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Abstract

We prove that a positive proportion of positive integers reach 1 within clogx ordinary Collatz steps for every
fixed ¢ > 3/log(4/3), with one positive lower natural-density bound independent of ¢. For each fixed positive
target not divisible by three, the same range of times holds with a target-dependent bound, irrespective of its
subsequent orbit. Targets divisible by three have predecessor basins of natural density zero. Diagonalization
gives one positive-density set with a vanishing excess above the limiting time coefficient.

The proof extends weighted inverse trajectories from a fixed finite family of roots and preserves positive
weighted mass at every sufficiently large scale. We derive an explicit Fourier-decay estimate, at frequencies not
divisible by three, for an auxiliary distribution on residue classes. Its proof uses paired geometric valuations
and their exact binomial first-passage law. At order 6409, the coefficient C' satisfies log, log, log, C' < 176,
compared with > 2172 for the explicit coefficient in Mazur’s work. Fractional-moment certificates, residue-
capacity bounds, and an enlarged family of roots give explicit density estimates after harmonic and dyadic
counting.

The primitive-decay theorem and the main qualitative density conclusions are formalized in Lean 4. The
coeflicient-size comparison and the complete optimized density bounds remain paper proofs.

Keywords: Collatz problem; hitting times; lower natural density; inverse trajectories; Fourier decay; formal
verification.
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Introduction and main results
Ordinary hitting times and lower density

Write N = {1,2,3,...}. The ordinary Collatz map is

Col(x) x/2, T even,
ol(x) =
3r+1, xodd.

The Collatz conjecture asserts that every positive integer eventually reaches 1. Throughout this paper,
convergence means reaching 1, and each application of Col counts as one step.

For a positive target y, let 7,(z) be the least nonnegative integer j such that Colj(x) =y, with 7,(z) = o0
when there is no such j. All unmarked logarithms are natural, and log, denotes base two. Put

3

Co = Tog(/3)’ G.(y) ={xr>1:7,(x) <clogz}, G.=G.(1).

The notation
G={x>1:7(x)<(10431/1000)log =}

is used for the fixed numerical specialization. For S C N, its lower natural density is

.. LFH(SN[L,X])
a(s) =1 f——7
d(S) = lninf ===
Our results count both even and odd integers and give lower bounds at every sufficiently large cutoff. A
positive lower natural density is weaker than density one and does not assert that the natural density exists.
For a starting integer greater than one, reaching one also witnesses descent; our conclusions control the time
to reach one, rather than only a drop below the starting value.
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Main results

Theorem 1.1 (positive density at every rate above ¢,). There is an explicitly computable constant
¢, > 0 such that, for every real ¢ > ¢,

1
1i};ninf?#{x eN:z<Y, r(z) <clogz} >c, >0. (I.main)
— 00

The constant c, is independent of c¢. For each fixed ¢ > ¢; and 0 < d < ¢,, the proportion is at least d at every
sufficiently large cutoff; that cutoff may depend on ¢ and d. The finite certificates and effective finite-search
approximation defining ¢, are given in (D.densityrecipe).

The ratio ¢, ~ 10.42817849 arises from geometric valuations with Pr(K = k) = 27% &k > 1. One accelerated
odd step has mean ordinary cost 1 + EK = 3 and mean logarithmic contraction EK log2 — log 3 = log(4/3).
Related stochastic stopping-time models are surveyed in [5]. The exact stopped means (S.means) and the
weighted inverse construction connect this ratio to the counting theorem. The endpoint discussion describes
the role of the strict inequality ¢ > c¢,.

Theorem 1.2 (every fixed target coprime to three). For every positive integer y with 3 } y, there is
an effectively defined d,, > 0 such that

Ve > ¢ d(G.(y) > d,. (Ltargets)

The estimate applies irrespective of the orbit after the target is reached. Its constant is fixed before ¢. The
fixed-target construction gives the root-score recipe and its one-period refinement (D.oneperiodscore). The
restriction on y is exact: when 3 | y, its predecessor basin is {27y : j > 0}, which has natural density zero.
Disjoint predecessor basins also preclude a positive constant uniform over all admissible targets.

An elementary maximum estimate gives the common-clock result without the large finite moment tables:
Ve > ¢ d(G.) > dyya > 0. (I.qualitative)

Both the root score and the coarse residue level in (D.elementarydensity) are chosen before ¢. The qualitative
argument can also use Tao’s reference-law mixing estimates [1]. The common density has the diagonal
consequence (D.vanishingclock): there is one positive-density set on which 7y (z) < (¢ + n(z))logz for a
nonincreasing n(z) — 0.

Root scores and explicit density bounds

The construction begins with a finite family of odd roots with specified paths to the target. A reference
distribution modulo powers of three assigns a marker to each inverse trajectory. A root score W > 0 is a
guaranteed sum of persistent marked weights, each divided by its root. Sections 7-8 construct the baseline
rational score W, € (0,249

There are four density estimates for a given score. The formula ¢y (W) uses maximum and centered second-
moment bounds; cpy (W) adds a direct 3/2-moment with twelve-step propagation; cpyp16(W) also uses
sixteen-step propagation; and ccomp(W) uses complementary residue capacity. Section 10 defines these func-
tions by optimization over the coarse residue level, with a common mixing envelope and counting conversion.

For every 0 < W < 274996 writing a = log, (1/W), we prove
cpm (W) < 92(*79/9%/1000-2a-31 o
eny (W)

At the same score, (Q.sixteengain) gives Cqopm,(W) > cpyp16(W) > (1369/625)cpy (W). These comparisons
concern the complete optimized lower-bound formulas. Their absolute size is estimated in Section 11.

(I.gain)

Quantitative refinement of the root pool. The residue-completion construction in Appendix C supplies
a score W™ = W™ (gy, P), where gy and P are the startup level and residual mass from (R.residual)-
(R.score). It satisfies

WRm S 9, W, 20, = 2.9273409933 ... x 10275, b =225 (Lrootgain)
For comparisons within the twelve-step formula, define
¢, = cpm(WS),
Camp = Com (W), (I.constants)
Cioint ‘= CFM(W?M)



The combined density bound is

d 9(. 2 Ceom Wjoint
(G) p(Wz") (Lrootdensity)
>c

joint > Camp >C > 0 (C > cO)'

The first comparison follows from (Q.sixteengain), and the remaining ones from (Q.cubicscore) and
(C.domainguard). All constants are independent of ¢. The root construction redistributes valuations
along fixed trajectories and subtracts their sum from the incoming inverse step. This preserves the total
ordinary clock for each seed and index. Backward residue completion and prefix-height estimates produce
residue-complete nonrecurrent root blocks.

The counting mechanism

Exact affine formulas identify the valuation words that give positive integer trajectories. After normalization
by the roots and identification of repeated representations, the aggregate weight of a source x is at most 1/x.
Thus source weight u in [X,AX) already requires at least uX distinct integers. Harmonic allocation and
counting their disjoint dyadic towers give the sharper conversion used in Section 10.

The analytic step bounds primitive Fourier coefficients of the reference law. Appendix E derives an explicit
coefficient using the original pair process, its binomial first-passage law, and separated phase triangles. Section
6 converts this estimate into all-level mixing with exponent 2314 /25 and coefficient Cy = ZC'primitiVQQOMOQ +2.
This controls the total variation of the root marks and the error in passing to a fixed coarse level.
Splitting a reference word gives a mixture of affine permutations. Jensen’s inequality therefore bounds a
moment at a combined level by the product of the moments at the two component levels, for every real order
p > 1. The finite direct 3/2-moment certificates extend to all levels through this product inequality. Holder’s
inequality, applied to both occupied and complementary residue capacity, converts marked mass into source
mass.

For example, the second-moment bound M,(12) < 6.803 and mean one give M3/2(12) < Vv6.803 ~ 2.608256,
whereas direct calculation gives M; /2(12) < 2.113605. The counting denominators from the second-moment
block at sixteen and fractional block at twelve have rates

8.6851/16 ~ 1.14465106, 2.113605/6 ~ 1.13284538.

The slower growth of the latter compensates for its extra power of the residual marked mass, as (I.gain) shows.
The direct depth-sixteen fractional certificate further reduces its denominator rate to 1.10650942918 ....

The seed words have exact depth b; and total valuation in [2b; — [bj/ 5, 2b; + [b?/ %1]. Their reference survival
is at least 24/25. A summable variation bound then supplies a fixed positive root score. Varying the
continuation and terminal parameters gives every fixed ¢ > ¢, with this same score; 10431/1000 = 10.431 is
one numerical specialization.

Relation to previous work

Classical stopping-time and density results include the work of Terras [9], Everett [10], and Korec [11]. These
concern descent along an orbit, whereas reaching a prescribed fixed target is the stronger event considered
here. Lagarias [12] surveys the problem and its generalizations; Inselmann [13] studies approximation of the
map and average total stopping time. These provide context for the distinction between a descent witness, a
hitting-time bound, and a counting theorem for convergence.

Krasikov and Lagarias [6] use difference inequalities and a computer-assisted argument to obtain at least
X084 predecessors below X for each fixed positive target coprime to three, once X is sufficiently large. Tao
[1] proves that the minimum of a Collatz orbit is below any prescribed function tending to infinity for almost
all starting integers in logarithmic density. His proof develops the reference-law and Fourier methods used
here.

Mazur [3] obtains convergence to 1 within (523/50) logz ordinary steps on a set of positive lower natural
density, with an explicit finite cutoff. We build on his weighted inverse-trajectory and terminal-counting
framework. The analytic and trajectory estimates used in our density proof are derived in this paper, including
the primitive Fourier bound in Appendix E. The pairing and separated-triangle method follows Tao [1, Section
7] and its explicit development in [3]; our first-passage calculation works directly with the original pair process
and supplies the coefficient used throughout.



The main clock result gives one density constant for every fixed ¢ > 3/log(4/3). The moment estimates,
complementary capacity, and root completion provide its quantitative refinements. Section 11 compares
their formulas with the bound in [3], including its distinct finite-cutoff recipe. Appendix A compares the two
seed constructions at a common analytic coefficient.

Mazur [4] also proves positive lower natural density of predecessors for each fixed positive target coprime to
three. Theorem 1.2 supplies ordinary hitting times throughout ¢ > ¢, with one effective target-dependent
constant. Its root construction applies independently of the orbit after the target is reached.

The author’s earlier preprints treat two related descent questions. The polylogarithmic-descent paper [7]
gives natural-density-one conclusions with a common landing for the shortcut and ordinary orbits, logarith-
mic passage times, and control of the preceding trajectories. The endpoint-transport paper [8] proves an
exceptional-set pullback estimate and applies it to stretched-logarithmic descent. Their target scales still
grow with the starting value, so those results do not by themselves imply convergence to one. Here the target
is fixed and the conclusion is positive lower natural density, rather than density one. The earlier papers are
comparisons, not inputs to the proof below.

Terminology and recurring notation

A source is a starting integer being counted, a target is the integer to be reached, and a root is a selected
odd intermediate integer with a specified finite path to that target. A wvaluation word records the positive
numbers of halvings between successive odd states. The finite initial word families form the seed. A graft is
the finite transition to the stopped blocks used to continue the inverse trajectories.

A persistent mark is a lower bound valid at every later stage. Its weighted sum, rather than each individual
mark, is positive. A residue-complete block has one root in every unit residue class at the chosen modulus;
unit means coprime to three. A root family is nonrecurrent when no positive accelerated iterate of a member
belongs to the family, including the same member.

Notation Meaning

Col, 7, () Ordinary Collatz map and first hitting time; an odd
step and every halving are counted separately.

¢, ¢ Ordinary-step coefficient and the ratio 3/log(4/3).

Ces Camps Cioint Density constants in (I.constants).

G,U, All residues and unit residues modulo 39.

fopg Hy Mean-one reference density, its rescaling (2/3) f,,
and the reference fan.

W, W, A root score and the baseline score.

CMV CFM s CFM, 165 Ceomp Maximum/variance, twelve-step fractional,

sixteen-step fractional, and complementary-capacity
density formulas.

m, k(X) Fixed coarse residue level and finer level growing
with the cutoff.

Symbols confined to a construction have local meanings. The schedule coefficient L in Sections 3-5 is distinct
from L = 2log 2 in counting; the seed sizes b, are distinct from the growing terminal size b; and the accelerated
map U in Section 1 is distinct from the source mass U in Section 10. Local notation tables accompany the
terminal and counting arguments.



Proof architecture and order of choices

The argument passes from analytic mixing to persistent root scores, then to integer source families and
density:
Primitive Fourier decay (Appendix E)
{

Reference mixing and a fixed persistent root score

!

Source families at every large scale, for each ¢ > ¢,

VRN

Elementary maximum bound Direct moment bounds

N

Harmonic and dyadic counting

!

Positive lower natural density.

The quantitative reduction states the source-family theorem and counting estimates first. Sections 1-2
establish the exact word identities and transfer bounds. Sections 3-5 construct all-scale sources from mixing
and persistent-root estimates, proved in Sections 6—8. Sections 9-10 give the moment and counting arguments,
and Section 11 compares their explicit bounds. The forward references from the construction are thus
discharged before its final application.

The principal dependencies are summarized below. Equations retain their mnemonic labels; theorem numbers
follow the section numbers, with I and R for the introduction and the preliminary reduction.

Conclusion Inputs used Proof location

Primitive decay Exact pair law, first passage, Appendix E
phase geometry

Reference mixing Primitive decay and finite Fourier =~ Section 6
decomposition

Persistent positive root score Mixing, seed survival, finite root Sections 7-8
period

Sources at every large scale Exact word laws, persistent score, Sections 1-5
finite graft

Common-clock convergence and Source families, capacity bounds,  Section 10

fixed-target hitting harmonic and dyadic counting

Quantitative improvements Direct moment certificates, Sections 9-11; Appendices B-C
coeflicient comparison, larger root
scores

Profile and entropy consequences  Affine mixtures, projectivity, Appendix D

summable mixing

Appendix A compares fixed-depth and first-crossing seeds. Appendix B proves monotonicity in the analytic
coefficient. Appendix C establishes the root refinement; Appendix D develops concentration-profile and
entropy consequences. Appendix E contains the primitive-decay proof required for the explicit theorem.

The analytic coefficient, seed, finite root pool, and moment certificates are fixed first. The root score and
mixing envelope determine the coarse counting level, independently of the clock. Next choose ¢ > ¢, its
positive terminal parameter, an error tolerance, and a finite graft. The counting cutoff then tends to infinity.
The root pool and graft remain fixed while the terminal trajectories and their precision grow. The final
counting argument uses finitely many disjoint intervals before taking its remaining limits.

From source families to density
This section isolates the estimates used in counting. The intervening construction will supply the source
families in the theorem below; its proof can be read after the quantitative purpose of those families is clear.

The reference distribution and source-family theorem

For an integer m > 0, let G,, = Z/3™Z, and write (h),, = 3™ . h(r). Take independent positive
integers K, with Pr(K; = a) = 2%, and put S; = K; + - + K,. The reference law p,, is the distribution



of E:’il 3171279 in G,,, where powers of two are inverted modulo 3™. Its density relative to the uniform
measure is f,,(r) = 3™u,,(r), and p,, = (2/3)f,,. The empty sum gives f, = 1. Section 2 relates this
reference law to weighted integer trajectories by exact affine transfer identities.

The weighted sum needed after reducing terminal trajectories is

Fi(z) =4z + 4 —1)/3,  H,(z)=>» 47, (Fj(x)).

j=0

We call this sum the reference fan. Each F; permutes G,,, so (H,,),, = 8/9 =: p. The reference-moment
section proves its exact relation to f,,,,; and its moment estimates.

Theorem R.1 (all-scale source families). The root construction supplies a fixed rational score W, > 0.
For every fixed ¢ > ¢, every n > 0 and every fixed A > 16, a single finite extension of the construction works
at all sufficiently large real X. It gives a finite odd-source set Sy C G, N [X, RxX), weights 0 < a, < 1/z,
and an integer k(X), such that

W,—n< > a,Hyx(x), Ry<A Ry-—16, kX)— o0, 3"¥/X 0. (Lsources)

rES Y

The roots and score are independent of ¢,n, A, X.

This is (N.everyclock), with the actual radius supplied by (N.selector) and (N.scales); (R.graftinput) proves
its root and mixing premises. The score is defined by the finite recipe (R.score).

General moments give lower bounds for physical source mass

Fix a coarse level m > 2. Let ¢, be the mixing-error envelope (M.envelope), with its explicitly specified
positive integer coefficient Cy. In particular, for every n > m,

<|f" o fm« ° //Tn,m|>n < €m < Cﬁm72314/253

where 7, ,, is reduction from G, to G,,. Put L = 2log2, x = (8/9)L, and p,, = (W — ke,,),, where

t, = max{t,0} and W is a score for which the source-family conclusion holds.

