = v, v+2 € My and v+ 1 ¢ M. By
Lemma 2.4, D = a+c¢—3=a+ 2v+ 2, so by symmetry max My = Dy, —v =a+ v+ 2 and
a+v=Dp—(v+2)e M. If v € X, then z —a >min M, =v and x < max My =a+ v+ 2,
sox—a€{v,o+1,v+2};asv+1¢ My, only x —a € {v,v+ 2} remains, and both x =a+v
and x = a + v + 2 belong to X, because a +v, a+v+2, v, v+2 € M. ]

Lemma 5.4 (the Y-recurrence). Y7 = {5,7,9,10,12,14}, so g2 = 6. For every k > 1, every
y € Y satisfiesc+v <y <a+v+2, and

Vi1 = ({e,; a+e, 2e, a+2e} + Xi) U (2a+ e+ Yy).
Hence qop+2 = qor, + 8 and qor, = 8k — 2 for every k > 1.
Proof. For k = 1, My = {0,2,4,5,7,9,10,12,14} (proof of Theorem PET-1) and ¢ = 5; the
elements y with y — 5 € Ms are 5,7,9, 10,12, 14.
Bounds. If y € Y), then y —c € Mag, so y > c¢+min My, = c+v, and y < max Mo, = a+v+2

by Lemma 5.3. In particular every difference of two elements of Y3 is at most a +2 — ¢ < e.
Since Xy = {a+v,a+v+2} and y > v, every z € X and y € Y}, satisfy -2 <z —y <a+ 2.
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Classification. By definition Y;11 = Togta(e) = {z € Mogio: 2 —e € Moy y2}. By Lemma 5.2
every element of Moo lies in exactly one block h + X (h € Qx) or r+ Y (r € Qy). We
classify the pairs (z,z — e) according to the blocks of z and of z — e.

X-X. Let z=0"+2"and 2z —e = b + 2’ with /.1 € Qx and 2/,2” € X;. Then
' —a' € {-2,0,2},s0 " —h' € {e —2,e,e+2}. The positive differences of Qx are a, e —a =
a+c, e, at+e, 2e—a = 3a+2c, 2e, a+2e, and all except e differ from e by at least a > 12 > 2.
Hence b — h' = e and 2" = 2/. The pairs (h/, ") with b — 1’ = e are (0,¢), (a,a + €), (e, 2e)
and (a + e,a + 2e¢), so this case contributes exactly {e,a + e,2e,a + 2e} + X, eight points.

Y-Y. Let z = " + 9" and z —e = ¢/ + ¢ with ;7" € Qy = {2a,2a + e}, so that

(r"—r"Y+ (" —y') =eand " —r' € {—e,0,e}. The cases " =" and " = r' — e would require
— 4y € {e,2e}, which is impossible because |y — /| < e. Hence ' = 2a, " = 2a + e and
= ¢/, This contributes exactly 2a + ¢ + Y.
XY. Let z=¢+zwithé € Qx, x € X, and z —e =n+y withn € Qy, y € Y. Then
x—y = e—(£—n). The eight values of {—n are —4a—c¢, —3a—c¢, —2a, —a, ¢, a+c, 2a+2c¢, 3a+2c,
so the required values of x —y are 6a + 2¢, 5a + 2¢, 4a + ¢, 3a+ ¢, 2a, a, —c, —a — ¢. Since —2 <
r—y<a+2<2aand —c < -5 < =2, only z—y = ais possible. It forces y = x —a € {v,v+2},
whereas y > ¢+ v > v + 2. No such pair exists.

Y-X. Let z=n+4+yand z—e =&+ 2. Theny—xz =e— (n— &) takes the eight values
—2a, —a, ¢, a+ ¢, 2a + 2¢, 3a + 2¢, 4a + 3¢, ba + 3¢c. Since —a —2<y—x <2, —2a < —a—2
and ¢ > 2, only y — x = —a is possible. It forces y = x — a € {v,v + 2} again. No such pair
exists.

The two surviving parts are disjoint, because the first lies in @@ x + X and the second in
Qy + Y. Counting gives qory2 =4 - | Xg| + gox = qor + 8, and with g2 = 6, gox = 8k — 2. O

Theorem PET-3. Let Ey, = |Msg|. Then E1 =9, and Ey = 16k — 8 for every k > 2. The
formula 16k — 8 does not hold at k = 1.

