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Abstract. Assume the Generalized Riemann Hypothesis (GRH). We
show that every even integer N ≥ exp(exp(13.375)) can be written as
N = p + P2, where p is a prime and P2 is either a prime or a product
of two primes. This result is conditional on GRH and on Theorems 5,
6, 7 and Lemma 9 of Bordignon and Starichkova [1], together with the
auxiliary lemmas, Table 1 and display (6) of [1] that their Section 5.4
uses, used at new parameter values inside their own Section 5.4. It is
not a new method; it is a re-choice of the parameters u and α in their
argument, combined with the observation that Chen's theorem itself
needs only that the Section 5.4 main-term combination be positive, not
that it exceed 4 · 10−3, because the inequality π′

2(N) ≥ π2(N)−
√
N − 1

from the proof of their Corollary 1 (Section 5.5, p. 1241), which does

not involve the threshold, gives N = p+P2 as soon as π2(N) >
√
N +1.

The arithmetic of Section 5.4 at the new parameters and the associated
parameter range inequalities are veri�ed unconditionally in Lean 4.

1. Introduction

In 1973, Chen [4] proved that every su�ciently large even integer N can
be represented as

N = p+ P2,

where p is a prime and P2 is a prime or a product of two primes. While the
binary Goldbach conjecture remains open, and this note makes no progress
on it, substantial work has gone into making the threshold for Chen's theorem
explicit.

The �rst explicit threshold for Chen's theorem was obtained by Yamada
[7]. Unconditionally, the current record is due to Bordignon, Johnston
and Starichkova [3], who established Chen's theorem for all even integers
N ≥ exp(exp(32.7)). Johnston and Starichkova [5] proved related explicit
results on writing even integers as a prime plus an almost prime. In related
formal work, a qualitative Lean 4 formalization of Chen's theorem with an
existential, non-explicit threshold is claimed in the unrefereed repository [6].

Assuming the Generalized Riemann Hypothesis (GRH), Bordignon and
Starichkova lowered the explicit threshold considerably. In the arXiv version
[2] (v1, the only arXiv version), they obtained the threshold exp(exp(15.85))
with lower-bound constant 4 · 10−4. In the published journal version [1]
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(Theorem 3, p. 1214), they proved under GRH that

π2(N) > 4 · 10−3UN
N

log2N
for N > exp(exp(14)),

from which their Corollary 1 (p. 1214) gives Chen's theorem for these N .
We are not aware of a published GRH threshold below exp(exp(14)).

In this note we establish the threshold exp(exp(13.375)) under GRH. This
is conditional on GRH and on Theorems 5, 6, 7 and Lemma 9 of Bordignon
and Starichkova [1], together with the auxiliary lemmas, Table 1 and display
(6) of [1] that their Section 5.4 uses, used at new parameter values inside
their own Section 5.4. It is not a new method. It is a re-choice of the
parameters u and α in their argument.

Theorem 1 (Main statement). Assume the Generalized Riemann Hypothe-
sis, and assume Theorems 5, 6, 7 and Lemma 9 of Bordignon and Starichkova
[1], together with the auxiliary lemmas, Table 1 and display (6) of [1] that
their Section 5.4 uses, used at new parameter values inside their own Sec-
tion 5.4. Then every even integer N ≥ exp(exp(13.375)) can be written as
N = p+ P2, with p a prime and P2 a prime or a product of two primes.

2. The parameter re-choice in Section 5.4 of [1]

Throughout, π2(N), π′
2(N), UN , X2, y, u, A, αi, ε1, ε(u), C1, C2, c̄ and

m̄ are as in [1], and γ is Euler's constant.
We begin by recording what the paper of Bordignon and Starichkova [1]

does in full detail:

• In [1], Theorem 3, p. 1214, under GRH, they prove

π2(N) > 4 · 10−3UN
N

log2N

for N > exp(exp(14)). Their Corollary 1 (p. 1214) gives Chen's
theorem for these N , passing from π2(N) to π′

2(N) via the relation

π′
2(N) ≥ π2(N)−

√
N − 1 (Section 5.5, p. 1241).

• Their Section 5.4, p. 1241, combines Theorem 5 (p. 1228, with proof
on p. 1229), Theorem 6 (p. 1231), Theorem 7 (pp. 1234 to 1235),
and Lemma 9 (p. 1227, the weighted sieve inequality of Chen that

bounds π2(N) below by sifting functions, minus 2N7/8 +N1/3), and
takes the parameters

u = 1000, α1 = α2 = α3 = 10−3, A = 10, ε1 = 10−20,

together with ε(1000) < 1/5235, C1 = 113, and C2 = 114.
• The arXiv version [2], v1, the only arXiv version, had the threshold
exp(exp(15.85)), with constant 4 · 10−4.

All changes in the present note take place inside Section 5.4 of [1] (p.
1241):
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(1) We choose the parameters

u = 1500, α1 = α2 = α3 = 0.00256, A = 10, ε1 = 10−20.

(2) From display (6) of [1], p. 1221, we have ε(1500) < 1/8349. An
independent recomputation with primes to 109 and an explicit tail
bound gave ε(1500) = 1/8349.32.