For s > 1, suppose B ,,, > (H,,),,. The total source mass U = }__a, then has the limiting lower bound

s/(s—1)

W) = S L — (I.generalp)

b <LBS m)lﬂs*l) .

s,m(

More precisely, every strict smaller nonnegative mass is available at every sufficiently large scale, after fixing
the error allowance.

Here is the key inequality. With @ = 3™, the actual residue masses w, = szr Q) % obey
T Q 1
wrgax, TX:§+§logRX—>L.

Indeed, odd representatives in a residue class have spacing 2Q). Weighted Hoélder therefore gives

1/s
> w.H,(r) < U (Z erm(T)S) S UYYH(TxB, ).

The fine-to-coarse error tends to at most ke,,. Taking limits with m, s fixed yields (I.generalp). The proof
of (D.generalp) below supplies the precise tolerance and all-scale quantifiers. The finite-cutoff estimates use
T'; their limiting coefficient is L.

Distinct odd sources have disjoint sets of multiples by powers of two, and these multiples remain in G, since
clog2 > 1. Keeping their weights while counting gives the conversion

32

(u) = %@m —1), 0 <wu < $log(3/2), d(G.) > D(u). (I.conversion)

Here u must be available in every sufficiently late interval of every fixed ratio greater than sixteen. The proof
is (D.radial). For the constructed range 0 < W < 27/2%7  all mass bounds used here lie within this domain.



At s = 3/2, the direct certificate gives By ,,, = B,,, where B, < 5(57/50)™, and (L.generalp) is pj, /(L*B},).
The formula cpy; (W) retains the maximum of this branch and the maximum/variance branches, then opti-
mizes the coarse level using the same conversion 2. Thus each of the long construction’s inputs has a specific
role: the root score supplies marked mass, mixing bounds the error in changing level, and concentration
bounds force enough actual source mass to be counted.

Corollary R.2 (a simple rational density bound). For a rational source-family score 0 < W < 27/227,

define 25/2314
_ 9. | (26 .
m max{ [(QW) H
Then
d(G.) > oy (W) > —_ w3 (5*7)% (Lrational)
F\We) = M 1125 50 ‘ '

The choice gives p,, > W /2; (D.explicit) proves the remaining constants and the integer-power recipe for m,.
This convenient rational bound is weaker than the optimized formula. In particular it applies to W = W,
giving an explicit lower bound without first carrying out the full optimization.

1. Exact valuation words and physical trajectories

We first relate a finite list of valuations to a congruence class of trajectories and an exact affine formula.
Reversing that formula constructs predecessors of a known convergent integer. The resulting weight bound,
after histories with the same starting integer are combined, will be the input to the final count.

For a prime p and a positive integer n, write up(n) for the largest integer a > 0 such that p® divides n.

Let U(x) = (3z +1)/2"2B32+1) on positive odd integers. An ordinary Collatz step sends odd x to 3z + 1, and
even z to /2. One U-step of valuation k comprises k + 1 ordinary steps.

Exact local certificates

For a word w = (kq, ..., k) of positive integers, put
S;=Y _k; Sy;=0, By=0, B;=3B; +2%1 (W.data)
i<j

A certificate WordCert(r, E,w) consists of a positive odd representative r, an integer E > S; + 1, and the
finite checks v, (3U7 ! (r) + 1) = k; for 1 < j < d. An empty word is allowed, with E > 1.

Here a source is the starting integer of the forward trajectory, and its endpoint is the value reached after the
word. The congruence condition x = 7 (mod 2¥) is called a cylinder. Specifying a value to e bits of precision
means fixing its residue modulo 2°.

Theorem 1.1 (word invariance, affine endpoint, and precision). Every positive 2 = r (mod 2¥) has
exactly the certified word and satisfies

Ul(z) = ——2 (0<j<d). (W.affine)

For z = r +2Fh >0,
Ud(x) = Ud(r) + 392E~5ap, (W.output)

The guaranteed output precision is £ — .S, bits, and cannot uniformly be increased by one bit on this entire
cylinder. If 25 > 3¢ descent holds for every such source with = > B, /(2% — 3%). The word takes exactly
S, + d ordinary steps.

Proof. Suppose the two trajectories agree in valuations through step j—1. Their next pre-division numerators
differ by 37(x — r)/2%-1, divisible by 2F~5i-1. Since E — S;_1 = k; + 1, this does not change the known
valuation k;. Division gives the next affine formula and difference, completing induction. The coefficient of h
in (W.output) has exact valuation E — S, since 3¢ is odd. Two consecutive sufficiently large nonnegative h’s
give positive sources and endpoints differing by that valuation, so no stronger uniform precision is possible.
Descent is exactly (29¢ — 3%)z > B,. Summing k;+1 gives the clock. [J

Lemma 1.2 (one source cylinder per word). Every positive valuation word is realized by exactly one
odd residue class modulo 291, That cylinder has Haar probability 2~%¢ among odd 2-adic integers.



In finite terms, exactly one of the 25¢ odd residue classes modulo 25¢%1 realizes the word. Haar probability
assigns equal mass to these classes.

Proof. The empty word is the odd class modulo two. Suppose a prefix of total valuation S has its unique
class modulo 2%, By (W.output), refining it modulo 2°7%*! makes its current endpoint run bijectively
over odd residues modulo 251, because the variable coefficient is twice a unit. Exactly one residue obeys
3y + 1 = 2% (mod 2F1), the condition for valuation k. That residue is odd, and the selected source class
has positive representatives. Induction proves existence and uniqueness. The product of the successive Haar
fractions 2% is 2754, The later counting argument uses the actual weights of integer sources. [J

Orientation and affine composition

An inverse word (kq, ..., k;) attached to an odd root M means

zo = M, z; = 2%z, —1)/3. (W.inverse)

K2

It is physically realized when every z; is positive, odd, and integral. We use physical only to distinguish these
actual integer trajectories from the auxiliary residue-class calculations introduced later. Then U(z;) = z;_;,

and the chronological forward word from z, is (k, ..., k1), not the displayed inverse order. Direct substitution
gives
d .
M =392 5z, 4+ C,,  C,=)Y 37125, (W.offset)
i=1

The totals S;,d and the clock S; + d are reversal invariant; prefix tests and additive offset formulas are not.

Proof. Solve the next inverse step as z; ; = 32 %z, + 27%i. Substitution into M = 3" 12 %z, | +C,
adds 371279 to the offset and gives the next slope. Induction proves (W.offset). Oddness of z, ; in
3z; + 1 = 2%z, | proves the valuation is exactly k;. [J

If M =wy+ C; and y = wyx + C,, then
M = wjwyox + C; + w, Cs. (W.compose)

This composition formula will be used when new inverse blocks are attached to a finite history. It retains the
order of the blocks and their offsets.

Convergent roots and uniqueness of source weights

The pre-1 odd basin of a root consists of the odd integers whose forward trajectory visits that root before
reaching one. A family of words is prefiz-free if no selected word is a proper initial segment of another.
Parsing a concatenation means identifying the cuts between its component words. These two properties will
prevent a trajectory from being counted more than once.

For s > 1, let R, = (4° —1)/3. It is positive and odd, 3R, + 1 = 22°, and U(R,) = 1. For s > 1, its first
ordinary hitting time of one is 2s + 1; R; = 1 has hitting time zero. Distinct R, > 1 have disjoint pre-1
odd basins: after visiting one of them a trajectory has next odd value one, where it remains. It cannot visit
another root, or visit the same root twice before reaching one.

A physically realized complete history ending at R, > 1, with source = and physical weight w = 39275,
satisfies
2w < R, (W.charge)

by the nonnegative offset in (W.offset). Under a deterministic prefix-free stopping/parsing rule, a source and
root admit at most one complete retained history: the orbit and valuations are unique, the root is visited at
most once, and parsing has no choice. Thus the same weight bound applies after grouping by actual source,
provided compression preimages have first been identified rather than counted as additional reduced histories.

Normalize the weight at root R, by dividing by R,, and pool distinct such roots. Basin disjointness gives
the aggregate weight bound a, < 1/z, not one copy of that bound per root. The later terminal-compression
proof must establish unique reduced-history parsing before invoking this conclusion.

Lemma 1.3 (source weights for a nonrecurrent root family). Let P be a finite set of distinct positive
odd roots such that
Ui(M)y#L (M,Le®?, j>1), (W.antichain)



including M = L. Then a source visits the pool at most once. Under the same deterministic parsing and
identification of compression preimages,

=S G X s

MeP z reduced from M

xT,=x

(W.poolcharge)

8

Indeed, two visits in chronological order would violate (W.antichain). The single visit fixes its valuation word
and its parsed history, and zw, < M follows from (W.offset). Distinct convergent roots form such a pool
whenever none is a forward iterate of another; a root greater than one that reaches one cannot recur. The
nonrecurrence condition is imposed on the actual orbit. [

Lemma 1.4 (one-step roots of an arbitrary odd unit). For y > 0 odd, 3 } y, define

2, y=1 (mod 3), 22ttely)y — ]
= X =— (t>0). W.constructo
e(v) {17 V2 (medy W) T— (t=0) (W.constructor)

These are precisely the positive odd predecessors of y, without repetition, with exact valuation 2t + e(y).
Integrality determines the parity of that valuation, and 3X,(y) +1 = 22t+e()y proves the claim. There is no
odd predecessor when 3 | y. With R, = 0, one also has X,(y) = 2°WyR, + (2°Wy —1)/3. For ¢ > 1, the
multiplier is invertible modulo 39, so the root-period proof in Section 2, which also applies to nonnegative
indices, shows that every 37 consecutive t’s give every residue once. Filtering out nonunits retains exactly
23971 roots. O

Lemma 1.5 (removing a possible cycle predecessor). For any function F and fixed y, at most one
z with F(z) = y is periodic. The nonperiodic points in that fiber satisfy the analogue of (W.antichain). A
periodic predecessor puts y on its cycle, where there is exactly one cyclic predecessor of y. If FV(z) = w, j > 0,
for two predecessors, then FV(y) =y and w = F/~1(y); thus w is periodic. This also rules out recurrence of
one nonperiodic predecessor. []

Corollary 1.6 (the complete finite-depth hierarchy). Define
Cy,={1}, Co1 ={X (y):yeCy, 34y, t >0, X,(y) >1}. (W.depthclasses)

Then €, is exactly the set of positive odd integers with first accelerated hitting time d to one. Induct on d,
using (W.constructor) and uniqueness of the next odd value. Excluding one prevents extending its cycle, and
3 | y supplies no predecessors. For d > 1, different members of €, cannot lie on one another’s forward orbit:
such a visit would strictly decrease the remaining first-hitting depth. Thus every finite subset is an antichain.
The hierarchy exhausts finite convergent odd trajectories, without asserting that every odd integer belongs
to a finite level.

2. Reference transfer and capacity of physical histories

The word formulas now connect actual trajectories to the auxiliary residue distribution of [1, 2]. The affine
transfer follows [3, §2], and the selected-family comparison follows [3, §3]. We give their proofs with the
word orientation and normalization used here, then bound the total trajectory weight in each residue class.
These capacity bounds will compare weighted sums with the reference distribution. The quantitative mixing
estimate is stated here and proved in the later mixing section.

The reference law and its normalization

Write G, = Z/37Z, including the one-point group G, and (f), = 379 ZUEG f(y). A dyadic rational has an
E a

unambiguous image in every G : a fraction with denominator a power of two is evaluated using the inverse

of that denominator modulo 3%. At positive levels, the units are the residues not divisible by three. We call ¢

the ternary residue level of the modulus 37. For n > m, let 7, ,,, : G,, = G, be reduction modulo 3". On an

auxiliary probability space let K, be independent with Pr(K, =a) =2"% a > 1, and put S, = K; +--+ K.

Define

Co=d 37125 (mod 3"), pu(y) =Pr(C=u)s fo =3y pu=5fp  (Tlaw)
=1

Thus f, = 1 and p, = 2/3. This normalization is applied once. The function f,, is the probability density
relative to the uniform measure on G,,, and p,, is its scaled version. A marker means the numerical factor



pp(z mod 3™). To mark a trajectory weight, multiply it by this factor at the current end of the inverse
construction, which is the source of the corresponding forward trajectory. Its marked mass is the sum of
those products, whereas unmarked mass is the sum of the weights themselves. Markers are not indicator
functions. In particular (f,), =1 and (p,,),, = 2/3. For n > 1 their support consists of units. Reversing the
iid word shows that C,, has the same law as n iterations of y i+ (3y + 1)/2% starting at zero. We use the
inverse- prefix order because its affine offset is exactly the one in (W.offset).

For n > m, the first m terms of C,, are C,,, and every later term is zero modulo 3. Consequently p,, projects
to u,,. Equivalently, the average of f, over each fiber of G,, — G,,, is f,,. This is the projectivity identity
for the reference law.

The only analytic premise in this section is a fixed nonnegative envelope ¢, satisfying, for every n > m > 1,

<|fn_fmo7rn,m|>n SEm' (T.mix)

Section 6 specifies the explicit coefficient and mixing envelope used in the density formula. The left side is
the unhalved L1 distance after uniform lifting, averaged over the full residue group. For p, the distance is
multiplied by 2/3.

One word as an affine injection

Fix an inverse word w of length d and total valuation A. Let w,, = 39274 and C,, be its offset from (W.offset).
If ¢ > d, the map

g Gyoa — Gy Jy o (2)=C, + 392742 (T.injection)

w,q w,q

is well defined and injective. Its image is the single fiber y = C,, mod 3¢. Indeed, changing z by 37~¢ changes
the expression by a multiple of 37, and 2~ is a unit. This also proves bijectivity onto that fiber. For a real
function g on G,_, define

71 .
(T ,q9)(y) = {wwg(Jw,q(y)), y € g (T.operator)

0, otherwise.

Lemma 2.1 (exact transfer norms). This operator is linear and positive, and

<:Tw,qg>q = 27A<g>q—d7 <|Tw,qg|>q = 27A<\9|>q_d- (T.norm)

Proof. Sum over the affine image using its unique preimage. The scaling is 37 %, 379 = 274, Positivity
makes the same calculation valid for absolute values. The empty word gives the identity, including ¢ = 0. O

At an odd integer root M, membership in this affine image is equivalent to integrality of the last inverse
endpoint. It also implies integrality of every earlier endpoint. More explicitly, the inverse recurrence has
denominator 3* at step 4, and the full inverse numerator reduced modulo 37 is its step-i numerator multiplied
by the unit 24~%. Each integral endpoint is odd by induction, since the numerator 2¥iz;, ; — 1 is odd.

Positivity is a separate condition. If M > C,,, then M > C, for each prefix v, because the offset partial sums
increase. The identities ; = (M — C,,;)/w,,; prove every endpoint positive. Under this condition the value
of (T.operator) at M is exactly the physical inverse word weight times its endpoint marker. The condition
M > C,, therefore identifies the residue transfer with positive integer trajectories.

Prefix-free stopping and its exact deficit

Let V' be a finite prefix-free set of inverse words, each of length at most h. Set p(V) = >_ ., 274 and
q=h+k, where k > 1. A length-¢ iid word can have at most one prefix in V; therefore p(V) < 1. Put

AV,q = Z Tw,qqu\wp LV,q,k = Z :Tw,q(pk ° Trqf\ka)' (T'SeleCted)

weV weV

Lemma 2.2 (selected reference density). Pointwise 0 < Ay, , < p,, and
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2 2
<AV,q>q = <LV,q,k>q = gp(v)7 <pq - AV,q)q = g(l _p<V)) (TdeﬁCIt)
Proof. Condition the length-¢ iid word on having prefix w. Its remaining ¢ — |w| letters are independent
geometric variables, and its offset is C, + w,,Cy,y- Its contribution to the full density is therefore T, ;04 |-
The prefix events are disjoint. Their union gives the selected nonnegative subdensity, proving the pointwise
inequality. Its mean and that of L follow from (T.norm) and (p,) = 2/3. Subtract the means for the last
identity. This also covers V' empty or containing the empty word. [

Theorem 2.3 (finite stopping transfer). For 1 </ <gq,

2 2
(| Ly g — peo 7Tq,e|>q < g{p(V>€k +e+1—p(V)} < §{€k +e+1—p(V)} (T.stopped)

Proof. Replace each coarse pj, by p,_|,- The triangle inequality, (T.norm), and (T.mix) bound the replace-

ment cost by (2/3)e, > 274 The selected density differs from p, by the exact nonnegative deficit in
(T.deficit). Finally replace p, by the lifted p, at cost (2/3)¢,. The family retains its original reference weights.
O

The same statements apply to any fixed subfamily of V. If the family is chosen differently for different physical
parents, this theorem alone does not control that choice: partition the parents by their chosen family and
pay the comparison for each nonempty group, or prove a different coupling.