Proof. By the proof of Theorem PET-1, By = 1 and My = {0,2,4,5,7,9,10,12,14}, so E; = 9.
For k > 1, Lemma 5.2 decomposes Moo into six pairwise disjoint translates of X and two
pairwise disjoint translates of Y%, so by Lemmas 5.3 and 5.4

Ery1=6-242(8k—2)=16(k+1) — 8.
At k =1 the formula would give 8 # 9. 0

y//
y//

6. EXPLICIT PARAMETRIZATION

For k > 1 and 5 > 3 put

P
Sj=Ps+Pi+-+P,  K={024579}, z1=—"22_6 z=2z+DPy,

2
and define the six families
Ci=z1+K, Co =2+ K,
OL; ={z1 — S}, z1 —Sj + 2}, 3 <7j <2k,
IRj={x1+7+5;, 1 +9+5;}, 3<j<2k-1,
|Lj:{2’2—5j, 22—8j+2}, 3<j <2k -1,
ORj ={2+T7+5;j, »o+9+S;}, 3 <7 <2k

We call Cq,Cy the cores, OL;, OR; the outer chains and IR;,IL; the inner chains, and we write

2k 2k—1
Fr.=C UCU U(OLJUORJ')U U (leU”_j).
j=3 Jj=3



PELL REPRESENTATION POLYNOMIALS AND SILVER-RATIO FIBRES 9

(Sans-serif letters denote these families; Cy, in italics is the silver-ratio target of Section 2.4.)
For k =1 all four chains are empty.

Theorem PET-4. For every k > 1, Moy, = Fi. If kK > 2, the 16k — 8 numbers listed in the six
families are pairwise distinct, and blockwise

OlLyp <+ <O0OLg3<Ci<IRg< -+ <IRgp_1 <llgp_1 <---<lLg <Cy <OR3 < -+ < ORyg,

so |Msy| = 16k — 8. If k =1, then z1 =0, zo0 = 5, the chains are empty, C; N Co = {5,7,9} and
My = CLUCy has 9 elements.

The proof occupies the rest of this section. We keep the notation a, c, e, v, X}, Y), of Section 5
at level k, and we write 21, z5 and C/, OL;, ... for the corresponding objects at level k 4 1; thus
21 = Pyg+a/2 — 6 and z5 = 2} + Popys = 2] +e.

Lemma 6.1 (arithmetic of the parameters). (i) Sj = (Pj + Pj41 — 7)/2 is an integer, and
Sjy1—8j=Pj41 =212 for j > 3.
(ii) 21 = Z?:z Pojiq (an empty sum for k =1); in particular 21,z € Z.

(111) ng =2z1+20+09.

(iv) For k> 2, Sor_1+ Sor +7=c.

Proof. (i) By Lemma 2.1(a), S; = (Pj41+FPj—1)/2— P — P> = (Pj+ Pj+1—7)/2; the numerator
is even because P; and Pjy; have different parities (Lemma 2.1(b)). (ii) By Lemma 2.1(c),
Zf’f:o Pyit1 = Pypio/2; subtract P; + P3 = 6. (iii) 21 + 220+ 9=221+c+9=a+c—3= Dy
by Lemma 2.4. (iv) Sop_1 + Sor + 7 = (Por—1 + 2Por + Pog+1)/2 = (2Pop41)/2 = c. ]
Lemma 6.2 (nine identities). For every k > 1:

(1) 2] =2z +e, (2) 25 =12 +2e=2+2a+e,

(3) Sop—1+ S +T7=c (k>2), (4) 21+ 7+ Sopy1 =e+a+v,
(5) (6)
(7) (8)

5 Zé—Sng:e—{—Za—l—v, zé—l—?—i—Sng:Qe—i—a—i—v,

7) 25+ T+ Sopio = 2e + 2a + v, 2y — Sopy1 = 2a + v,
(9) Zi—SQk_A'_Q =a+w.