(3) We take C1 = 112 and C2 = 114, which is the row ε−1 = 6100 of
Table 1 of [1], pp. 1217 to 1218. This is valid since inequality (2)
with ε(1500) implies it with the larger 1/6100; the journal itself pairs
ε(1000) < 1/5235 with the row 4500.

(4) The key observation is that Chen's theorem itself needs only that
the Section 5.4 combination be positive, not that it exceed 4 · 10−3:
the inequality π′

2(N) ≥ π2(N)−
√
N − 1 from the proof of Corollary

1 (Section 5.5, p. 1241), which does not involve the threshold, gives

N = p+ P2 as soon as π2(N) >
√
N + 1. Asking only for a positive

constant lets log logX2 drop to 13.375.

Table 1. Comparison of Section 5.4 parameters in [1] and
in this note.

Quantity [1], �5.4 This note

log logX2 14 13.375
u 1000 1500
α1 = α2 = α3 = α 10−3 0.00256
A 10 10
ε1 10−20 10−20

Upper bound on ε(u) ε(1000) < 1/5235 ε(1500) < 1/8349
Table 1 row ε−1 (pp. 1217 to 1218) 4500 6100
(C1, C2) (113, 114) (112, 114)

2.1. De�nition of the main-term constant K3J. We de�ne K3J exactly
as in the Lean formalization, with g = eγ , ε = 1/8349, and c̄ the constant of
Lemma 15 of [1] satisfying c̄ < 0.363084:

K3J = 8
(
2g log(3− 8α)/(4− 8α)− εC2 · 3 e8α−2/(4− 8α)

)
− 1

2 · 8
(
(1 + 5 · 10−5)

(
g
4

(
log 6 + log 3−8α

3−18α

)
/
(
1
2 − α

)
+ log(8/3) εC1

))
− 1

2

(
2g/

(
1
2 − α

)
+ 3εC1

)
c̄.

(1)
Here the factor 1 + 5 · 10−5 is the journal's Lemma 11 (p. 1228) factor on
Theorem 6's l1, p. 1231. In words, the three pieces of K3J are 8 times the
main term of Theorem 5, minus one half of 8 times the main term l1 of
Theorem 6, minus one half of the main term of Theorem 7.
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2.2. Numerical evaluation at log logX2 = 13.375 and α = 0.00256. At
log logX2 = 13.375 and α = 0.00256, the relevant numerical values are as
follows:

• logX2 = e13.375 = 643707.69; Lean proves e13.375 ≥ 643700.
• The binding condition, which is the second part of displays (19), (21),
and (25) of [1], is

α logX2 − 11 log logX2 = 1500.767 ≥ 1500 = u.

At this X2 the condition needs α ≥ 0.0025588, leaving a slack of
0.00047 in log logX2.

• The main-term constant K3J de�ned in (1) satis�es K3J > 10−4,
proved in Lean; the Python value recorded in the Lean �le is 1.586 ·
10−4, and an independent recomputation gave 1.596 · 10−4.

• With the terms K3J leaves out, namely the factors 1 + 1/y and the
1/ log2N terms of Theorems 6 and 7, which amount to about 6·10−6,
the Python total is 1.535 · 10−4.

The error terms 2N7/8 + N1/3 in the lower bound for π2(N), and the

term
√
N + 1 lost in passing from π2(N) to π′

2(N), are negligible: against
9 · 10−5UNN/ log2N with UN > 0.37 (Lemma 10 of [1], p. 1227) their ratio

is below 105 log2N ·N−1/8, whose logarithm at logN = 643707.69 is about
11.5 + 26.8 − 80463.5 < 0 and decreases for larger N . The remainder R
of bound (33) of [1], p. 1241, measured against UNN/ log2N , carries the

factor 0.053 m̄(N,A,N1/8)(1 + ε1)
1/2/(UN log(1 + ε1) log

6N) with A = 10;
since 1/ log(1 + ε1) is about 10

20, m̄ ≤ 8 by (31) of [1], pp. 1239�1240, with
Mφ(D

∗) ≤ 1.08, and log6N > 1034 at logN = 643707.69, this contribution
is also negligible.

• Hence, on GRH and the cited results,

π2(N) > 9 · 10−5UN
N

log2N
> 0

for every even N ≥ exp(exp(13.375)), and the inequality π′
2(N) ≥

π2(N)−
√
N − 1 from the proof of Corollary 1 of [1] (Section 5.5, p.

1241), which does not involve the threshold, then gives N = p+ P2.

Remark 1 (Threshold with the printed constant 4 · 10−3 kept). With the
printed constant 4 ·10−3 kept, the same method at u = 1500 and α = 0.0024
gives exp(exp(13.45)), with K3J = 0.0051793 in Python and the binding
condition 1517.3 ≥ 1500.

2.3. Veri�cation of other parameter ranges at 13.375. All remaining
parameter conditions required by the lemmas and theorems in [1] hold at
log logX2 = 13.375 and α1 = α2 = α3 = α = 0.00256:

• Lemma 7, p. 1222, needs z > exp(2753); here log z ≥ 80463.
• Theorem 5's proof, p. 1229, needs s = 4 − 8α1 ∈ [3, 4] (here s =
3.97952) and logX2 ≥ (A+ 1)/α = 4296.9.
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• Theorem 6, p. 1231, needs α2 < 1/24 and kα2 = 8(1/6 − α2) > 1
(here k = 1.31285).