Capacity of actual integer histories

Let 7 be a finite family of physically realized inverse histories from a fixed positive odd root M. We call a
pair consisting of the word length and total valuation a tag. At most T' > 0 distinct total tags (d, A) occur.
Assume that each history has weight w = 392~4 < ¢, where o > 0, offset in [c_,c.], where c_ < ¢, and that
within each tag an integer source supports at most one history. Write C = ¢, —c_ and

H,(a) = S w
heH:x,=a (39)

Theorem 2.4 (offset-window capacity). For every ¢ > 0 and every residue a,

31H,(a) <T(C + 30), <T(C+3%)(|¢]), (T.capacity)

> H,(a)(a)

Proof. Fix a tag. Its slope w is constant, and M = wx;, + C}, confines all sources to an interval of length C'/w.
Sources in a residue class modulo 3¢ have spacing at least 37. With no duplicate source within the tag, there
are at most 1 4+ C'/(w37) of them. Multiplication by w bounds their mass by o + C'/37. Sum at most T" tags.
Pairing the pointwise bound with [¢| proves the second inequality. [J

Any restriction of A obeys the same bound, without renormalization. If total depth and valuation are both
at most S, one may take 7' = (S + 1)2. For B concatenated blocks of slopes at most /3, one may take o = 35.
The boundary term 39¢ is retained at every level.

Pairing (T.stopped) with such a parent histogram yields a physical marked variation bound of

2
gT(C’ +3%) (e, + ¢, + 1 —p(V)). (T.pairing)

To identify this pairing with an orbit extension, check both integrality and positivity as above for every
selected child. All comparisons remain exact when the formal residue class contains just one occupied
physical source.

11



A finite root period

Lemma 2.5 (root residues). For ¢ > 0, every interval of 3¢ consecutive positive indices s contains exactly
one R, = (4° —1)/3 in each residue modulo 39. For ¢ > 1, R, is a unit exactly when 3 does not divide s.

Proof. For t > 1, v3(4' —1) = 1 + v4(¢). If 34 ¢, then (4° —1)/3=1+4+ -+ 4" is t modulo three. Next,
if @ = 1 (mod 3), then a? + a + 1 has valuation one: writing a = 1 + 3z gives 3(1 + 3z + 322). Factoring
a® — 1 shows that multiplying ¢ by three raises the valuation by one. This proves the formula for all ¢. Now
R,., — R, = 4°(4" — 1)/3 has valuation v4(t). Two indices have the same root residue exactly when they
agree modulo 3%. Finally R, = s (mod 3). O

A finite root family can therefore realize a full ternary average exactly. To use this average uniformly at later
stages, we must also control the total subsequent change of the marks at each fixed root.

3. Stopped reference blocks and a global continuation schedule

The preceding identities apply to any suitable finite word family. We now construct families by stopping when
the affine slope first becomes small enough. Grouping several stopped words controls both size growth and
the ordinary step count. Crucially, these families depend on the prescribed block index, not on the integer
to which they are attached. Their probability space is the reference law of (T.law).

A constant-slope stopping rule

Let A = log,3 and 3 = 1/8. For an inverse word w define its depth d, total valuation A, displacement
Y = A — \d, and ordinary step count R = A + d. Its slope is 27, so the displacement is the negative
base-two logarithm of that slope. Let 7 be the first positive depth with > . (K; — ) > 3. Write Y, R
also for the stopped totals. For integer F > 1, let V(E) consist of first-crossing words with A < F, and set

p(E) = ngv(E) 27A(w)7 e(B) =1—p(E).

The set V(E) is finite because its positive parts sum to at most £ — 1, and prefix-free because a first-crossing
word cannot properly extend another. It may be empty for small E. Every word in it has slope at most f.

Lemma 3.1 (stopped exponential moments). The stopping time is almost surely finite, and Ee*® < oo
for some s > 0. The vector (Y, R) has an exponential moment in a neighborhood of zero.

Proof. Put X = K —\. Its mean is 2—\ > 0. Its MGF is finite around zero, so for some t > 0, ¢ = Ee*X < 1.
If 7 > n, the displacement at depth n is below three. Markov’s inequality gives

Pr(r > n) < e3tq™. (S.tautail)

For small s > 0, let g(s) = Ee**®™); choose s with g(s)g < 1. On 7 =n, R =, _ (K, +1). By
Cauchy-Schwarz and Pr(r = n) < Pr(t > n— 1), -

[E(eSR;T _ n) < g(s>n/263t/2q(n71)/2_

Summing the geometric majorant proves the claim. Since |Y| < (14 A)R, a sufficiently small joint exponential
moment follows. [

Lemma 3.2 (exact stopped means and concentration). Set py = EY and pp = ER. Then

HR _ 3

wy = 2—=MNEr >3, pp=3ET, = . S.means
v ey " loz2)y  log(4/3) (Smeans)
For each fixed 6 > 0 there are finite positive Cj, c¢5 such that independent stopped copies obey
l l
Pr ( Zyz —lpy| > 6l or R, —lpgp| > 5l> < Cyeeal, (S.corridor)
i=1 =1

Proof. The event 7 > ¢ depends only on K, ..., K, ;. Independence and absolute integrability allow summing
E[K;1,5;] =2Pr(r >4). Thus E) . K; = 2E7, which gives the two means without an unbounded optional-

stopping assertion. The stopped displacement is at least three pointwise. The ratio follows from (2—\)log2 =
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log(4/3). For a centered coordinate Z = Y —uy- or R— iy, its log-MGF is differentiable at zero with derivative
zero. Choose t > 0 small enough that log Ee!? < t§/2, and likewise for —Z. Markov’s inequality bounds each
of the four tails by e /2 take the minimum exponent and sum the four bounds. O

These constants are effective: (S.tautail) and the displayed geometric majorant give explicit tails for stopped-
word expectations and MGFs. At fixed depth, a large-valuation tail is bounded by the geometric MGF;
the depth tail is bounded by the majorant above. Finite rational searches for strict inequalities therefore
terminate. Their numerical optimization is not used in the density score.

An elementary precision tail with a fully fixed range

Lemma 3.3 (two-binomial-tail certificate). For every integer E > 256,

e(E) < 2eF/T5 < 9~ B/100, (S.timeout)

Proof. Put N = |2E/5] and L = [AN +3]. If L <} . K; < E, then the displacement has crossed three
by depth N and the first-crossing total is below E. Consequently

e(F) <Pr{Bin(L —1,1/2) > N} + Pr{Bin(F — 1,1/2) < N — 1}. (S.binomial)
This is the exact waiting-time correspondence: the sum of N positive geometric variables is the trial of the
N-th success. Both E — 1 and N — 1 in the second event are essential.

For a sum of n > 1 fair bits, either centered tail at distance a > 0 is at most e~20/n_ Indeed a centered bit
has MGF cosh(t/2) < et*/8  since the derivative of logcosh u is tanhu < u for u > 0; symmetry handles —¢.
Independence and optimization at ¢ = 4a/n prove the bound.

Use A < 8/5, proved by 35 < 28, Withn =L — 1,

=

n<i:N+3<PE+3<2E, N-2>IN-3>2ZE—1{I>LE

(=)

The last inequalities hold for F > 256. The first probability in (S.binomial) is therefore at most e /7. In
the second event the downward distance is (E —1)/2 — (N — 1) > E/10 + 1/2, so its probability is at most
e F/50 Their sum is at most 2¢~F/™. Finally log2 < 7/10: the first four terms of e”/1% sum to more than
two. Thus E(1/75 — (log2)/100) > 256(19/3000) > log 2, proving the second bound. O

This conservative exponent fixes an effective continuation schedule. It does not replace the sharper reference
survival certificate used for the initial word family. In the next section we show that changing to this
continuation after a sufficiently long initial history loses arbitrarily little marked mass, with that initial
choice fixed before the cutoff limit.

Global indices, finite parsing, and bounded offsets

Fix once and for all

E; = [10001og,(i +2)] (i >1). (S.precision)

Then E; > 256 and (S.timeout) gives £(E;) < (i + 2)7!°. For any word of depth d, (W.offset) and K, > 1
give

d
0<C, <Y 37127 = (3/2)¢ — 1. (S.offset)
i=1

For concatenated words w; € V(E;), successive slopes are at most 8. The composition identity (W.compose)
bounds the complete offset by the fixed finite number

Cyo = Zﬂifl((3/2)Ei’1 —1) < o0. (S.offsetsum)

i>1
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The bracket grows at most polynomially in 4, while 3*~! is geometric. A ratio bound on a polynomial-
geometric tail gives effective truncation. The factors 87! provide the accumulated contraction in this sum.

Concatenations of a prescribed finite number of prefix-free blocks have a unique parsing. Parse the first word
at its first crossing, remove it, and repeat with the next prescribed precision. If one concatenation properly
extended another with the same number of component blocks, this parsing would force every component to
agree and leave no extension. Thus the concatenation family is prefix-free, as is every restriction of it.

Rational corridors and finite selection

Fix a rational outer tolerance 6 > 0. Effective approximation of (S.means) supplies rational centers satisfying

iy — byl <0/4, g — kgl <0/4 (S.centers)
For a concatenation of [ stopped blocks retain the rational inner bounds
Y — iyl < (6/2)1, |R — figl] < (6/2)I. (S.innercorridor)

The true ¢/4-corridor is contained in this inner corridor, which is contained in the true d-corridor. Both
inclusions follow from the triangle inequality. Thus selection preserves the outer geometric bounds while its
rejected mass is controlled by (S.corridor) at tolerance §/4.

This is a decidable finite selection. The R-comparison is rational. For a rational endpoint a/b, b > 0,
comparison of Y = A — dlog, 3 with a/b reduces, when bA — a > 0, to comparing the integers 2b4-a and
304, If bA — a < 0, its sign decides the comparison; depth zero is rational. Both inequalities defining the
absolute-value bound are handled this way.

For the continuation construction, use the effective constants Cs 4, ¢s5/4 from (S.corridor). Every transition
and macroblock below uses these concentration constants, while its geometric conclusions use the outer
tolerance .

Parent-independent macroblocks at the actual current count

Fix 6 = 1/20000 for the later clock, choose the centers above, and take a fixed L > 0 with ¢;/,L > 10. For
cumulative original-block count B > 0, define

{(B) = [Llog(B + 2)], B, = B; + {(B;)). (S.schedule)
A macroblock groups ¢(B) successive stopped blocks. The next family € consists of concatenations w; €
V(E,), B <i < B+ {(B), satistying the following decidable displacement and step-count corridors:

1> Y(w;) = iy t(B)| < (6/2)4(B), | Rlw;) — figl(B)| < (§/2)¢(B). (S.macro)

It is finite, prefix-free, and independent of the physical parent. Its reference mass py obeys

B+¢(B)
1—pg <UB)(B+3)710+ Cyppe "B =0((B+2)°),  hy< > (B —1)=0(og*(B+2)).
i=B+1
(S.macrodeficit)

Proof. Independently sample complete stopped blocks. They have total mass one by (S.tautail); restarting
after a finite stopping word gives the same law because each concatenation has probability equal to the
product of its word probabilities. Reject if any block exceeds its prescribed precision or either inner corridor
fails. By (S.centers)—(S.innercorridor), that failure implies failure of the true quarter-tolerance corridor. The
union bound, (S.timeout), and (S.corridor) give the estimate. The depth bound follows from d < A < E,
for every component. Since ¢(B) = O(log(B + 2)) and cs4L > 10, the final polynomial bound has constants
independent of the starting count B. [

In particular pg > 0 eventually. At a fixed starting B, every retained continuation satisfies the summed
corridors, with only its fixed incoming prefix contributing additive constants. The map from displacement
and step count to valuation and depth is invertible:

14



d=R-Y)/(1+)), A=QR+Y)/(1+\). (S.tags)

Windows of width O(B) in both Y, R therefore permit O((B+1)?) total integer tags, with constants depending
only on the fixed corridors. Applying (T.capacity) retains this tag cost, the offset envelope, and the boundary
term 3785, At k = [B/1000] and q = k., +hp, ¢/B tends to 1/1000 < log, 8, so that boundary term decays
exponentially. For the full history from block one, if €, < Cg/k°, (T.pairing) has summable increments: the
unrestricted O(B2log® B) tag bound times O(B~¢+ B~9) is summable even over every integer B. The tighter
corridor tag count removes the harmless log2 B factor when its literal hypotheses are available.

For the literal application, set k4 = [B/1000], ko, = [(B+£(B))/1000], and ¢ = k, ., +h 5. In (T.stopped),
use k = k., and its £ = k_;q. The hypotheses 1 < k ;4 < ¢ hold for B > 1. Any initial B = 0 stage is

separate finite bookkeeping; positive-level mixing is used only for the eventual tail above.

When the continuation starts after a large count B, the schedules (S.precision) and (S.schedule) use that
actual count. Restarting a fixed small macro index would leave an initial rejection probability without a
bound. The next section also retains the number of incoming tags in the error bound and proves that its
product with the continuation tail tends to zero as the initial history is extended.

4. A finite graft with uniformly vanishing weighted loss

We need to extend a family with positive marked mass while retaining control of the trajectories’ sizes and
step counts. An initial family of words is called a seed family. A graft keeps a finite initial segment of seed
blocks, appends a finite transition, and then continues with the stopped macroblocks of the preceding section.
Its splice index is the number of seed blocks retained. The estimate below bounds the marked mass lost in
this change of continuation, uniformly in the root.

Quantitative reference mixing and lower bounds on the seed marks are explicit premises here. They are
established in the mixing, seed-mark and persistent-root sections. All estimates below retain the actual
inverse-history weights w = 39274,

The seed words and their geometric interface

Fix an integer by > 32%, and define

201 2013
byor = b, + [b,/100], my, = [b3°], 4= 200° 9= 3000° (G.seed)
Here ¢ counts seed blocks. At stage t, take exactly the words
Vi=Aw:|w| =b, [A(w)—2b]<my, }. (G .fixedseed)

The parameter b, also specifies the parent-size threshold 16%. Every family is finite, since its positive letters
have bounded total valuation, and prefix-free, since all its words have the same length. The seed fixes the
depth and restricts the total valuation. The later stopped blocks retain their own first-crossing rule from
Section 3; their survival and graft estimates are established separately below.

For a positive odd root M > 16%, let P,(M) contain the physically realized concatenations of the first ¢
such words. The empty concatenation at ¢t = 0 is included. Histories retain their complete words and cuts;
identical copies are not counted as different histories. Write x;,w,,C), for source, slope and offset. All
integral positive odd sources are admitted, including nonunits; markers at positive level vanish on the latter.

Lemma 4.1 (seed geometry and actual capacity). Set

C

tag = 20(4by + 1), Cy, = Cy o (271 +16%), P, = Cy, (£ +1)%g". (G.capacityconstant)

Every history in P,(M) satisfies

xy, > 16%,  w, <16%7b  0< Oy < 2%t poyt < b, < by(101/100)%. (G.prefix)
There are at most Cy,.(t +1)%¢" < P, total depth/valuation tags. For H}"(a) = Zh:mhza (30) Wh
31H{"(a) < P, (0 < q < 2b). (G.incapacity)
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These bounds are independent of the root and persist under restriction of the history family without renor-
malization.

Proof. Write A = log, 3 < 8/5, using 3° < 28. For b > 32°, m, /b < 2b=%/5 < 1/512, so every selected word
satisfies
Y=A-X>(2—Nb—my > b/3, C, <(3/2)" —1 <2 (G.seedgeometry)

The offset estimate is (S.offset). At a parent R > 16°, it gives R — C,, > R/2, and hence
R-C,
z=—""2

>MBIR W, < 2705
w

Since b/3 — 1 > 4|b/100] on the stated range, > 16%19°/ R and w,, < 16-1¥/1%0), This also gives positivity
for every compatible word and its prefixes. Multiplying proves the endpoint and slope bounds in (G.prefix).
The composition identity (W.compose) bounds the total offset by

Z 16b07bj2bj < 21)0 22—3_]' < 2b0+1’
Jj<t j=0

since b; — by > j. Also [b/100] > b/200 for b > 200; the recurrence bounds in (G.prefix) follow.

For the tag count put B, = Zj<t b; and m, = Zj<t my, . Total depth is exactly B

lies in [2B, — m,,2B, + m,]. There are therefore at most 2m, + 1 total depth/valuation tags. The exact
comparison (101/100)% < ¢°, together with m, < 2b%/°, gives m, < thg/Sgt, whence

and total valuation

*9

2m, +1 < (4by + 1)(t +1)g" < Cypo(t +1)%g". (G.seedtags)

We retain the latter conservative constant in the continuation estimates.