Proof. We use Pyp1y = 2¢+a, e = 2a+c¢, Soypr1 = (a+¢c—T7)/2, Sopy2 = (a+e—7)/2
(Lemma 6.1(i)) and (e —5)/2 = a+wv. (1) 2 = (2e+a)/2—6 =e+2z1. (2) 25 = 2] +e = 21 + 2e,
and zo+2a+e =21 +c+2a+e =2z +2e (3)is Lemma 6.1(iv). (4) 2] + 7+ Sop+1 =
et d+1+2T =eta+ S =eta+v. (5) 2h— Sopr1 = (2 + T+ Sopr1) +e—T7 =281 =
2¢e+a+v—(a+c)=e+2a+v, using e —c=2a. (6) 25+ 7+ Sop+1 = (2] + 7+ Sopt1) + €=
2¢e+a+vby (4). (1) 2b+ 7T+ Sopyo =2+ 5 +1+ 9T =2+ a+ 52 =2e+2a+v. (8)
2 —Sapy1 = (zh—Sant1)—e = 2a+v by (5). (9) 2} —Sopya = e+5—6-255—" = B = qatv. O

For k > 1 let

2k—1 2k
I', =CU U ||_jU U OR]‘U|R2]¢71,
=3 =3

with the families taken at level k, where the last term is present only for k > 2.
Proposition 6.3 (closed form of Yy). Yy =Ty for every k > 1.

Proof. For k=1, zo = 5 and all chains are empty, so 'y =5+ K = Y] by Lemma 5.4. Assume
Y, =Ty, for some k£ > 1. By Lemma 5.4 it suffices to show

L1 = ({e,a+e,2e,a+2e} + Xi) U (2a+ e+ T).
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The translate. By identity (2), z2+2a+e = 25, so translation by 2a+e maps Cy onto Cj, IL; onto
I} (3 <j <2k—1)and OR; onto OR} (3 < j < 2k). For k > 2 it also maps IRy;_1 onto ILy;:
indeed, by identity (3), 21 + 7+ Sop—1+2a+e =21 +2a+e+c— Sop = 21 +2e — So = 25 — Sox

by identity (2). Hence
2k

2a+e+ Ty =CHU | (IL) UORY)).
j=3
The remaining families. The families of Ty41 not yet obtained are 1Ly, ;, ORS, q, ORY; o
and IR);, ;. Each has the form {p,p + 2}, and by identities (5), (6), (7) and (4) their smallest
elements p are e 4+ 2a + v, 2e + a + v, 2¢ + 2a + v and e + a + v, that is, the four numbers
{e,a+e,2e,a+2e}+(a+v). Since X}, = {a+v,a+v+2} (Lemma 5.3), these four families together
are exactly {e,a+e,2e,a+ 2e} + Xj. This proves the displayed identity, hence Yy11 = Tr1. O

Proof of Moy, = Fy,. For k=1, i = KU (5 + K) ={0,2,4,5,7,9,10,12,14} = M. Let k > 1;
we show Fi11 = Mogio. By Lemma 5.2 and Proposition 6.3,

Qv +Yi=02a+e+T;)U((2a+e+Tg) —e).

The first set was computed in the proof of Proposition 6.3. Subtracting e replaces 24 by 25 —e =
21, so it maps Cj = Cj, IL; — OL’ and OR’ — IR. Therefore

2k

Qv + Y, =CLuCu | J(OLjUIR; UIL; UORY)).

j=3
The families of Fy41 not yet obtained are OL5; 1, OLY; o, IR9; .1, 1Ly 1, ORS,yq and ORY;o.
Each has the form {p,p + 2}, and by identities (8), (9), (4), (5), (6) and (7) their smallest
elements are 2a +v, a+v, e+ a4+ v, e+ 2a + v, 2e + a + v and 2e 4+ 2a + v, that is, exactly
Qx + (a+v). With X = {a + v,a + v + 2} these six families are exactly Qx + Xi. Hence
Frr1 = (Qx + Xp) U(Qy +Yy) = Maj,o by Lemma 5.2. O

Remark 6.4 (no circularity). Proposition 6.3 uses only Lemmas 5.3, 5.4 and 6.2, never the identity
My, = Fi; the proof of My = Fj, then uses Proposition 6.3. No comparison of cardinalities is
used: Moy, = F}, is proved as an identity of sets.

Proposition 6.5 (ordering and count). Let k > 2. The six families are pairwise disjoint, the
blocks are ordered as displayed in Theorem PET-4, and |Fy| = 16k — 8.