• Theorem 7, pp. 1234 to 1235, display (25), needs logX2 ≥ 11/α3,

logX2 ≥ 544 and X
1/48
2 / log34/3X2 ≥ 0.44, which in log form is

13258.99 ≥ −0.82.
• Remark 1, p. 1230, requiresH =

√
N/ logA+1N ≥ 108, which follows

from (19).
• Lemma 11, p. 1228, needs N ≥ exp(exp(10)).
• Lemmas 12 and 13 need X2 ≥ 4 · 1018.
• Lemma 14, p. 1238, needs y ≥ 2657.
• Theorem 6's proof, p. 1234, needs y ≥ 286.
• Theorems 5 to 7 need 400 ≤ u ≤ 108.

An independent second reading of the hypotheses found no range that holds
at log logX2 = 13.45 but fails at 13.375.

3. Formal verification, Lean 4

AI wrote the Lean code; it was checked by the Lean kernel, Lean v4.35.0
with Mathlib v4.35.0. The Lean proves the arithmetic of Section 5.4 at
the new parameters and the parameter ranges, unconditionally. It does not
formalize GRH, the linear sieve, or the journal's Theorems 5 to 7 and Lemma
9; the step from these cited results plus the Lean inequalities to the main
statement is done by hand in the paper.

All paths below are relative to the LeanLab repository root, within the
namespace LeanLab.BS2022GRH.Journal.

The �le LeanLab/BS2022GRH/JournalMargin.lean de�nes K3J:

noncomputable def K3J (α g ε C1 C2 cb : R) : R :=

8 * (2 * g * log (3 - 8 * α) / (4 - 8 * α)
- ε * C2 * 3 * exp (8 * α - 2) / (4 - 8 * α))

- 1 / 2 * (8 * ((1 + 5e-5)

* (g / 4 * (log 6 + log ((3 - 8 * α) / (3 - 18 * α)))
/ (1 / 2 - α) + log (8 / 3) * ε * C1)))

- 1 / 2 * ((2 * g / (1 / 2 - α) + 3 * ε * C1) * cb)

The �le LeanLab/BS2022GRH/JournalPositive.lean contains the three
headline results:

theorem theorem3_positive_main :

(0.0001 : R)
< K3J 0.00256 (exp eulerMascheroniConstant) (1 / 8349) 112 114

LeanLab.ChenExplicit.BJS.cbar

theorem conditions_13375 :

(1500 : R) ≤ 0.00256 * exp 13.375 - 11 * 13.375

∧ 11 / 0.00256 ≤ exp (13.375 : R)

theorem params_ok_13375 :

(0.00256 : R) < 1 / 24 ∧ (400 : R) ≤ 1500 ∧ (1500 : R) ≤ 10 ^ 8

∧ (0 : R)
< K3J 0.00256 (exp eulerMascheroniConstant) (1 / 8349) 112 114
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LeanLab.ChenExplicit.BJS.cbar

In Lean, eγ is bracketed by 1.7810699 < eγ < 1.7810725,
LeanLab.Helfgott2013.GammaFine.exp_gamma_gt and exp_gamma_lt, and
c̄ < 0.363084 is LeanLab.ChenExplicit.BJS.cbar_lt.

The �le LeanLab/BS2022GRH/RangeCheck13375.lean proves eight
range lemmas: lemma7_range, display25_first, display25_third,
remark1_H, remark1_H_vacuity, mono_step, mono_range_13375, and
sieve_ranges_13375. Two of these statements are:

theorem display25_first :

max ((10 + 1) / (0.00256 : R)) (48 * (10 + 4 / 3)) ≤ exp 13.375

theorem sieve_ranges_13375 :

(3 : R) ≤ 4 - 8 * 0.00256 ∧ 4 - 8 * (0.00256 : R) ≤ 4

∧ (1 : R) < 8 * (1 / 6 - 0.00256)

The build logs are recorded in LeanLab/BS2022GRH/build/:

• 20261020T0802Z-20406-JournalPositive.log: Build completed
successfully, EXIT 0, sorry count 0; theorem3_positive_main,
conditions_13375, and params_ok_13375 each depend on axioms
[propext, Classical.choice, Quot.sound].

• 20261020T1303Z-22201.log, a fresh rebuild by a second run:
JournalPositive and RangeCheck13375 both EXIT 0, 0 sorry,
and all 11 theorems depend only on [propext, Classical.choice,

Quot.sound].

Table 2 summarizes the veri�cation status of each input to Theorem 1.

Use of AI

AI, namely Claude by Anthropic, wrote all Lean code and drafted the text;
AI tools were used for the literature search; the statements, the numbers
and the references were checked by independent AI checker passes against
the Lean source and the published pages of [1]; the author is responsible for
the content.

Data availability

The Lean source is available from the author on request; a public reposi-
tory entry is in preparation.
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