A source and the total depth determine the canonical forward word; the prescribed block lengths determine
all seed cuts. There is at most one history per source in each tag. Apply (T.capacity) with offset width 2b0*!
and slope bound 16% %, If ¢ < 2b,, its boundary term is at most 16%(9/16)> < 16%, giving (G.incapacity).
Restriction can only remove nonnegative weights. [J

Inputs and parameter order for the graft

Assume (T.mix) with €, < Cg/k® for k > 1, where the nonnegative Cy is fixed. The density recipe uses
the particular source coefficient to be specified in its mixing section; the present implication holds for any
coefficient satisfying this premise. For ¢ > 0 put a, = |b,/4] > 1, and define the incoming mark

Z,(M) = Z W, Pg, (T mod 3%). (G.inmark)
heP, (M)

The geometric lemma above does not assert that this mark is positive. The later seed-score argument is to
supply a fixed finite nonempty pool R of distinct positive odd roots, all at least 16%, and numbers z,; > 0
such that, for some fixed N,

Z(M)>zy (t>N, MeR), 0<W<Y ZMM (G.marks)
MeR

The graft theorem preserves the pool, its persistent lower marks z,,, and its score W. When counting sources
we additionally require (W.antichain) and finite paths from the roots to the chosen target.

Fix the stopping section’s = 1/20000, 5 = 1/8, means jiy, {1, rational centers (S.centers), and concentration
constants C/4,cs5/4 > 0 at tolerance /4. Choose one integer L > 1 with ¢/, L > 10. The global precisions
are E; = [1000log, (i +2)], and macro lengths are £(B) = [Llog(B+2)]. All these choices precede the splice
index t, and t will precede any physical counting cutoff.
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The transition and its error bound

At a proposed splice t, write

E=|\b,], By=|E/4], ky=[B,/1000], Q = 2b,. (G.transition)
Take B, words from V(E), and retain the concatenation only if its total displacement and step count satisfy
Y — fiy By| < (6/2) B, |R — fipBy| < (6/2)B,

These decidable inner bounds imply the outer d-corridors about the true means, by (S.centers)—
(S.nnercorridor).  This fixed transition family is finite, prefix-free and independent of the physical
parent. It has maximum depth at most By(E — 1) < b,/4. For E > 256, its reference mass p, obeys

1—p, < By 27 F/100 1 05/46_65/430. (G.transitionfailure)

Indeed sample B, complete stopped blocks first, of total reference mass one. The union of their precision
failures has probability at most Bye(F); (S.timeout) and the quarter-tolerance concentration bound give the
two terms. Retained words keep their original reference weights.

Apply this same family to each incoming endpoint, keeping its original weight. Mark the resulting physical
endpoint at level kq, and call the total Zth7 %b(M ). Physical realization for every compatible branch will be
established below before using the comparison. For sufficiently large ¢, k; > 1, a, < @, and the maximum
transition depth plus k, is at most Q. Use (T.stopped) with the possibly enlarged depth bound h = Q — k,,
rather than requiring @ to be the minimal possible level. Then (G.incapacity) gives

Ce Ca

|Zhyb( M)—Z,(M)| < D := 3P { e + =3 4+ B, 2 E/100 ¢ Cs/a 65/430}. (G.transitiondebit)

The bound includes both mixing terms and the rejected reference mass. In particular, the incoming estimate
is used only at its allowed level ) = 2b,.

This error bound tends to zero uniformly in the root. To see the dependence explicitly, for E > 256 one has

E>\/b/2, /b,/16 < By </b/4, kg > /b,/16000, a; >b,/8.

For fixed ¢ > 0, e * < rl¢”"u™", by the r-th term of the exponential series. Use r = 7 on the precision term,
including its factor By, and r = 6 on the corridor term. It follows that D" < C, P,b,;? for a fixed effective
C,,- Since g <72, (t +1)3(g/7%)* — 0, as required.

Composed offsets and realization of every retained branch

It is useful to replace the stopped section’s infinite offset envelope by a finite rational upper bound. Let

1997
Z 817(i 4 2)1000 4 — 3 8 19972000190, (G.offsetconstant)

Then O, < C... In fact (3/2)Fi~1 —1 < (i +2)1900 For D, = 817%(i + 2)1%%0 and i > 1998, the binomial

theorem gives
Dm_l(lJr 1 )1°°°< 1 _1
D, 8 i+ 2 ~ 8(1—1000/(i +2)) — 4°

7

Summing this geometric tail proves the assertion.

The transition counts as the first B, appended stopped blocks. Its exceptional common precision E is not
substituted into the later logarithmic schedule. At every later macro start use its actual cumulative appended
count:

B, = B; +{(By), Cp, uses the indices B; <i < By, ;. (G.continuation)
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Every complete appended word, through any such stage, has slope at most 3% and offset at most

(3/2)% '
Coapp < =7 +C.

For the transition this is a geometric sum over its B, contractions. For the later blocks the preceding
contractions are 37!, including the transition, so their contribution is a tail of the global envelope. The
continuation therefore uses its actual cumulative block index.

Compose with an incoming seed history:

M = wpeWappT + Cpre T WpreCapp-

By (G.prefix), E <b,, and 3/2 < 2,

W o Canry < 16% {g 2730 1 O 2’4bt} — 0. (G.offsetabsorption)

pre —app —

Choose a fixed splice threshold so that the displayed bound is at most one thereafter, and put C, := 2%+ 41,
Every total offset is then at most C, < 16% < M, uniformly in root, stage and level. The same bound
holds for prefixes of a selected appended word, whose offset partial sums only increase. By (T.injection),
compatibility gives integrality of every endpoint; the strict offset margin and (W.inverse) give positivity and
oddness. Thus each formal compatible branch counted by the transfer is exactly a physical branch with the
stated valuations. These are precisely the branches used in the transition and continuation comparisons.

Uniform continuation capacity and its complete tail

The transition corridor and all subsequent macro corridors add. At a cumulative count B > B,, every
retained appended word satisfies

Yopp — HyB| < 6B, |R.pp — rB| < B. (G.totalcorridor)

Under (S.tags), the possible depths occupy an interval of length 46 B/(1 4+ \), and the valuations an interval
of length 26B. Since A > 1 and 20 < 1, there are at most (B + 1)? appended integer tags. Together with the
incoming tag count this permits at most P,(B + 1)? combined total tags.

Within a combined total tag, a source determines its complete forward word. Its reversal determines the
first ¢ seed cuts, then the B, transition first crossings and all later prescribed macro cuts. Hence there is at
most one history per source in a tag, even if multiple pairs of incoming/appended tags have the same sum.
Applying (T.capacity) anew, with the composed offset width and Wpre < 1, gives

3th}t)éb7q(a) < P,(B+1)%(C, +3135) (g >0). (G.hybridcapacity)

Unlike (G.incapacity), this fresh spacing estimate is valid at every level. All its constants were fixed before ¢.

For definiteness, the following explicit threshold suffices to control the boundary term:

Beyp = [400000(L + 1)]2, Dype=L+1+Cyy, K

va:

L= %(C’* +1)(2C4 1000 + D). (G.tailconstants)

At a macro start B, put B' = B+ ¢(B), k = [B/1000], ¥’ = [B’/1000], and

B/
hp = Z (B, — 1), q(B) =k + hp.
i=B+1
For every B > B,,,, q¢(B) < B/2, and therefore 34B)gB < 1. Here is a direct bound with no hidden

dependence on the splice. Write @ = L + 1. For B > 2, £(B) < alog(B + 2). The inequality logz < 4x'/*
for > 1 shows £(B) < 5aBY* < B at the stated threshold. For the corresponding indices, i +2 < 2(B + 2).
Since log 2 > 1/2, one obtains

hp < 4000alog>(B+2),  q(B) < B/1000 + 4002alog>(B + 2).
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Also log®(B +2) < 16y/B + 2 < 24y/B. Using vB > 400000a, the last bound is at most

< 1 n 96048 ) B 96448
1000 ~ 400000 400000

B < B/2.

The logarithmic inequalities follow from the exponential series and log2 = jf r~tdx > 1/2; no numerical fit
is used.

The macro failure estimate (S.macrodeficit) satisfies the explicit bound

mac

1-— < —
P =g 9)

Indeed ¢(B) < (L + 1)(B + 2), and e %445 < (B 4 2)~%1L < (B +2)719. Both marker errors are at most
C4(1000/B)S. Pair (T.stopped) at k', k, q(B) with (G.hybridcapacity); all these are positive marker levels
once B > B,,. The marked increments satisfy

‘Z?ﬁl( ) — Z?,?b(M)‘ < Koo By .. (G.increment)

This uses (B + 1)? < 4B?, the boundary bound, and the two distinct mixing costs. The current marker in

hyb .
Zt,? is always P[B;/10001-

The visited B,’s are increasing integers. For B, > 2,
* 1
—4 —4 —3
n S/ rhdr = ———5 < 3B,".
n;() By—1 3(BO - 1)3

Consequently the total continuation error bound, including its first macro, is at most 3K, P,B;®. The
bound is uniform in the splice.
The graft theorem and the fixed-root quantifiers

Theorem 4.2 (finite graft). At all sufficiently late splices ¢, the construction above is physically realized
and, for every j > 0 and every positive odd root M > 16%,

125 (M) = Z,(M)| < A, A, =D + 3K, P,By* — 0. (G.graft)

Each hybrid marked sequence has a nonnegative limit, with the same bound. If the fixed pool satisfies
(G.marks), then for every n > 0 there is one finite common splice t > N such that

ron
Y2 W (§20) (G.pool)
MeR

The same holds for its limit. Neither the root pool nor W depends on 7, the stage or any subsequent counting
cutoff.

Proof. Choose t beyond the offset threshold, with £ > 256 and B, > B_,,. The realization argument
validates the finite transition comparison and every continuation comparison. Sum (G.increment) and
(G.transitiondebit) to obtain (G.graft). Absolute summability gives the limit and preserves nonnegativity.

The transition error bound has already been shown to tend to zero. For the other term, (G.prefix) and
By > /b,/16 imply
P,By® < 4096C;,b, % (t +1)3(g/7%/%)" — 0,
because
3 9 16263
Y =9 = hannnn
8000000

All thresholds and constants are independent of the root and of the chosen later splice; they are effective
from the displayed rules and the effective stopped-law constants.

Finally fix the pool and let S =3, . 1/M > 0. Choose a single t > N with A,S <n. Use Z,(M) > 2y,
and sum (G.graft) with the positive coefficients 1/M. This proves (G.pool) for the pooled marks. If n < W,
at least one retained family is nonempty at every stage. The choice of ¢t is made before a physical cutoff is
introduced. [OJ

> 0.
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State supplied to the terminal construction

For the convergence-to-one specialization, suppose the fixed pool is a convergent antichain satisfying
(W.antichain), with specified finite root-to-one paths. This includes (R.pool). For the fixed pool and splice,
let
AP =N (2, +my ), TR =) (3b, +my, ).
r<t r<t

The fixed depths and valuation windows give these upper bounds on incoming valuation and ordinary step
count. In particular w,,, > 274", Let M = min®, M, = max®, and T = max,, 7, (M), finite by
the specified paths. Immediate predecessors of one are a special case. For every retained source at a central
count B = B;,

(Hy —0)B +log,(M_—C,) <log,z < (uy +6)B +log, M, + AP,

(G.terminalstate)
(@) < (g + 6)B + TP + Ty,

Indeed & = (M — Cya1) 27207 /w0 use 0 < Cpp) < C, < M_, the two slope bounds, and (G.totalcorridor).
The ordinary step count is the actual sum A-+d, and adding the root-to-one path gives the second line. These

inequalities are uniform over the whole fixed finite pool, even if some root families are empty.

The terminal construction will use these bounds to obtain sources in a common interval at every sufficiently
large scale. It must retain the same histories, weights and one fixed splice throughout.

Connection to the terminal construction

The seed used here is the fixed-depth family (G.fixedseed). The estimates above control the transition and
continuation errors uniformly in the root. Reference mixing and the persistent seed-mark premise (G.marks)
are the two remaining inputs to this construction; the later sections prove them with the choices needed here.
The next step is to place the resulting sources in short intervals at every sufficiently large scale.

5. Terminal sources at every sufficiently large scale

The preceding graft preserves a fixed pool’s marked mass while controlling the displacement and ordinary
step count of its histories. Here we place the outer sources in a short multiplicative interval at every large
scale, compress their terminal overshoot, and count each physical source once. This is the interface used by
all the later density bounds.

The shifted first-crossing barrier follows [3, §3]; terminal scale selection, even overshoot compression and the
reference fan follow [3, §5]. We prove the probability and integer-trajectory estimates needed here, including
the ordinary clock for the compressed sources.

Graft and terminal parameter lookup

The numerical construction below uses § = 1/1000. The parameterized source theorem allows every fixed
0 < # < 1/1000; the table records both choices.

Quantities Role and order of choice Definition

RW Fixed roots and persistent score, (G.marks), (W.antichain)
chosen before the clock; counting
also uses nonrecurrence
Yoy T Fixed target and finite maximum  (G.terminalstate),
root-to-target path length; y, =1 (N.targetfamily)
in the convergence construction
0,0 =0/20 Terminal ratio and concentration  (N.everyclock), (N.parammargin)
tolerance; positive and fixed
before the splice
Macro-block length (S.schedule), (S.precision)
¢(B) = [Llog(B + 2)] and global
word precisions; L depends on ¢

L,((B),E,

?

20



Quantities Role and order of choice Definition

t,B,, B Seed splice index, initial (G.transition), (G.terminalstate)
appended block count, and
current appended block count

ty s IR Mean binary displacement and (S.means)
ordinary step cost per stopped
block
fy s fig Rational centers for the inner (S.centers), (S.innercorridor)

corridor; concentration is used at
tolerance §/4

b= |0B|, k= [6B] Terminal size and reference level,  (N.stage), (N.everyclock)
growing with the stage

Wy, Uy, Py €, T Crossing window, overshoot scale  (N.parameters)
and range of terminal shifts

u, K =¢, Parent-dependent barrier shift (N.words), (N.stage)
and retained overshoot cap

Ip, Ry Common interval of counting (N.common), (N.everyclock)
cutoffs and actual source-shell
radius

Here B counts stopped reference blocks; it is not the number of valuation letters. The seed sizes b; and the
terminal size b are distinct. After the clock and tolerance are fixed, the splice and its schedules stay fixed
while B, b, k grow with the counting cutoff.

A finite terminal family and its exact reference deficit

Let A = log, 3 and J(v) = [Av] for nonnegative integers v, with J(0) = 0. For an integer b > 200, put

w, = |3b/5], l,=b—w,, h,=b+w,, e,=]|b/100], r,=2w,— J(wy)—2¢,. (N.parameters)

The integer 7, is nonnegative. More precisely,

229 o<y, < %(2 S Ab ey > b/200, (N radius)

Indeed X\ < 317/200, as 3290 < 2317, Using w, > 3b/5 — 1, J(w,) < Mw, + 1, and e, < b/100 gives the lower
bound with additive loss less than two. The upper bound follows from J(w,) > Aw, and e, > 0. The last
floor inequality holds for every b > 200.

For an integer 0 < u < 2r;, define the nondecreasing integer barrier
Hy,(s) =20+ J((s=b) ) —J((b—35),) tu—r,. (N.barrier)

For an inverse word v = (ky, ..., k;), write A; = > . __k;. For an integer cap K > 0, let V(b, u, K) consist of
words satisfying -

l,<d<h, A;<H,,(s)((,<s<d), 0<A;—H,,(d)<K. (N.words)
The miss at [ is required; the first crossing is the first one after that depth, not necessarily the first one

from depth zero. This family is finite, since depth and total valuation are bounded, and prefix-free: a
proper extension of a selected word already has its eligible crossing. Its unnormalized reference mass is

P, u, K) =30y i) 27,

Lemma 5.1 (two endpoint tails and overshoot). Uniformly over the indicated integers b, u, K,

1 —p(b,u, K) < 2eb/64000 4 o—(K+1), (N.deficit)
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Proof. In the geometric reference law, put S, = A, — 2s. The exact endpoint identities are

Hb,u<lb) — 2lb = 26b + u, Hb,u(hb> — 2hb = Uu— 2Tb — 26b. (N.endpoints)
If the lower-endpoint miss or subsequent crossing by h, fails, then
Slb 2 261) or Shb < —2€b.

For the second implication, a miss at I, with no eligible hit leaves A, < H, ,(h,) < 2h; — 2e,. This is an
event on the incoming state and its reference continuation.

The exact waiting-time correspondence used in (S.binomial) gives

Pr(S,, > 2e,) = Pr{Bin(2l, + 2¢, — 1,1/2) <[, — 1},

(N.coin)
Pr(S,, < —2¢,) = Pr{Bin(2h, — 2e, —1,1/2) > h;}.