Proof. Within a chain, consecutive smallest elements differ by Sj;1 — 5; = Py > 12 > 2
(Lemma 6.1(i)), so the two-element blocks of a chain are disjoint and ordered by j (decreasing
in OL and IL, increasing in IR and OR). Between the familiess maxOL = z; — S3 + 2 =
21 —3 <2z =minCy; maxC; =21 +9< 21+ 12 =2, +7+ 53 = minlR; maxIR = 2z +9 +
Sok—1 < 23 — Sor—1 = min L, which is equivalent to 2S5;_1 + 9 < ¢, i.e. by Lemma 6.1(iv) to
Sor_1+2 < Sop, i.e. to 2 < Py, true for k > 2; maxIL = 29— S3+2 = 29 —3 < 29 = min Cy; and
max Cg = 29+ 9 < 29+ 12 = min OR. Counting, |OL| = |OR| = 2(2k — 2), |IR] = |IL| = 2(2k — 3)
and |Cy| = |Co| =6, so |Fi| = 2(4k — 4) + 2(4k — 6) + 12 = 16k — 8. O

Completion of the proof of Theorem PET-4. The identity My, = Fi, was proved above, and
Proposition 6.5 gives the ordering, disjointness and count for k > 2. For k = 1, z; = Py/2 —
6 = 0 and zo = 5; the index ranges of all four chains are empty, C; = {0,2,4,5,7,9}, Cy =
{5,7,9,10,12,14}, C;NCy = {5, 7,9}, and the twelve listed numbers collapse to the nine elements
of MQ. O



PELL REPRESENTATION POLYNOMIALS AND SILVER-RATIO FIBRES 11

Remark 6.6 (extremes and symmetry). For k > 2, min My, = min Olgy, = 21 — Sop, = (a — Pog, —
¢—5)/2 = v, because a = 2¢ + Py, and max My, = max ORgy = 20 + 9 + Sop = Do, — v, in
agreement with Lemma 5.3. By Lemma 6.1(iii) the reflection n +— Dop —n = 21 + 20+ 9 — n of
Lemma 2.4 maps C; onto Cy (because 9 — K = K), OL; onto ORj, and IR; onto IL;:
ng—(zl+7+5j):2’2—5j+2, ng—(21+9+5j)222—5j.

The index ranges 3 < j < 2k of OL,OR and 3 < j < 2k — 1 of IR, IL match, as the symmetry
requires.

Remark 6.7 (scope). Together with Proposition 6.5, Theorem PET-4 gives a second derivation of
the count in Theorem PET-3; it uses the set identities of Lemmas 5.2-5.4 but not the cardinality
recursion ¢og+2 = qor + 8. Theorem PET-4 is a description of Msy; we make no claim that it is
the simplest possible one, and it says nothing about coefficients close to the maximum.

7. SILVER-RATIO TRANSFER
Theorem STT-1. For every m > 0 and every t € Z, with s =2m + 2,
U (t) = R (tPs) = pam+1(tPam+2)-
The identity is induced by the bijection (dy)i™ o+ (dj_s);@;r2 between the words of the two
models; it is not an estimate.
Proof. Let d = (d)?™_,,, € {0,1,2}*™*1 and put X = ¥, dyd* — t. By Lemma 2.3,
X =A6+ B, A=Y dpPyys—tPs, B = dpPiys—1 — tPsy.
k k
Since {1,0} is a basis of Q(v/2) over Q, X = 0 if and only if A = B’ = 0.
Step 1 (shift). As k runs over {—2m,...,2m}, the index k + s runs over {2,...,4m + 2},
which is the weight set of G141 in (2.1).
Step 2 (the second coordinate is redundant). For even s and every k € Z,
(7.1) Piys1Ps — Py sPs_1 = —P.

Indeed, as functions of k both sides satisfy the Pell recurrence (the left side is a fixed linear
combination of Pyis1 and Pgys). They agree at k = 0, where both vanish, and at k£ = 1,
where the left side is P2 — Ps_1Ps;1 = (—1)**! = —1 = —P; by Lemma 2.2, since s is even.
Multiplying B’ by Ps and A by Ps_; and subtracting gives

P;B'— P 1A=-) dyP, = —T.
k

Step 3 (a strict bound on T). By P_,, = (=1)""1P,, the coefficient of dj in T is P, > 0 for
k > 0 and for negative odd k, and it is — P for negative even k. Hence

m 2m m
—2) Py < T < 2) Pe+2) Py
i=1 k=1 i=1

By Lemma 2.1(&) and (C), 2Zi§m Pgi = P2m+1 — 1, 2Zi§m Pgi_l = PQm and 2Zk§2m Pk =
Popt1 + Poyy, — 1, s0
—(Pomy1 — 1) <T < Poppyq + 2P, — 1.
Since Py = 2Py, 41 + Pom, we have Ps — (Poppy1 + 2Py, — 1) = Poypy1 — Poyy +1 > 0 and
—P; < —(Popyy1 — 1). Hence |T| < Ps.
Step 4 (conclusion). If A =0, then PsB' = =T, so Py | T; as |T'| < P, this forces T'= 0 and
then B’ = 0. Thus X = 0 holds exactly when A = 0, that is, when >, diPyts = tPs. By Step 1
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this is the Pell equation Z?;”;Q d;j_sP; = tP, for the word (dj_s); of Gam41, and the shift of
indices is a bijection between the two sets of words. ([l