The respective distances from the binomial means are both e, +1/2. Both numbers of trials are positive, and
at most 16b/5: for the first, 21, + 2¢;, — 1 < (41/50)b 4+ 1 < b; for the second use h;, < 8b/5. The fair-coin
Chernoff bound proved in the stopping section and e, > /200 therefore bound each probability by

2(e, +1/2)? B

exp <_ 1)16[)/5/ ) > < ¢ b/64000

For an eligible first-hit prefix ending at depth d — 1, let a = H, ,(d) — A, ;. The preceding miss and
monotonicity of the barrier imply a > 1. Conditional on the next valuation being at least a, the probability
that it exceeds a + K is exactly 2~(5+1), Sum over disjoint first-hit events. The overshoot failure has mass
2~ (K+1) times the uncapped crossing mass, hence at most 251 This proves (N.deficit). O

Physical realization, compression, and a sharp shell

For a terminal parent y > 16°, every residue-compatible word in V(b,u, K) is physically realized. In fact
(S.offset) gives

0<C,<(3/2)1—1<2°, C,/y<mn,:=8". (N.offset)

Here d < 8b/5 and (3/2)% < 2°. Compatibility gives integrality of every prefix by (T.injection); the strict
offset margin gives positivity, oddness and the exact valuations by (W.inverse). This applies to all caps, not
only to the compressed family. If the parent is a multiple of three, no nonempty inverse word is compatible;
its positive-level marker is also zero.

The terminal overshoot is the excess of the total valuation over its crossing barrier. The next lemma reduces
an arbitrary retained overshoot to zero or one by removing an even number from the last valuation. The
resulting source relation leads to an affine family, called the fan.

For 7 > 0 put

Fi(z) = 4z + %, Hy(z) =Y 479p,(Fj(x)). (N.fan)

>0

The second series is convergent, since p;, is a bounded function on a finite residue group. All its arguments
are reduced modulo 3. Thus H, () combines all the reference factors in the fan, with their relative weights.
Keeping the index of a fan member will preserve the identity of the original history during compression.

Lemma 5.2 (even overshoot compression). A physical word with overshoot O < K has a unique image
consisting of a word with overshoot at most one and the integer 7 = |O/2]. Its parent, earlier inverse
endpoints, shift and depth are unchanged. If z and v are the reduced source and complete physical weight,
the original source and weight are

Toq = Fj(2), Vora = 4770, (N.compress)

22



Proof. Subtract 2j from the last valuation. If the preceding total is A, ;, the old last valuation is H, ,(d) —
Az 1 + O, whose first term is at least one. The new valuation is positive and its overshoot is zero or
one. Earlier misses and the first-crossing depth are unchanged. Removing an even number preserves last-step
admissibility modulo three. The reduced word has the same offset bound (N.offset), so every inverse endpoint
remains positive and odd.

At the common penultimate endpoint, the identity 3F j(x) +1 = 4/(3x + 1) gives the source formula. The
total valuation has fallen by 2j, giving the weight formula. Raising that last valuation by 2j recovers the
original word. Thus the map is injective while the fan index is retained. [

Define

4by 16

=2(1— L(y) = —2—, Li(y)=g,L R, = ,
9 ( M) »(Y) 19730 »(Y) = gpLy(y), b 1—1n,

(N.scales)

Lemma 5.3 (source bounds after compression). Every compatible terminal source with overshoot at
most one satisfies

8
T—mn,

2uL§)(y> <z< QuLi(y)' (N.shell)

Proof. For d = b+ v, the rounding error J(v) — Av belongs to [0,1); for d = b — v, its negative belongs to
(—1,0]. Consequently, with overshoot at most one,

1(4/3)b2u7me < 244374 < 4(4/3)P2v ",
Use z = (y — C,)2%4437¢ (N.offset), and the definition of Li. O

For every Lg(y) < X <22 Lg(y), choose the least integer u = u(y, X) with 2“L§)(y) > X. Then

1<u<2r, X< 2“L2(y) <2X, X<z<RX. (N.selector)

The strict lower endpoint explains why the chosen shift is at least one; the reference estimates also include
the unused boundary shift zero. The ratio &, tends to 16. The offset estimate (N.offset) gives the stated
finite-radius correction.

One common interval for the fixed pool

Assume (T.mix) with €, < Cy/k%, and the admissible pool and persistent marks (G.marks), with the con-
vergent antichain specified at (G.terminalstate). Fix a sufficiently late graft as in (G.graft). Its current

appended counts are B = B;, with B, = B; + ((B;). Write

b= |B/1000]|, k=[B/1000], K =e¢,, ¢ = 1/20000. (N.stage)

From (G.terminalstate), there are fixed constants c_,c_,c,, uniform over the whole finite pool, such that
every current endpoint y satisfies

(by —0)B+c_ <log,y < (uy +0)B+c,, 7(y) < (ur+0)B+c,. (N.central)

These constants include the chosen finite seed/graft and the root-to-one paths. They do not depend on the
terminal cutoff or later stage. Since py- > 3, all these endpoints satisfy y > 16” eventually. We always work
beyond that threshold and b > 200.

Put
a(B) =log, g, +(2—=A)b—1r, — 2,

A(B) = (py +0)B+c, +a(B), D(B) = (y —6)B+c_+a(B)+2r,, Ig= (245 2PB)] (N.common)
Every X € Iy is in the selector interval for every retained endpoint: its lower endpoint dominates all Lg (y),

and its upper endpoint is below all 22rbLi(y). The interval (N.common) uses the fixed deterministic bounds
for the whole pool.
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Lemma 5.4 (coverage of a half-line). At all sufficiently late central stages I is nonempty, consecutive
intervals overlap, and their union contains every sufficiently large real number. A stage chosen for X — oo
necessarily has B — oo.

Proof. From (N.radius) and b > B/1000 — 1,

179
500000

D(B)—A(B)=2r,—20B+c_—c, > — (N.room)
for a fixed C. To check consecutive overlap, use the deterministic endpoints themselves. If b’ > b, the floor and
ceiling formulas give wy, —wy, < (3/5)(b'—b)+1, ey —e, < (b'—b)/100+1, and J(wy, ) —J (wy,) < A(wy —wy)+1.
Thus |ry —r| < 3(b"—b)+7. Also |log, g, —log, g,| < 1. With B’ = B+/{(B), we have b’ —b < ¢(B)/1000+1,
so both |A(B’) — A(B)| and |D(B’) — D(B)| are O(log(B + 2)). All constants here were fixed with the graft.
This logarithmic change is smaller than the positive linear width in (N.room), proving both inequalities
needed for consecutive intersection.

Finally (N.radius) gives a(B) > log, g,+(2/5)(2—X)b—2, which tends to infinity. Both interval ends therefore
tend to infinity. Their consecutive intersections make the tail union an interval unbounded above, hence it
contains a half-line. Any fixed finite collection of the I5’s is bounded. Thus selecting an interval containing
an increasingly large X forces its stage to increase. J

Controlling the parent-dependent terminal choice

For each X € I, append V(b,u(y, X), K) to each current endpoint y, retaining the complete history. Let
ZEB{(M ) be its physical mass at root M, marked by p, at the original, uncompressed outer source. Write

Zgyb(M ) for the current graft mark.

The terminal family depends on ¥, so a single common-family transfer cannot be applied to all parents at
once. Partition them by their selected integer shift. There are at most 2r, +1 < 2b+ 1 < B groups at the
stages under consideration. Each restricted histogram inherits (G.hybridcapacity) without renormalization.

Use the ambient level ¢ = hy, + k, child marker k, and old marker k in (T.stopped). At B > 200000,

g<Bb+1< FHB+1<B/2, 38 <1
The all-level graft capacity is therefore applicable, and every compatible terminal branch is physical by
(N.offset). Sum the comparisons only after restricting to the actual shift groups. It follows that

2 2
sup | ZTy (M) — Zg"(M)] < dp = SPB+1DAC+1)(2r +1) (% + 2¢0/64000 1 2*<eb+1>> — 0.
Xelg

(N.payment)

Here P,,C, are the fixed graft constants. The limit is uniform in M and X: k > B/1000, b > B/2000
eventually, and the right side is O(P, B~3) plus polynomial factors times decaying exponentials. Both marker
substitutions, the selected-family deficit, the shift count, and the level boundary are included in this bound.

Aggregate source weights and the terminal fan

Replace each terminal family by its physically realized family with overshoot at most one, retaining the same
central histories, parent-dependent shift, and fixed stage. Count each complete reduced history just once,
not once for each original that compresses to it. For a reduced history z from root M, denote its weight and
source by v(z) and z,.

At a fixed root M in the convergent antichain, a source determines its complete forward orbit and cannot
visit M twice. Reversing its uniquely determined word recovers the seed cuts, the fixed transition stops, and
the prescribed subsequent stopped-block and macro cuts. The current parent is then determined, its shift is
the selector u(y, X), and the terminal word is fixed. Thus a source supports at most one complete reduced
history at this stage.

The affine identity gives x,v(z) < M. The pool satisfies (W.antichain), so (W.poolcharge) applies after
identifying reduced histories. After division by the root and grouping by actual source, this gives
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a, = Z % Z v(z) < é (N.charge)

McR 2T, =T

By (N.compress), originals inject into pairs (z, j). First sum only this finite image, then enlarge to all reduced
histories and all j > 0, using nonnegativity. The normalized original terminal mark satisfies

ez f
B.X = Z —— S Zaka(x). (N.fancharge)
MeR x

The fan index is summed only in the marked inequality. The reduced source weights in (N.charge) count
each history once at the single selected stage.

Fine precision and the reduced-source clock

For any current endpoint y, the lower end of the common interval gives

b
u gb16
X > Lb(y) 2 431) b

because r, < 2b. Since k < b+ 1,
3k 12
= < 2(9/16) — 0. (N.precision)
X 7 g

This includes the genuine ceiling case k = b+ 1. The limit is uniform over all cutoffs in the common interval.
Also k — oo with the selected stage.

For every terminal word of cap K = e;, monotonicity of J, u —r, < r,, and the exact radius identity imply
24

The family with overshoot at most one has the same last bound, since e, > 2. Thus the looser retained
coefficient 481/100 also bounds its terminal step count.

The reduced source itself is eventually at least its current parent: from (N.shell), v > 0, and (N.radius),
x 2
log, — > log, g, + (2 —=A\)b— 1, — 2 Zlogng+g(2—)\)b—2 > 0.
Y

Combining this size bound with (N.central) gives, uniformly over reduced sources and cutoffs,

limsup 7 (2) _ pp + 8+ 481/100000
logz = (log2)(uy —9)

Here the limit runs through the central stages, and fixed prefix/root step counts are already included in c..
The denominator is a lower bound on the logarithm of the reduced source, not that of its larger original.

(N.clock)

By (S.means), the right side is decreasing in py- > 3. At three it is

9 | 0+481/100000 _ 1747479290400 _ 10431
(3=0)log(4/3) ' (3—6)log2 167532267749 1000 °

(N.clockmargin)

For a short exact verification, the positive atanh series log((1 + 2)/(1 — z)) = 2Zj>0 221 /(25 4+ 1) gives
log(4/3) > 2(1/T+1/(3-73) +1/(5-75)) and log2 > 2(1/3+1/(3-3%) +1/(5-3%)) > 693/1000. Substituting
these lower bounds gives the displayed rational upper bound; the final cross-multiplied gap is

10431 - 167532267749 — 1000 - 1747479290400 = 49794489819 > 0.

The series follows by integrating the geometric series on [0, z]. Because (N.clock) is uniform, increasing the
stage threshold for each fixed finite extension ensures that every later reduced source satisfies the literal
ordinary step bound 7, (z) < (10431/1000) log .
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The all-scale physical source-family theorem

Theorem 5.5. Suppose the mixing and finite-pool premises of (G.marks) hold with certified score W > 0,
and the pool is a convergent antichain as specified at (G.terminalstate). For every € > 0 and every fixed
A > 16, one can choose one finite common graft and a threshold X, such that, for every real X > X, there
are a finite set of odd sources Sy, nonnegative weights a,, a level k(X), and a normalized original terminal
mark A y satisfying

Sy CIX,AX)Nn{x: 7 (z) < (10431/1000)log z}, a, <1/x,

W—-e<Ax < Z a, Hyx) (@), (N.sourcefamily)

reSy

E(X) — oo, 3FX) /X — 0.

The fixed pool and W do not depend on €, A, X. The graft and its schedules are fixed before X; its selected
terminal stage and shift families may depend on X.

Proof. Put a = min{e/2, W /4} > 0. Use (G.pool) to fix one common graft with central normalized marks at
least W —a at every later stage. The reciprocal-root sum S = aem L /M is fixed and finite. By (N.payment),
Sdp < a eventually, so Ag x > W —2a > W — ¢ uniformly on Ig. In particular positive original terminal
mass is retained.

Increase this fixed stage threshold until the common intervals cover their tail, R, < A, and the reduced-source
clock holds. For every sufficiently large X, select one of these intervals containing it and take its whole pooled
reduced family. Apply (N.selector), (N.charge), and (N.fancharge). The stage must tend to infinity with X,
so (N.precision) gives both final limits. All limiting assertions are uniform over the cutoffs in each selected
interval. The graft is fixed at the chosen positive error tolerance. [

Clocks arbitrarily close to the stopped-mean ratio

Put ¢, = 3/log(4/3). The fixed numerical construction above has a parameterized version with the same
incoming pool and score.

Theorem 5.6 (parameterized source families). Under the mixing and persistent-pool hypotheses of
(G.marks), with the same convergent antichain, for every fixed ¢ > ¢, every € > 0, and every fixed A > 16,
the conclusion of (N.sourcefamily) holds with ¢log in place of (10431/1000) log x. More precisely, the same
fixed score W and root pool admit sources satisfying

Sy C[X,RxX)N{z:1(z) <clogz}, 0<a, <1/x,

W—e<Ax < Z a, Hyx) (@), (N.everyclock)

zeSx

Ry <A, Ry—16, k(X)— o0, 3*X)/X —0.

One finite graft and its schedules are fixed before all sufficiently large real X. They may depend on ¢, ¢, A;
the root pool and W do not.

Proof. We check each estimate affected by the new parameter. Fix a rational 0 < 6 < 1/1000, put § = 6/20,
choose rational centers (S.centers), and choose concentration constants Cjy4, ¢4 at tolerance §/4, with an
integer L > 1 satisfying cg/,L > 10. Use the decidable inner selectors (S.innercorridor) in the transition and
macroblocks. Retain the stopped law, 8 = 1/8; global precisions (S.precision), and seed families. Use the
same macro schedule with this L, d, and replace every appended marker level by [#B]. All these choices
precede the splice.

At a splice ¢, retain E = |\/b,], By = |E/4], and Q = 2b,, and take k, = [0B,]. The transition rejection

bound (G.transitionfailure) holds with the new concentration constants. Eventually

By > \/b,/16, ko> 0+/0,/16>1, By(E—1)+k, < Q.

The unchanged incoming capacity is therefore available at @. The two substitutions and rejected mass
in (G.transitiondebit) give DI < C,, (§)P,b;® — 0, using the same exponential-series bounds as before.
The offsets and slopes have not changed, so (G.offsetabsorption) still proves physical realization of every
compatible branch at a sufficiently late splice.
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The new transition and macro corridors still sum to (G.totalcorridor). Since 26 < 1, the appended tag count
is at most (B + 1)2, and the full capacity remains (G.hybridcapacity), including its incoming multiplier P,.
At a macro start put B' = B+ {(B), k = [0B], k' = [0B’], and ¢(B) = k' + hg. The same depth bound
gives

q(B) < 0B+ 4002(L + 1) logQ(B +2) < B/2 (B> [400000(L + 1)]?).

Indeed 6 < 1/1000, so the explicit boundary calculation following (G.tailconstants) applies. With
8
Kvar(9> = g(c* + 1)(206076 +L+1+ 05/4)7
the increment is at most K, (0)P,B~*. Consequently the combined transition and continuation error is at
most

A,(0) = D" + 3K,

var

(0)P,By® — 0. (N.paramgraft)

The crucial incoming-factor estimate is unchanged:
P,By® < 4096C,,by 2 (t + 1)3(g/7*/2)! — 0, ~3 — g? = 16263/8000000 > 0.

Thus one sufficiently late common splice meets any prescribed positive pool tolerance. The constants may
grow as 6 | 0; only a fixed positive @ is being used in this limit.

Now take b = |§B], k = [6B], and K = ¢, at the terminal stage. The state (G.terminalstate) holds with the
new § and fixed prefix constants. Since - — > 46, every central endpoint satisfies y > 16 eventually. Use
the same terminal barriers, radii and common intervals (N.common). Their width is

179
D(B) — A(B) > ((458/1000)¢ — 26)B — O(1) = %HB —O(1). (N.paramroom)
Floors and ceilings now give b’ — b < 0¢(B) + 1; the changes in both interval endpoints are still Op(log B).
The positive linear width implies consecutive overlap, and both endpoints tend to infinity by the same bound
on a(B). These intervals therefore cover a half-line at this fixed 6.

The selected-shift partition still has at most 2b + 1 < B groups eventually. Since k < b + 1, its level is
q=hy+k < (13/5)b+1 < B/2 eventually. Formula (N.payment) therefore holds literally with the new
b, k. Its right side is Oy(P,B~3) plus polynomial factors times exponentials decaying in §B: use k > 0B and
b > 0B/2 eventually. It tends to zero uniformly over the fixed pool and every cutoff in the selected interval.
This retains both marker costs and the cost of the parent-dependent choice.

Compression, its injection with a retained fan index, and (N.charge) are unchanged. The actual radius is
still 16/(1 —87%) — 16. The ceiling bound k < b + 1 gives (N.precision), so 3*/X — 0 and k — oo. The
reduced source is still at least its parent eventually. Its terminal ordinary step cost is at most (481/100)b <
(481/100)0B, hence uniformly

ni(e) _ _ pn+0/20 + (481/100)6
logz — " (log2)(uy — 6/20)

lim sup (N.paramclock)

Using (S.means) and py > 3 yields

(1+ ¢, log2)/20 + 481/100
(log 2)(py — 6/20)

For the strict last bound, log(4/3) > 2/7 > 3/11 implies ¢, < 11, and 2/3 < log2 < 7/10. The numerator of
the last fraction is less than 1049/200, whereas three times its denominator exceeds 6 —1/10000 > 1049/200.
Choose the fixed rational 6 also to satisfy 36 < ¢ —c,. Then ¢4 < ¢, so one eventual threshold gives the literal
clock clogx for every later reduced source.

0<cg—cy=10

< 30. (N.parammargin)

Finally choose one splice meeting the first half of the desired normalized mark tolerance, using (N.paramgraft),
and then a stage threshold meeting the terminal half by (N.payment). Enlarge the latter for the common
half-line, radius, size, and clock bounds. The proof of (N.sourcefamily) now gives (N.everyclock) for every
real cutoff beyond one threshold. The seed, persistent pool and score were fixed before 6, so none depends
on c.
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Sources reaching a fixed target

Theorem 5.7 (fixed-target source families). Let y, > 0 be a fixed integer. Suppose a nonempty finite
odd pool satisfies (G.marks) and (W.antichain), and each root has a specified finite ordinary path to y,.
Retain the same mixing hypothesis as in (N.everyclock). For every fixed ¢ > ¢, every € > 0, and every
A > 16, every conclusion of that theorem holds with §,(y,) in place of G,:

SXQ[XVRXX)mgc(y*)a Ogazgl/xv

W—e<Ax < Z a,Hyx) (@), (N.targetfamily)

reSy

Ry — 16, k(X) — oo, 3HX /X — 0.

The pool, target and score precede c; the graft and cutoff may depend on ¢,e, A. No convergence of y, is
assumed.

Proof. The seed realization, variation and graft proofs are uniform for all odd roots above 16%. Let T, now
be the maximum of the specified root-to-target path lengths. Concatenation gives 7, (r) < A+ d + Ty for
a word of total valuation A and length d. Thus the second line of (G.terminalstate) and (N.central) holds

with 7, and this finite additive constant; all source-size bounds are unchanged.

The terminal selector, shift partition and two marker error bounds depend on those size bounds and incoming
capacity. Their proofs are unchanged. Nonrecurrence gives a unique root visit and hence the same complete
valuation word and deterministic cuts. After the same compression identification, (W.poolcharge) supplies
(N.charge); the finite-image injection still supplies (N.fancharge).

The reduced source is at least its parent eventually, and its terminal ordinary cost is still bounded by
(481/100)0B. Consequently (N.paramclock) holds for 7, , with precisely the same c,. Choose 30 < ¢ —c, and
apply (N.parammargin). The finite target-path cost disappears in that ratio. All interval overlap, radius and
precision statements concern the same constructed sources, so the final assembly proves (N.targetfamily). O

Why the present estimates stop short of the endpoint

Every fixed 6 > 0 gives ¢y — ¢y > 0 in (N.parammargin). Taking 6 smaller controls this upper-bound gap
but does not remove it. Setting § = 0 would instead give b = k = 0, outside the terminal construction, and
0 = 0, outside its positive-tolerance concentration estimates. It also removes the positive linear width in
(N.paramroom), the parameterized form of (N.room), which makes consecutive cutoff intervals overlap.

The graft constants contain #7%, and the limiting arguments fix @ before the splice and cutoff. A shrinking-
parameter construction would require additional uniform control of these errors, coverage and clock slack.
The common lower-density bound for ¢ > ¢, does not supply that control or pass automatically to ¢ = ¢,.
The nonquantitative diagonal consequence (D.vanishingclock) does give an unspecified vanishing clock loss;
it requires no uniform shrinking-parameter estimates.

From source families to density

The result above gives the precise interval coverage, aggregate source weights and ordinary clock needed for
counting. Its mixing and persistent-mark premises are inherited through (G.marks). We now establish those
premises, then return to this source family to derive the explicit density bound.

6. Explicit reference mixing from primitive Fourier decay

The construction compares reference densities at different ternary levels. We now bound the error in replacing
a finer distribution by the uniform lift of a coarser one. The explicit Fourier-decay theorem proved in
Appendix E supplies the input. The Fourier decomposition below gives a bound valid at every finer level; we
then optimize its auxiliary parameter. This error bound controls both the continuing seed construction and
the final conversion from marked mass to source weight.

The primitive theorem and the quantitative target

Use the reference law p,, of (T.law). For a function p : G,, — C, set

&) = Y plw)e>me/".

zelG,
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The Fourier transform is unnormalized. A frequency ¢ € G,, is primitive when 3 } £&. We first work with any
fixed real C' > 1 satisfying the following input:

1, (6] < Cn~%% (n>1, £€€G,, 3}¢). (M.primitive)
The canonical numerical choice of C' and the local theorem asserting this input are given in the final subsection.
The proofs up to that instantiation are uniform in every such C.

Write h = log2, v =log(4/3), A = log3/log?2, and fix

D=C20% Cy=2D+2, my=2%A=2314/25. (M.constants)

For real 80 < v < 679/5, put

a(v) = 6407 — %th, q, = hv,
32

Bufw) = 2D + 2logx

1% 4 20~ % 4 2391 (x> mg). (M.widthbound)

The target is, for every integer 1 < m < n,

Osc(m,n) := Z |ty () — 3™ ", (x mod 3™)| < ¢,,,, (M.target)
zeG,
in{2, Cym 4}, < my,
€ = m%n{ GmiA} . = Mo (M.envelope)
Hlln{2, C6m » IO <y<679/5 Ev(m)}v m = my.

Uniform lifting divides each probability at level m equally among its 3"~ refinements at level n. Thus
Osc(m,n) is the sum of absolute differences from that lift. The mizing envelope €, bounds this error for
every finer level at once.

All logarithms in this section are natural. The coefficient C is fixed first. The width v is fixed during each
proof, but every estimate has the same displayed cutoff throughout its compact range. Consequently one
may optimize v at a fixed coarse level m; it never depends on a physical source or on a subsequent counting
cutoff.

A head selected by its first crossing

Fix n > my, write L = logn, and use independent valuations Pr(K; = a) =27% a > 1. Put S; = qu K;,
Sy = 0. For a word w = (ky, ..., ky), define its dyadic offset and its integer cleared offset by

d d
C(w) = Z 3i-12=5: B(w) = 2%C(w) = Z 3i-12%a=5:, (M.offset)
i=1 i=1
Here the S; are the partial sums of that word. The empty offset is zero. For concatenated words w, ¢, direct
splitting gives

C(wt) = C(w) + 3w1275wIC(t). (M.split)

This is the inverse-prefix orientation of (T.law).

A word is v-typical at ambient length n if every nonempty contiguous subword of length r has valuation sum
within v(v7L + L) of 2r. Let F), , be the failure of this condition for the full length-n word. Set

Q= n—v*L. (M.gatelevel )
For 0 < k < nand 0 <1 < 2n, the (k,I) head family consists of typical words of length d = k + 1, total

Sqg =1, with S, < Q < 5. Positivity of the valuations makes this crossing unique. The remaining tail
keeps its unrestricted law.
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We record explicitly why these families cover every globally typical word and why their residue maps are
injective at the common cutoff.

Lemma 6.1 (common scalar margins). Throughout 80 < v < 679/5 and n > m,, one has L > 4 and

((3/2)v2 +v)L < (3/200)n, ((5/2)v% +v)L < (3/10)n. (M.logbudgets)

Also 1 < A < 8/5,693/1000 < h < 347/500, and 2/7 < v < 1/3.

Proof. The logarithmic bounds follow, for example, from the positive series

14t 20+1
log 17: =92 2 ﬁ 0<t<1), (M.logseries)

obtained by integrating the geometric series. At ¢ = 1/3, ten terms give a lower bound H_, and the omitted
tail is at most

9321
21(1-1/9)’
Direct rational comparison gives
—21
693/1000 < H_ < h< H_:=H_+ m < 693147181/10° < 347/500. (M.logbounds)

At t = 1/7, the first term gives v > 2/7; the upper bound follows from log(1+1/3) < 1/3. Finally 3 > 2 and
3% < 2% give the bounds on .

For z > 0, logx < /7. Indeed, with z = \/z/2, logz < 2 —1 and log 2 < 1 imply this inequality. For n > 280,
therefore L < \/n and /n > 210, Both coefficients in (M.logbudgets) increase with v. The exact comparisons

(3/2)1362 + 136 < (3/200)24, (5/2)1362 + 136 < (3/10)24°

prove the result. Also L > 80h > 4. O

Lemma 6.2 (head location). Every globally typical word has a unique head in the families above. Every
nonempty head family satisfies

20k < 17n, Q<I<Q+2vL < 2n. (M.headlocation)
Proof. The second budget implies v?°L < n, so Q > 0. The inequality
vVsL < s/10 + (5/2)vL (M.youngindex)

follows by completing a square. Applied with s = n, typicality and (M.logbudgets) give S,, > (8/5)n > Q.
Thus there is a unique first crossing at a depth k 4+ 1 < n, and its prefix is typical.

For a nonempty head, typicality of its prefix of length k and S, < @ give, when k > 0,
(19/10)k < An + ((3/2)v? + v)L < (323/200)n.
Hence 20k < 17n. The case k = 0 also satisfies the asserted bound. The last valuation is at most 2+ v(v/L +

L) < 2vL: use VL < L/2, L > 4, and v > 17. Consequently I < Q +2vL = An—v(v—2)L < 2n. This proves
both coverage and the stated finite index ranges. [J

Lemma 6.3 (small cleared offset). Every head satisfies

0 < B(w) < 3™. (M.headsmall)

Proof. Its prefix sums obey S; > 2i — v(viL + L). Therefore, writing j =i — 1,

d-1
B(w) <22 Zexp{—vj +hv(y/(j+ 1)L+ L)}
=0
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Completing a square once more gives

ho/G T L < (37/4) (G +1) + ;L.

The remaining geometric sum is at most (1 —e™?/4)™! < 16 < €'%. For the first inequality, /4 > 1/14 and
el/14 > 1 + 1/14 > 16/15 suffice. With I < An — v?L + 2vL, it follows that

B(w) <3"exp{Q.(v)L + K.},

h2
Q.(v) =v? (—h + 3> + 3hw, K, = —2h+3v/4 4+ 16. (M.headmargin)
g
The bounds in (M.logbounds) give
h? 196637 196637 , 1041

—h+

Q.(v) <

- < —_—, —
37 = 1500000 1500000" 500 "

The displayed quadratic is decreasing for v > 80 and is less than —672 at 80. Also K, < 17. Since L > 4,
the exponent is negative. Positivity of every summand proves the lower bound. [J

Lemma 6.4 (head injection and its second moment). At fixed d, [, the map from a head to C'(w) mod 3"
is injective. Let p,; be the nonnegative sub-probability mass function on G,, obtained by mapping the (k,1)
head family with its original iid weights. Then

> ) <27l (M.headL2)
yeG,

Proof. We first show that B(w), together with d,l, determines the word. For d = 1, its only valuation is [.
For d > 2,

B(w) — 3%t =2%kB(k, ... . ky ).
The shorter cleared offset is odd: its last summand is odd and every earlier summand is even. Thus k, is

exactly the 2-adic valuation of the positive left side. Divide by 2¥¢, reduce the total from I to I — k,, and
induct.

Equality of the source residues, multiplied by the common unit 2!, gives equality of the cleared offsets modulo
3". By (M.headsmall) they are equal as integers, and the preceding decoding applies. Each accepted head
has probability exactly 2. Injection makes every occupied atom of Pk, equal to 27!: hence its squared sum
is 27 Zy Pr(y) <271 Empty families give zero. [J

Tail levels and the squared Fourier estimate

For any real vector p on G,,, define its uniform fiber average and its oscillation by
(Apap)(@) =3""" >~ p(y), 0, ,()=lp—A,..pl- (M.average)
y=z (3™)

Projectivity makes O, ,(p,) = Osc(m,n). The averaging map is positive, mass-preserving and LI-
contracting. For real vectors p,t and convolution (p xt)(z) = Zy p(y)t(x —y), the following finite identity is
the precise use of Fourier cancellation.

Lemma 6.5 (finite collision bound). If 1 < m < n and [£(£)] < § at every frequency not divisible by
3m~m_ with § > 0, then

Opn(pt)* < 623" Z Ip(y)|>. (M.collision)
y

Proof. The geometric character sum on a fiber shows that the Fourier transform of A, , keeps exactly the
frequencies divisible by 3", and sets all others to zero. Orthogonality of the same characters gives Parseval
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in the present normalization: 3, |p(&)? = 3" >, Ip(y)|2. Also p*t = pt, by changing variables in the finite

double sum. If z =p*t—A,, , (p*t), these identities and Cauchy—Schwarz give

1213 <3 > @)= > BEOUEI> <6 1B
y 3

3n—m Jfg

This proves the claim, including the empty discarded-frequency set when m =n. O

Now assume 9n < 10m < 10n and consider a nonempty (k,!) head family. Its length d = k + 1 satisfies
d < 'm: by (M.headlocation), m —k > n/20 > 1. Set T = n—d. Let t;,; be the law on G,, of 3927'Cy,, using
the remaining independent T valuations. The selected full-word submass is exactly

Chg = Pryy ¥ g (M.convolution)

Indeed, (M.split) has this form, and the tail is unrestricted and independent of the head; all heads in this
slice have the same d, [.

For a discarded frequency, choose its nonzero representative and put t = v5(§) < n —m. Multiplication by
27! preserves this valuation. Since d < m, one has t < T. The character applied to 3927'C/, has conductor
3", where

r=T—t>m—k>n/20. (M.tailconductor)

Projectivity identifies its expectation with a primitive Fourier coefficient of p,, at a unit frequency; hence
(M.primitive) yields
[ty (&)] < Cr=6109 < Dp=6109, (M.taildecay)

The conductor bound gives the factor 209499,

Proposition 6.6 (general-width high-regime estimate). For 80 < v < 679/5, n > m, and 9n < 10m <
10n,
Osc(m,n) < 2Dn~") 4 2Pr(F, ,)- (M.high)

Proof. By (M.collision), (M.headLL2) and (M.taildecay),
0 (Ckl)2 < D2p128183n9-1 ~ [)2,,—12818+hv?
where the strict crossing | > Q = An — v?L gives 3"27! < nhv*, Taking the square root preserves half the

entropy exponent, before summing any slices.

The first-crossing head events for different (k,!) are disjoint. Their union includes all globally typical words
by (M.headlocation). Consequently

Hp = Z Ck,l + b7 b > 07 Zb<y> S Pr(Fn,v>’
Y

k<n, 1<2n

There are at most 2n? slices. An empty slice contributes zero. Linearity of averaging, the triangle inequality,
and O,, ,,(b) < 2[b|; prove (M.high). The prefix families have not been normalized by their success masses.
O

The reference rejection probability

The preceding decomposition has isolated the rejected mass. We now bound that mass directly under the
reference law, without charging all interval lengths at their worst common rate.

Lemma 6.7 (geometric log-MGF at its pole). Put X = K —2 and ¢ = 1/h. Define g(s) = logEe** for
every real s < h. For 0 < 0 < h,

92
1—cO

g(0) :=log Ee?X = —0 —log(2 — ) < (M.mgf)

For every 6 > 0, g(—0) < 62.

Proof. Summing the geometric series gives the equality. One has g(0) = ¢’(0) = 0 and g”(0) = 2¢%/(2 — ).
For H(0) = 6?/(1 —ch), H” =2/(1 — cf)3. Their ratio is

e?(1— c0)3
i = 2007
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It starts at one and is nonincreasing if
F(0) = 3¢(2 —ef) — (1 —ch)(2 +€%) > 0.