Remark 7.1 (m = 0). Here s = 2 and the window is the single exponent k& = 0; the statement
reads vy (t) = p1(2t), which equals 1 for ¢ € {0,1,2} and 0 otherwise. Consistently, Step 3 gives
0<T<0.

Remark 7.2 (what Theorem STT-1 is not). Theorem STT-1 is an identity between two counting
functions on the same window, written in two coordinate systems. It is not an asymptotic
statement, not a bound, and not a statement about other windows, other digit alphabets or
other quadratic units.

8. MAXIMUM MULTIPLICITY AND UNIQUENESS

Lemma 8.1. For every m > 0, Cp, = Poypy1 + Pom € Z, and

Proof. Summing the geometric series and using 6% — 1 = 24,

o 5—2m 54m+2 -1 _ 52m+2 _ 572m _ 62m+1 o 57(2m+1)
" 2-1 26 - 5

Since A = —6~ ' and 2m + 1 is odd, A?"*H1 = —5-Cmtl) 5o €, = (627 4 AZHL) /2 =
Poyny1 + Poy, by Lemma 2.3. For even s we have \* = 6%, so Ps = (6° — §7%)/(2v/2); for odd
we have X" = —67", 50 P, = (0" +67")/(2v/2). With s = 2m + 2,

(52m+1 . 5—(2m+1))(52m+2 . 5—(2m+2))

CnPs =
m= S 4\/5
oA UM (54657 V2 Py — 2V2P1  Pupys— 1
B 42 B 442 B 2
The last expression equals 27221"’ ! P»,. by Lemma 2.1(c). O
Lemma 8.2. For every m >0, H,, = —4 (mod Ps).

Proof. By Lemma 2.4, H,, = Pypi3 + Punio — 3 = Pog_1 + Pos_o — 3. The addition identity
of Lemma 2.2 with a = b = s gives Pos = Ps(Psy1 + Ps—1) = 0 (mod Ps), and the recurrence
Pos = 2Pys_1 + Pos_o then gives Pos_ o = —2P5s 1. With a = s, b = s — 1 it gives P51 =
P2 + P2 | = P2 |. Cassini’s identity P2 — Py P11 = (—1)*T! = —1, together with Psyq =

2P, + P;_1 = Ps_1, gives PS{1 =1. Hence H,, =1—-2 -3 = —4. [l
Theorem STT-2. For every m > 0,

Ny, = max U (t) = 4™, argmax vy, (t) =

€Z teZ {Cm}7 m Z 1.

Proof. By Theorem STT-1 and Theorem PET-1, v, (t) = Ry, (tPs) < Bgm41 = 4™ for every
teZ.

Attainment for m > 1. Let £ = 4m + 1. By Lemma 8.1, uy = (Pynt+3 — 5)/2 = zm — 2,
so by Theorem PET-2 (see Remark 4.1) the maximizers of R,, are z,, — 2, 2y, Hp — 2z, and
H,, — 2z, + 2, each with value 4™. In particular v,,(Cy,) = Ry (CinPs) = R (2m) = 4™.

{{0, 1,2}, m=0,
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Uniqueness form > 1. Let t € Z with v, (t) = 4™. By Theorem STT-1, ¢Ps is one of the four
maximizers of R,,, and it is divisible by Ps;. By Lemma 8.2 and z,, = 0, their residues modulo
P, are

Zm — 2= -2, Zm =0, H,, — z, = —4, Hy, —zp+2=-2.
For m > 1, P, > Py = 12 > 4, so —2 and —4 are non-zero modulo P;. Hence tP; = z,, and
t=Ch.