On [0,h] = [0,1/c], F(0) = 3(c—1) >0, F(h) =0, and F”(0) = —(c+1—cf) < 0. Concavity proves F' > 0,
hence g” < H”. Integrate twice from zero. For the other sign, ¢”(—6) < 2 for § > 0; the same integration
gives g(—0) < 0%. O

Lemma 6.8 (two-sided sum bound). For r > 1,z > 0 and independent copies X7, ..., X

()

Pr{] 22:1 X;| > 2rz+cz} <2e%. (M.chernoff)

Proof. For either sign apply the exponential Markov inequality at § = s/(1 4+ ¢s) < h, s = \/z/r. The
log-MGF bound gives exponent —0(2+/7z + cz) + r6? /(1 — cf) = —z. Add the two tails. [J

Proposition 6.9 (length-sensitive failure). With ¢ = vh and L = logn,

16
) < TLnlf‘] +n 4 n L (M.failure)
’ q

Proof. For an interval of integer length 1 < r < L, use z = ¢L + (¢/2)VrL in (M.chernoff). Writing
s =4/r/L <1, its threshold divided by L is at most

25v/q+ (q/2)s + c(q+ (q/2)s) < v+ 5(24/3q/2 +v/2) < v(l + 5).

The last inequality is equivalent to v > 24h, valid on the stated range. Thus failure of this interval’s typicality
has probability at most 2n~%e(4/ 2VrL  There are at most n starts at each length. The decreasing-integrand
comparison and substitution v = va L give

S @2V < / o—(a/2VaT gy — 8
r>1 0

This proves the first term in (M.failure).
For r > L, use z = (¢ + 2)L. Its threshold is at most v(v/rL + L), because

v>2y/q+2+ 2.

To check this uniformly, use h < 7/10, ¢ < 3/2; (v —3)? > 4((7/10)v + 2) at v = 80, with positive derivative
thereafter. Each long interval therefore fails with probability at most 2n~92. Bounding their number by the
total n(n + 1)/2 gives the remaining two terms. The strict failure events are contained in the non-strict tail
events just estimated. [J

Combining (M.high) and (M.failure) gives

Osc(m,n) < E,(n) (n>my, 9n < 10m < 10n). (M.localmixing)

From nearby levels to the full compact envelope
For m < r < n, projectivity and uniform lifting give
Osc(m,n) < Osc(m,r) 4+ Osc(r,n). (M.triangle)

To see the normalization, insert 3" ", between the two vectors defining Osc(m,n). The second difference is
the uniform lift of p, — 3™ "p,,,, whose L1 norm is unchanged.

Every power appearing in (M.widthbound) exceeds 8 throughout the width range. Indeed a(v) > a(679/5) >
8 by (M.logbounds), and g, —1 > 80H_—1 > 8. The positive terms are decreasing in z. Since (11/10)% > 2,

2E,((11/10)x) < E,(z) (x> my), (M.contraction)

also for the term with 1/logx, which is decreasing.

Theorem 6.10 (all high levels). For every fixed permitted width,

Osc(m,n) < E,(m) (n>m >mg). (M.allhigh)
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Proof. Induct on n —m, simultaneously for all pairs. The equal case is zero. Put r = |10m/9]. Since m >
mg > 90, r > (11/10)m > m. If n < r, (M.localmixing) and monotonicity give E, (n) < E, (m). Otherwise
m < r < n: apply (M.localmixing) to (m,r), the induction hypothesis to (r,n), and then (M.triangle)—
(M.contraction). The result is at most 2E,(r) < 2E, ((11/10)m) < E,(m). The induction uses the geometric
sequence of intermediate levels. [

Theorem 6.11 (full quantitative mixing). The target (M.target) with the envelope (M.envelope) holds.
In particular
Osc(m,n) < Cem 231425 < Com™2 < Cem™% (1 <m < n). (M.powers)

Proof. Take v, = 6749/50. Use the ten-term rational bounds H_ and H, in (M.logbounds); the two margins
below exceed 7/1000 and 1/1000, respectively. These give

6407 — %fo+ > 2314/25, v, H_—1>2314/25. (M.exponentguards)

For m > my, (M.allhigh) therefore implies

2 2 2
Osc(m,n) <m=4 | 2D + _32 + =+ = | <@2D+2)m 4 = Com~A.
g2 logm ~m ~ m?2

The bracket after 2D is less than two already with ¢, > 80(693/1000) > 55, logm > 4, and m > 280 For
m < mg, both compared vectors are probability masses, so Osc(m,n) < 2. On the other hand C' > 1 and
A < 100 give

CG > 2206409 > 225637 > 28001 > 2(280>A_

Thus 2 < Cgm™ also in this range.

For each fixed m > mg, v E,(m) is continuous on the closed interval [80,679/5], so it attains its minimum.
All its values are bounds for the same Osc(m,n); take their minimum along with the power bound and the
universal bound two. This proves (M.envelope). The two weaker powers follow from m > 1. O

For the paper’s normalized markers the exact identity is

2 2
(1Pn = Pm © Wn’m|>n =3 Osc(m,n) < 36m- (M.marker)

This discharges (T.mix) for the complete retained envelope, and also its sixth-order specialization used in the
finite graft and terminal source sections. The order-92 seed variation bound and the later density optimization
use the stronger statements with the same Cg.

The explicit coefficient

The finite recipe in (E.recipe) specifies our coefficient:

C

.— (loc .
primitive = C6109 = 1- (M.canonicalC)

Theorem 6.12 (primitive input). This coefficient satisfies (M.primitive).

Proof. Apply (E.primitive) at B = 6409. Its law is (T.law), its transform is unnormalized, its frequencies are
precisely those not divisible by three, and it covers every positive level. [

Together with the preceding uniform-in-C' conversion, this fixes D = Cpiitive20°*%? and Cy = 2D + 2 for
the seed, root-score and density recipes. The coefficient and all startup choices precede the physical counting

cutoff and the chosen clock.

For comparisons only, (E.mazur-coeflicient) preserves the earlier source integer C’gﬁﬁfﬁtive. The adapter in [3]
is
Oy = 200027, 11,,200499 42 4 2481 > (. (M.sourceadapter)

The strict comparison follows from (E.coefficientcomparison). Section 11 compares against this fixed coeffi-
cient. Appendix A compares fixed-depth and first-crossing seeds at a common primitive coefficient.

Appendix E uses the pairing and separated-triangle method of [1, Section 7] and [3]. The preceding argument
converts its coefficient into the envelope (M.envelope), used by the seed and counting constructions.
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7. Seed marks and variation bounds uniform over roots

We return to the seed families defined in the continuation construction. Their reference average can be
evaluated exactly, but an average at one stage does not guarantee that any fixed root keeps a positive mark
later. Using the preceding mixing estimate, we bound the total change at each root over all subsequent stages.
The next section combines this variation bound with positive reference survival to choose the required fixed
roots.

The finite mark and its exact normalization

Fix an integer b = b, > 32°. Use the fixed-depth seed families (G.fixedseed), with

bipy = b;+[b;/100], m; =T[6"1, a; = [b;/4]. (B.parameters)

Thus V; = {w: |w| = b;, |A(w) —2b;| < m;}. Set

p; = Z 9-A(w), Dy = Z bj, qv=Dy+ay. (B.conductor)
weV; J<N

Every V; is prefix-free, so 0 < p; < 1. For N > 0, concatenate one word from each V;, ..., Vy_; and call the
resulting set V5. At N = 0 it contains the empty word. The prescribed lengths determine all cuts. The
family V  is prefix-free, of exact length D, and independent reference letters give

Z 2~ Aw) = H ;- (B.product)

weV n J<N

The product is one at N = 0, and zero if one chosen family is empty.

On G, define the backward seed mark by the finite sum

gN(y) = Z fTUMZN (paN ° WQN*\“JL@N)(y)' (B'mark)

weV N

Here T is (T.operator). For a word of length d and valuation A, its nonzero summand is 3d2’ApaN (z mod 3%n),
where y = C,+3727 42 in G, - Here gy —d = ay for every complete seed word, so the payload has exactly the
required residual precision. No choice of a physical root occurs in this definition, and no family is normalized
by its surviving probability.

Lemma 7.1 (finite mean and support). For every N > 0,

2 1
gn 20, gn(y)=0(3]y), <gN>qN =3 H Djs 5 3an—1 ZQN(?J) = H Dj- (B.mean)
J<N 3ty J<N

Proof. Positivity follows from (T.operator). The full-group mean of each summand is (2/3)2-4®) by
(T.norm), since lifting the marker does not change its mean. Sum and use (B.product). For a nonempty
word, C,, = 27" (mod 3), so its affine image contains only units. For the empty word, ay > 1 and the
marker itself vanishes on nonunits. There are exactly 23981 units; converting the full-group mean to the
unit-relative mean cancels the factor 2/3. The calculation is an exact average over a complete residue period.
O

A pointwise cap for the seed mark

The iid reversal in (T.law) gives the recursion

Pri1(y) =3 Z 27%, ((2%y —1)/3 mod 3"). (B.recursion)

a>1
2%y=1 (3)

The argument is well defined for y mod 3"*1. On the coset y = 1 (mod 3), the allowed letters are even and

their total coefficient is one; on y = 2 (mod 3), they are odd and their total coefficient is two. There are no
allowed letters on the third coset. Consequently

2
lprllse < 3 2" (r=0). (B.markercap)
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Indeed, iterate the factor-two bound starting at p, = 2/3.

For completeness, this bound extends to a finite prefix-free stopping tree without assuming equal leaf depths.
Give each leaf a nonnegative payload at most B, and suppose the tree has maximum depth D. At a node
of depth d, its remaining weighted transfer is at most 2°~¢B. A leaf has value at most B < 2P~?B. An
internal node is a positive sum over its allowed next letters; the total one-letter coefficient at any residue is
at most two by (B.recursion). Downward induction therefore proves the bound at that node. A node cannot
be both a leaf and an internal node because the family is prefix-free. Missing branches contribute zero. The
induction uses the residual level at each node; the padding in (B.mark) ensures that every leaf payload is
defined there.

Apply this argument with D = D, and B = (2/3)2%~. Tt gives

2
0<gn(y) < By, = 3 20N, (B.cap)

an

Thus the cap is proved pointwise. It is not deduced from the mean.

Realization at physical roots

For every positive odd integer M > 16°, let Z (M) be the physical mark (G.inmark), with the same complete
words and cuts. Then
Zny(M) = gn(M mod 39v) (N >0). (B.physical)

To prove this, fix a word in V. Membership of the root residue in its affine image is, by (T.injection),
equivalent to integrality of its full inverse endpoint and implies integrality of all earlier endpoints. At the first
block the parent is at least 16°. The local seed estimate in the proof of (G.prefix) gives a strictly positive
offset margin for every compatible word and a new endpoint at least 16*1. Repeat at successive blocks.
All endpoints are positive and odd and have exactly the prescribed valuations; no further root-dependent
rejection is necessary. Equivalently, the total offset bound €, < 2! < 16° < M gives positivity at every
prefix.

Conversely every physical history in 2 (M) arises from one such compatible complete word. Its cuts have
the prescribed fixed block lengths. Formula (T.operator) assigns exactly its actual slope weight and endpoint
marker. Summing proves (B.physical), including the empty history at N = 0. Nonunit endpoints may be
retained in the physical family; their positive-level marker is zero. This changes neither side of the identity.

A fixed-time estimate for the valuation window

Work only on the auxiliary iid probability space. Write Sp = Zi1(Ki —2). For B > 32°, m = [B%/°]
satisfies

m > 323, % <2B2?5 < 5—12 m?f > BYS, (B.widthguards)
By (M.mgf) and 1/log2 < 3/2,
02
log Ee?(K—2) < T-G/26 (0<0<2/3), logEe ®EK-2 <2 (§>0). (B.mgf)

Independence and Markov’s inequality, with 8§ = m/(2B + (3/2)m) for the positive tail and § = m/(2B) for
the negative tail, give

Pr(Sp >m) < e-m*/(4B+3m) Pr(Sp < —m) < e ™*/(4B), (B.fixedtime)

The seed failure |Sg| > m is contained in the union of these two events. In particular

m? bjl-/5
1—p. <2 —_— | <2 —_ . B.fail
Pj = <Cxp 4b; +3m; ) P 4+ 3/512 (B failure)

The positive-tail denominator includes the geometric MGF’s 3m correction. No stopping-window or overshoot
error term is needed for this seed.
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The increment before simplifying its constants

All reference mixing below uses the fixed coefficient Cy from (M.constants), with (M.powers) at order 92. A
generic order-six coefficient is not sufficient. At stage j, put B = b; and

{=a;=|B/4], k=a;,=[(B+[B/100])/4], q=B+k. (B.incrementlevels)

Both marker levels are at least one and k > ¢ > B/8. For the last inequality, |B/4] > B/4 —1 > B/8 when
B > 8. Moreover

101 501
< < _— = — . . 1
(<q, q< (1 + 400) B=5B<2B (B.paidconductor)

Thus the comparison level stays within (G.incapacity)’s allowance.

Define L = ij q.k DY (T.selected), and let H qu be the actual incoming histogram of (G.incapacity). The same
root-independent family V; is applied to each parent. Its affine compatibility is exactly physical realization:
(G.prefix) puts that parent at least at 167, so every compatible extension is positive. Uniqueness of the

prescribed cut and multiplication of the slope weights then give the exact signed identity

Zi(M)—Z;(M) = Z H (y)[L(y) — pe(my ey)]- (B.incrementidentity)
yeG,

There is no conditioning or division by retained mass in this formula. Combining (T.stopped), (G.incapacity)
and (M.powers) proves, simultaneously for every positive odd M > 16 and every j > 0,

|Z

2 Cs  C
(M) = Z;(M)| < 2 P; (fﬁ +2+1 —pj> : (B.rawincrement)

373\ k92 " 92

In particular this retains the actual incoming tag factor 20(4b+1)(j+1)3(2013/2000)7. Its capacity coefficient
is
_ b+1 by (4 3 j
P; = 20(4b + 1)(27*1 + 16°)(j + 1)%(2013/2000)7.

The 16° term bounds the finite-modulus boundary error 3%w; it has not been discarded as a negligible
asymptotic term. The two mixing costs and the valuation-window failure are three separate costs in
(B.rawincrement).

An every-generation majorant with the retained coefficient

Put
a = 100999/100000, g = 2013/2000, X, = ga 22, Sy, =8-465!- 576465, (B.rates)

For every integer B > 100000,
B+ |B/100] > (101/100)B — 1 > aB.
All floors in (B.parameters) meet this condition, so b; > ba?. There is no omitted early-stage exception.

Since 44 3/512 < 2333/100, (B.failure) is at most 2¢7)/°/(2333/100) gy > 1, use 2333/100 < 576, followed

by the degree-465 exponential-series term, to get
e~ B'/7/(2833/100) < g Re~B'7/576 < g 465! 576465 BL1-465/5 — Sqy B792. (B.polynomialfailure)

Also 465! < 512%6° and 576 < 1024, whence Sy, < 2%%38. The actual coefficient in the reference-mixing
section satisfies Cy > 225037 50 Sy, < Cg. This absorption uses the size of the coefficient; an arbitrary mixing
hypothesis without that size condition would not suffice.

Let 9
Hi = 5(4b +1)22(2%+1 + 16Y).
Replacing the smaller tag coefficient 20 by 22 and using k, £ > b; /8 gives

2C4 892 + Sy, N
2

|Zj1 (M) — Z;(M)| < Hy (j +1)° b9 var- (B.onerate)

The incoming factor ¢/ is included in A... Exact rational comparisons give

2 41 1
- <A

— < - B.
z var < 700 < 3 (B.ratebounds)
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Also 4b +1 < 5b and 2°*! < 16°, so H; < 220b16°. Finally
220(28%2 + 1) < 2467, (B.coefficientguard)

Indeed 892 = 2276, 2892 4+ 1 < 2278 and 220 < 2%, giving even the upper bound 2286 < 2467 We retain the
displayed conservative coefficient for the startup recipe; optimizing that variation coefficient is a separate
question.

Theorem 7.2 (seed variation uniformly over roots). With exactly
F, = 2%7p16°(C + 1),

every positive odd M > 16 satisfies, at every j > 0,

Z. (M) — Z.(M)| < Fy(j+ 1)3\ar. B.variation
]+1 J b

Proof. In (B.onerate), use b2 < 1, Sqy < Cy, H; < 220016° and (B.coefficientguard), then Cy < Cg+ 1. All
bounds are independent of the root and valid starting at j = 0. O

Consequently Z j(M ) converges to a nonnegative limit, and for all integers n > N > 0,

1Z,(M) — Zy(M)| < F, Y (5 + 1)*Mar. (B.tail)
j>N

The series converges by 0 < A, < 1/2; sum finite increments first and then bound by its entire nonnegative
tail. The same bound holds for the limit. Nonnegativity of that limit does not imply it is positive.