The case m = 0. Here Ps = P, = 2 and the maximizers of Ry = p; are 0,2,4, all divisible
by 2, so the residue argument gives no information: it needs P; > 4. By Remark 7.1, vy(t) =1
exactly for t € {0,1,2}, so Ng = 1 = 4° and argmax 1y = {0,1,2}. The case m = 0 is genuinely
separate and is not a degenerate instance of the uniqueness statement. ]

Remark 8.3 (separation of the ingredients). Attainment and uniqueness are proved separately.
Attainment uses Theorem PET-2 at ¢ = 4m + 1; uniqueness uses the completeness part of
Theorem PET-2 together with Lemma 8.2.

9. GENERAL ALGEBRAIC FIBRE BOUND

Theorem STT-3. Fiz m > 0 and the window {—2m,...,2m}. For every & € Z[V/2], the

number of strings d € {0,1,2}*™+ with 3, di,6F = £ is at most 4™. The bound is attained.
Proof. Let d be a string with 3, d0* = &, and let s = 2m + 2. By Lemma 2.3,

6% = (Z dkPk+s>5 + Y diPrys—1,
k !

so the coefficient p = 3" di P15 of 0 depends only on £ (the coordinates in the basis {4, 1} are
unique), not on the string. The shift k — k + s therefore maps the fibre over £ injectively into
the set of words (ds, ..., d4m+2) with >_; d; Pj = p, which has Pam+1(P) < Bms1 = 4™ elements
by Theorem PET-1. The bound is attained at the integer target C), for m > 1 and at 0, 1,2 for
m = 0, by Theorem STT-2. O

Remark 9.1 (scope of Theorem STT-3). Theorem STT-3 concerns all targets in Z[v/2], not only
integers. It is stronger than what Theorem STT-1 gives directly, since Theorem STT-1 says
nothing about & € Z[v/2] \ Z. No target outside Z[v/2] is represented by any string, so the fibre
there is empty. The bound concerns the stated alphabet and window only.

10. DISCUSSION AND LIMITATIONS

10.1. Scope. Theorem PET-1 and Theorem PET-2 treat all lengths and all odd maximizers;
Theorem PET-3 and Theorem PET-4 treat the even maximizers, with the exceptional base case
k = 1. Theorems STT-1 to STT-3 concern the specified ternary window and the target domains
stated in the theorems: rational integers in Theorem STT-1 and Theorem STT-2, and Z[v/2] in
Theorem STT-3. The case m = 0 of Theorem STT-2 is separate.

10.2. What is not claimed. We give no description of pys(n) for general n, no finite automaton
computing it, and no asymptotic distribution of the coefficients. We do not describe coefficients
close to the maximum. We do not claim that the parametrization of Theorem PET-4 is optimal
or minimal. We do not extend any result to other recurrences, other digit alphabets, other
windows or other Pisot units. We do not claim that any statement in this paper is new.



14 HYDRA RESEARCH PROJECT

10.3. Prior art and the depth of reading. The type of question is not new: the maximum
of the representation function at a fixed numeration length, together with a description of the
integers attaining it, is treated for the Fibonacci system in [KMPO05] and for the m-bonacci
systems in [KMPO07], and an exact maximum for minimal-weight Fibonacci expansions is [GS11,
Theorem 4.6]. In the sources listed below we did not find a treatment of the Pell system with
digit set {0,1,2} on the bounded window P, ..., Py, 1, nor of fibres in Z[v/2] over a symmetric
window of exponents. No count-preserving transfer from the Fibonacci or m-bonacci results to
the present setting is known to us: the recurrences (2 —x — 1 against 22 — 2z — 1), the alphabets
and the normalizations differ.

Source Depth of reading in the project Relation to this paper

[Hor94]  full text one distinguished (lazy) representation; not a
fibre count

[Hor96]  zbMATH review and metadata only distinguished min/max Pell representations

[KRO4] full text greedy representation; partitions of
unbounded multiplicity

[KMPO05] full text Fibonacci, digits {0,1}: maximum and
maximizers; closest type of result

[KMPO7] full text m-bonacci, digits {0, 1}: same type of
question

[Sto09] full text sharp bound R(n) < v/n+1

[GS11] full text minimal-weight expansions only

[Eds13] publisher abstract only general linear numeration systems; transfer

not established

The full texts were read at earlier stages of the project; later stages relied on that reading and
on bibliographic records, and the present text was edited without rereading them. A structured
search of zbMATH Open, Crossref, OpenAlex, arXiv and OEIS was made at one stage. The
remaining gaps are as follows. MathSciNet, Web of Science and Scopus were not accessed, and
Google Scholar and Semantic Scholar were not usable. The full texts of [Hor96] and [Eds13]
were not available. Two 2026 preprints in a related setting were located (one on a Pell-to-ternary
numeration map, read at the level of its description only, and one on a silver-ratio sieve, not
retrieved), and a 2019 paper on ternary strings and Pell numbers was identified by title only; any
of these, or a work not found, could contain an equivalent statement. A human bibliographic
check is required before any claim of novelty.

10.4. Verification status. Every proof in this paper is self-contained and uses no computation.
The proofs have been examined by Al models only (see the statement on Al contribution below);
they have not been read by a human mathematician, and no formal (machine-checked) proof
exists. Exact computations made at earlier stages of the project—coefficients of Gy for £ < 16
by two independent methods, the silver-ratio fibres computed directly in Z[\@] without using
Theorem STT-1, the set recursions of Sections 56 for large k, and the identities of Sections 7-8
for m < 300—agree with every statement. During the preparation of this text the formulas,
indices and worked examples were checked again against exact computation: py for ¢ < 17,
Fir = Moy, for k < 8, the set recursions of Lemma 5.4 and Proposition 6.3 for £ < 200, and
the fibres vy, directly in Z[v/2] for m < 4. These computations are falsification attempts and
reproducibility aids, not proofs, and nothing in Sections 3-9 depends on them.

10.5. Open questions.

(1) Describe the coefficients of Gy just below the maximum, for instance the second largest
value and its arguments.
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(2) Is there a simpler description of My, for example one without the partial sums S;?

(3) Determine for which windows, alphabets and recurrences the window lemma (Lemma 3.2)
keeps a positive margin, and what replaces it otherwise.

(4) Which elements of Z[v/2] \ Z attain the bound of Theorem STT-3?

STATEMENT ON Al CONTRIBUTION AND PROVENANCE

The proofs and the principal results of this paper were developed with Al systems, in a staged
research project directed by a human project owner. The following attribution is taken from the
project’s controlled records; where those records do not establish an executor, we say so.

Early stages (the silver-ratio model and the first derivation of the transfer underlying Theo-
rem STT-1): the executing system is not recorded in the stage reports (NOT ESTABLISHED).
Stage P7: OpenAl gpt-6-luna in the Codex environment derived Theorem PET-1 and
Theorem PET-2 for ¢ > 3 and the silver-ratio maximum and uniqueness argument used in
Theorem STT-2.

Stage P8: Anthropic claude-opus-5-5 in Claude Code carried out a model certification of
P7, extended Theorem PET-2 to ¢ = 1, gave the proof of Theorem STT-1 used here (by a
route different from that of the early stages) and derived Theorem STT-3.

Stages P9-P10: DeepSeek deepseek-flash in the DeepSeek Harness carried out a prior-art
audit and manuscript revision (P9); the executor of the bibliographic follow-up and full-text
reading (P10) is not established in the records.

Stage P11: OpenAl gpt-6-luna in Codex proved the even-length set recursion and Theo-
rem PET-3.

Stage P12: Anthropic claude-opus-5-5 in Claude Code audited P11 and proved the explicit
parametrization Theorem PET-4.

Stage P13: DeepSeek deepseek-flash in the DeepSeek Harness independently certified
Theorem PET-4 at the level of the executing model: it is a different provider, model and
harness from the author of P12. This certification was not blind (the proof was read before
it was reconstructed) and it is not a human review.

Stage P14: a consolidation stage, recorded in its own register as OpenAl gpt-6.1-terra
in Codex, reconciled the theorem labels, adopted documentary corrections (numerical, in-
dexing and wording errata that changed no statement or proof) and assembled the working
manuscript from which this paper was edited. It was not a new mathematical audit.

This text was edited from that working manuscript by Claude (Anthropic), in a session con-
figured for the model identifier claude-opus-5-5, the same model identifier as the executor
of P8 and P12. The editing is not a new independent certification of the proofs. It corrected
two index errors in side remarks (in Section 3 and Remark 4.1) and two bibliographic details
(a page range and a misattributed review number); none of these affects a statement or a
proof.

Agreement between Al systems is not human peer review, and executor-level independence
does not imply independence of training. No human has reviewed the proofs, no human proof-
verification or citation-check certificate exists, and no priority is claimed. No Al system is
presented as a human author.
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APPENDIX A. WORKED SMALL CASES

Al. (=1,2. Gy =1+22+2% By =1, My ={0,2,4}. Go = (1 + 22+ 21)(1 + 25 + 2'0),
By = 1, with the nine distinct exponents 0, 2,4,5,7,9,10,12,14, so M> has 9 elements.

A.2. ¢ = 3. Weights 2,5,12; D3 = 38, B3 = 2. By Theorem PET-2 with us = 12 and
U= Py =12, M3 = {12,14,24,26}. The coefficients p3(0), ..., p3(38) are
1,0,1,0,1,1,0,1,0,1,1,0,2,0,2,0,1,1,0,1,0,1,1,0,2,0,2,0,1,1,0,1,0,1,1,0,1,0, 1.

A3. t=4(k=2). Herea = Ps =70, c = P5; =29, 21 =29, 20 = 58, S5 =5, Sy = 17,
Dy =96, By = 2. Theorem PET-4 gives

OLy = {12,14}, OLs = {24,26}, C; = {29, 31, 33,34, 36,38}, IR3 = {41, 43},

ILs = {53,55}, Co = {58,60,62,63,65,67}, OR3 = {70,72}, ORy = {82,84},
24 = 16 - 2 — 8 maximizers in all, symmetric about Ds/2 = 48, with min My = v = 12.
A4, m =1 U =5, s =4, P, = 12). us = (P —5)/2 = 82 and U = FPs = 70, so

My = {82,84,152,154}. Further H; = D5 = P; + Ps — 3 = 236 = —4 (mod 12). The only
maximizer divisible by 12 is 84 = 7-12, so Cy = 7 and 14 (7) = 4.

A.5. Small m.

m| s P, Cim | N
0 2 2 1 1
114 12 7 4
2|6 70 41 16
3| 8| 408 | 239 | 64
4 |10 | 2378 | 1393 | 256

For m = 0 the value Cy = 1 is one of the three maximizers 0, 1, 2.
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APPENDIX B. WHAT IS AND IS NOT ESTABLISHED

Statement Established Range Where

By = 2L=1/2] and the pair yes all 4 >1 Theorem PET-1
invariant (3.3)

complete list of maximizers yes odd ¢/ >1 Theorem PET-2
number of maximizers, 9 and 16k — 8 yes k=1k>2 Theorem PET-3
explicit description of Moy yes k>1 Theorem PET-4
disjointness of the six families yes k > 2 (fails at k =1) Prop. 6.5

U (t) = pam+1(tPam+t2) yes m>0,teZ Theorem STT-1
max Up, (t) = 4™ yes m >0 Theorem STT-2
unique maximizing integer C, yes m>1 Theorem STT-2
argmax vy = {0,1,2} yes m =20 Theorem STT-2
every Z[v/2]-fibre has at most 4™ strings yes m>0 Theorem STT-3
optimality of the parametrization no — not claimed
coeflicients near the maximum, no — not attempted
automata, asymptotics

other recurrences, alphabets, windows no — not attempted
priority or novelty no — unresolved, Section 10.3
human review no — not requested

APPENDIX C. CANONICAL IDENTIFIERS, HISTORICAL LABELS AND COMPUTATIONS

The project records used other labels for some theorems. To avoid ambiguity, the canonical
identifiers of this paper correspond to them as follows; in particular the historical “Theorem C”
and “Theorem D” always denote the silver-ratio transfer and the silver-ratio maximum, never
the even-length results.

Canonical identifier Content Historical label

PET-1 exact maximum coefficient Theorem A

PET-2 odd-length maximizers Theorem B

PET-3 number of even-length maximizers  even-length count (stage P11)
PET-4 explicit even-length parametrization P12-B (“B-LEVEL-3”)
STT-1 silver-to-Pell transfer Theorem C

STT-2 silver maximum and uniqueness Theorem D

STT-3 algebraic fibre bound Corollary E

Role of computations. The project’s computer checks recompute, with exact integer arith-
metic, the degree formula and the gap pattern of Lemma 3.1; By and M, for small ¢; the two-step
recursion (3.1) coefficient by coefficient; the silver-ratio fibres directly in Z[v/2]; the quantities
Cin,y Zm, Hy, and the residues of Lemma 8.2; and the families of Theorem PET-4. They cannot
establish any statement with a free parameter. Their functions are to let a reader falsify a claim
cheaply and to make the computations cited in Section 10.4 reproducible. A reader who finds a
discrepancy between a computation and the text should trust neither and re-derive the step by
hand.
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