Persistent marks for the root construction

The exact finite mark, cap, mean and physical identity are (B.mark)—(B.physical). The full later-generation
loss is (B.tail). To obtain (G.marks), the next step must still certify positive infinite reference survival, choose
a finite N for which the entire variation tail fits the retained budget, and select one fixed finite convergent
root pool. The persistent-root section retains the exact residual (R.residual) and minimum score (R.score);
the full variation tail supplies persistence at the fixed roots.

The positive-level markers vanish on nonunit terminal children, which have no further integral inverse child.
This permits all positive odd histories to be included in (B.physical). The geometric moment estimate and
the mixing bound of Section 6 give the variation bound used below.

Coefficient scope. The same proof of (B.variation) and (B.tail) applies with Cy replaced throughout by
any fixed integer C' > 2883% for which (T.mix) holds with

€, = min{2, é\m’2314/25}. (B.coefficientscope)

Indeed this supplies both the order-92 and order-six estimates, and Sy, < 28838 < C supplies the coefficient
in (B.onerate). The remaining bounds are the same scalar inequalities. With F, = 246716°(C + 1), the
survival theorem in the next section is unchanged, its variation tail still tends to zero, and its finite startup
and root-pool recipes give a positive score. The startup inequalities use ¢ = [log, F},] > 4b, which is retained.

The sufficient condition C' > 28838 is used through Sga < C in (B.onerate). The startup bound t > 4b =
227 > 25637 holds for every C' > 1. Thus the finite startup argument applies throughout this coefficient

range; the explicit construction takes C = Cy.

8. Infinite survival and a fixed persistent root score

The preceding section bounded the total future variation of the seed marks. We now show that their reference
average stays above that loss after a fixed initial stage. A complete finite period of known convergent roots
realizes the reference average. Allocating the remaining mass among these roots gives a positive lower bound
for their reciprocal-root weighted sum, called the root score. This establishes (G.marks), the premise needed
by the finite continuation and terminal-source constructions. The survival estimate below uses a summable
fixed-time tail and small rational inequalities.
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A short proof of reference survival

Fix b = 32° = 2°°, retaining the fixed-depth stage families, success masses p;, floors b; and marks of Section

r 100999 504 511
= el = — = 2 7’u‘7ﬂj. . ﬁ e
= Tooo00" "m0 YT e LT (R.deficits)

The recurrence gives b; > ba’, and the exact comparisons

32 16384 511
4+43/512 2051 ~ 64

100999 503% — 100000 504° = 32325056940257 > 0, (R.survivalguards)

show that (B.failure) implies 0 <1 —p; <d,.

The function f(t) = e %" is decreasing on [0, 00). Thus Zj>0 f(y) < f(0) Jrfooo f(t)dt. Substitution 2 = ur?,
followed by logr > 1/504, gives

1 1 2
Z d; <2e™ [1 + 504 (E — 2 + E)} . (R.survivalsum)
j=0

Here log(1 + x) > z/(1 + ) for x > 0 follows by integration of 1/(1 +¢). For the integral estimate used in

(R.survivalsum), write
e et 1 1 2
/ ‘ dx:e’“/ ° dtge*“<f——2+—3).
. T p utt U U U

The pointwise inequality 1/(u +t) < 1/u — t/u® + t?/u? holds for ¢ > 0; multiplication by u + ¢ leaves the
nonnegative remainder t3/u3. Integrating 1,¢,t> against e~ gives 1,1, 2.

The required numerical comparisons are:

1 1 2 15142976 227

LI Y R. tialguard
w W W T 133432831 20000 ¢ 7 (R-exponentialguard)

For the second use u = 8 — 1/64,

16 ok
8k 70233453593
8 _ —1/64 4
> Kl 23648625 © > 63/64,

and
63 - 70233453593 — 2920 - 64 - 23648625 = 5252536359 > 0.

Consequently

2 227 ) 14551 1

1—p) < —— (14504 = < —. R.failurebudget
;( P;) 2920( 2945000 = 365000 = 25 (R failurebudget)

For a finite product, Hj<ij > 1—Zj<N(1—pj), by induction from (1—a)(1—b) > 1—a—bfor 0 <a,b < 1.

The finite products decrease in [0, 1], so their limit exists. We have therefore proved

= H p; > 11 (N >0), Hpj > 1I. (R.certificate)

<N 3>0

This proves survival from the displayed rational inequalities. The finite reference-moment tables are separate
inputs to the quantitative density formula.

Complete variation tail and earliest positive startup

For the canonical score use Cj; from the reference-mixing section. The qualitative alternative

(B.coefficientscope) may replace it throughout this section by 6\’, retaining both the order-92 estimate
and its scalar size condition. A coefficient supplying only order six does not suffice. Define

F, =2%7p16"(Cs + 1), t=[log, F,], L= [log,(t+1)],
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a = 20131000002, d =2000100999°2, X=a/d, V(n)=2'Ty(n,)), Ty(n,z)=>» (j+1)°.
j=n
(R.variationdata)

Thus ¢ is an integer, F, < 2!, ¢ > 4b = 227 and ¢ < 2L, The canonical arithmetic specification of Cy makes ¢
an effective integer; it is not necessary to print its expansion. By (B.tail), for every admissible root M and
every j > n,

|Z(M)—Z,(M)| <V(n). (R.latermarks)

J

For 0 < z < 1, expanding (n + 1+ h)? and summing the four absolutely convergent geometric moment series
gives

(n+1)3 N 3(n+1)22 N 3n+1)2(1+2)  2(1+4z+2%)

Ty(n, z) = 2" 1_ 2 (1—2)2 (1—2)3 (1—2)!

(R.exacttail)

The geometric moments follow by differentiating Zh>0 2" on any compact subinterval of (0,1), or directly

by multiplying their convergent sums by 1 — z. Hence this is an exact rational function at z = A. Also
Vin)—V(n+1) =2 n+1)3\" > 0.

The rational inequalities (B.ratebounds) give 2/5 < A < 41/100. The additional finite integer comparison is

213120131001000009200 < 20001001009999200,  \100 < 9-131 (R.hundredrate)

If n > 16 and 0 < 2z < 41/100, successive terms of Ty(n, z) have ratio at most (41/100)(18/17)3 < 1/2; the
last inequality is 478224 < 491300. Therefore

Ty(n,z) < 2(n+1)32". (R.tailmajorant)

For the fixed-budget comparison and a finite upper bound on the startup, put Ng,oq = [100(t+3L+214)/131].
For all integers ¢ > 25637,

17 < Niieq < (100t 4+ 300L + 21530)/131 < 4t /5. (R.searchguard)

For the upper bound write k = |log,t] > 14, so L = k + 1. It suffices that 1500(k 4 1) + 107650 < 24 2k,
At k = 14 this is 130150 < 393216; its right increment exceeds its left increment 1500 for every later k. The
ceiling bound and the elementary lower bound on Ny, .4 give the other claims.

The hundred-step comparison applies to every integer exponent: (A")190 < 271317 for n > 1. No divisibility
condition on n is present. Since A= < 5/2, (R.searchguard) and (R.tailmajorant) imply

V(Nfixed - 1) < 2t+1Nf?;xe

< 2(4/5)3(5/2) 2t+3L~131Npixea /100 (R.searchendpoint)
< (64/25)27214 < 327214 <.

d)\Nﬁxed*1

Consequently the exact definitions

N =min{n > 16 : V(n) < II}, P=II-V(N)>0 (R.residual)

make sense, with 16 < N < Ng,..q — 1. Strict monotonicity of V' permits rational binary search on this
finite interval. All values below 16 fail the positivity predicate: the tail then contains 173A16 > 1732732 and
multiplication by 2! already exceeds one. This defines the startup by a finite integer recipe. The exact value
IT = 24/25, and then the whole residual P, are retained.

For later quantitative comparisons one needs more than P > 0. Let e = d —a > 0, and for any integer n > 0
define
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U,

n

=d[(n+1)%¢* +3(n+ 1)%ae* + 3(n + 1)a(d + a)e + a(d* + 4ad + a?)].

Substitution into (R.exacttail) gives Ty(n,\) = a"U,/[d"(d — a)*]. If P(n) = II — V(n) > 0, its numerator
over the common denominator 25d™(d — a)* is a positive integer. Because d < 21111792 = 21575

P(n) > [25dn(d _ a)4]71 > 271575n76305 > 2715751177324. (R.denominator)

Here 25 < 2°; the final weaker bound is retained for the startup comparison. No reduced-denominator
calculation or lower bound on the numerical distance to a threshold is assumed. The integer 2 adds no
denominator.

The fixed finite convergent root pool

Write ¢ = gy as in (B.conductor), and let

H=20+1, 8,={seZ:H<s<H+3% 3ts}, R,=(4"—-1)/3, K,=23""' B, =(2/3)24.
(R.pool)
Here ¢ > |b/4] = 223. The reference-transfer section’s root-period lemma proves that s — R, mod 3 is a

bijection from &, onto the unit residues. Thus this is a finite pool of exactly K, distinct roots. Each is odd

and R, > Ry = (416 —1)/3 > 16" > 1. Moreover 3R, + 1 = 4%, so its next accelerated odd iterate is one,
and its ordinary stopping time is 1 + 2s. The root pool and its maximum clock are finite and fixed before
any physical counting cutoff.

Set g, = gn(R, mod 39). By (B.mean), (B.cap), (B.physical), and the reference survival bound,

0<g,<B,, ZyN(R) =g Z 9s =K, H p; = K, 1L (R.rootmean)
SES, J<N

The unit-relative mean on the right is [ [ p;, not (2/3) [[ p;. The latter is the full-group mean before restricting
to unit support. This step is an exact finite period, not equidistribution of actual sources.

Define the persistent lower marks by

They satisfy 0 < z, < B,, and since (z —y), >z —y,

(j>N, s€s,). (R.persistence)

S

> 2, >K,P,  ZiR)>z

For the second claim use (R.latermarks) and Z; > 0. The bound includes the entire future variation tail. No
assumption that every root survives is made.

Exact weighted allocation and discharge of the graft input
For ¢ > 1 and 0 < p <1, define

Us

W(q,p) = min { Z R 0<v,<B, sz > qu} , W, =Wiqy, P). (R.score)

s
SES,

The fixed constant W, names the score for the chosen construction: N is the earliest stage with positive
guaranteed residual, and the full residual P = II — V() is retained. The minimum accounts for the least
favorable allocation of that residual among the specified roots.

The constant H remains fixed. The feasible region is nonempty (take v, = p, since B, > 4/3), compact,
and finite dimensional. The objective is continuous, so the minimum exists. Its coefficients are strictly
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positive; a minimizer has total mass exactly K p, by decreasing some coordinate if necessary. For p > 0,
W(q,p) > K,p/ max, R, > 0.

For the following evaluation only, relabel the roots in decreasing order as R; > -+ > RKq. Write h =
| K,p/B,|, 7o = K,p—hB,. Since p <1< B, h <K, Then

h
Wi(g,p) = B, Z R+ ToRﬁJlry (R.greedy)
i1

Indeed, if a smaller root has positive mass and a larger root has spare capacity, moving the minimum of those
two amounts to the larger root strictly decreases the objective. Repeating this exchange proves the displayed
formula, including zero mass, exact cap boundaries, and one partial cap. At fixed ¢, W (g, p) is continuous
and strictly increasing in p: between cap boundaries its slope is one of the positive numbers K, /R,;.

For later comparisons, decreasing the level also has a precise effect on the minimum. At fixed H, ¢ > 2 and
0<p<l,

W(g+1,p) < 34=C"VW(q,p). (R.conductormonotone)
Indeed, allocate mass 3p to each unit index in the last interval [H + 2 -39 H + 39"!) of §_,,. It contains
exactly K such indices; the allocation is feasible, since B, > 3 and 3K, = K. Its smallest root exceeds
43"+1 times the largest root in 8, the index gap is at least 37+ 1, and Ry, A > 4AR,. Compare this feasible
upper bound with W(q,p) > K p/ maxs R,. Iterating gives, for Q > g > 2,

W(g,p) > (4/3)97923° "W (Q, p). (R.conductorgain)

This comparison uses the exact cap and minimum-allocation definition, rather than assuming that a smaller
root pool automatically helps.

By (R.persistence), the actual lower vector (z,) is feasible in (R.score). Thus

0<W, < %, Z(R) >z

sES, TS

(j > N). (R.graftinput)

This is precisely (G.marks), with one fixed finite root pool, one fixed startup, and the same explicit score W,.
The score is a lower certificate obtained by minimum allocation; it is not the unknown actual weighted sum
of the marks and need not equal that sum.

The fixed-pool graft theorem (G.pool) supplies the input to (N.sourcefamily) with ordinary clock
(10431/1000) log x. Its parameterized version (N.paramgraft)—(N.everyclock) supplies, for every fixed ¢ > ¢,
the same score, aggregate source-weight bound and coverage at every large real scale with clock clogx.
The order is: canonical constants, certificate, startup, pool and score; then ¢, a positive terminal ratio, a
positive graft tolerance and one finite splice; finally every sufficiently large cutoff. No root or seed precision
is selected afresh as a function of that cutoff. The terminal stage and level may vary along the fixed graft
schedule, as in (N.sourcefamily).

General residue-complete blocks and their common score

Let & be a nonempty finite collection of disjoint root blocks. Fix ¢ > 2. Each block has one odd root
M, (r) > 16° in every unit residue r mod 39. Put

1
U(I:<Z/3qz)x7 Af(T):ZW7 V(q7p):{U?O§UT§Bq7 Zvrqup}a

join . . UT' . .
W™ (q,p) = in > v, Az (), Wilep) = verg(lélp)z AR (R jointscore)

T

Here 0 < p < 1; at p = 0 every score is zero. Each minimum exists, is positive and is rational for rational p.

For the persistent-mark application, specialize to the selected startup N and put

‘ q=4qn, p=P. ‘ (R.markapplication)

Retain the corresponding B, K,. Then z, = (gy(r) — V(N)), is feasible by the mean, capacity and full
variation bounds (B.mean), (B.cap) and (R.latermarks), as in (R.persistence). Thus the joint score is an
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available persistent score whenever the union has the required counting and target-path properties. The
finite allocation statements below remain valid for every ¢ > 2 and 0 < p < 1.

Proposition 8.1 (shared allocation and coverage).

Wit (g p) > ZWi(qu)v (R.jointdominance)

with equality exactly when all block objectives have a common minimizing residue allocation. In particular

min Ay (r) > ay =  WE™(gp) > Kppas. (R.coverage)

Proof. The feasible set is nonempty and compact. Since every cost is positive, a minimizer uses total mass
exactly K p. The exchange argument of (R.greedy) fills the smallest costs first and proves rationality. All
blocks use one common residue vector. For every feasible vector each summand is at least its separate mini-
mum; equality in their sum requires equality in every summand. The coverage bound follows by multiplying

its coefficient bound by the total mass. [J
Lemma 8.2 (affine block comparison). Suppose a block uses the baseline indices §,, is residue-complete,
and has

—1
M, =aR, + QT, 0<a<l Wilg,p) > a*Wi(g,p) (p>0). (R.blockcomparison)

Indeed M, < aR, pointwise. Evaluate the strict reciprocal inequality at a minimizer for this block; at least
one coordinate has positive mass. The baseline-root objective of that vector is at least W (g, p). This argument
uses the common cap and total mass and does not assume invariance of g, under the residue permutation.
A proved upper coefficient o < 8 < 1 gives the weaker factor 371. These finite comparisons will be used in
Appendix C.

Quantitative score bounds and the fixed-recipe optimum

For p > 0, every root in & is less than 4H+3% /12, Hence the required total mass gives

W (g, p) > 8p394-H+5%). (R.scorelower)

For ¢ > 3 and 0 < p < 1, the upper half-period of indices H 4+ (37 + 1)/2 < s < H + 39 contains at least
3971 — 1 indices not divisible by three. This follows either by counting residues modulo three in that interval
or by deleting at most one excess multiple of three from its two-thirds proportion. Its total capacity is at

least (397" —1)(2/3)27 > 239" = K_: (1 —3'79)2% > 3 already holds at three and increases. Every root

there exceeds 23", because H > 1 and 2s > 2H + 37 4+ 1. A feasible allocation supported there proves

W (g, p) < 37273 (R.scoreupper)
For p = 0 this bound follows from W (g,0) = 0. The bound concerns the minimum, not every feasible vector.

The right side decreases for integer ¢ > 1, as its successive ratio is 32723 < 1. At the actual ¢ > 223 > 18,
use 39 < 229 and 3'® — 36 = 387420453 to obtain

0 < W, < 27134217727  9—4096, (R.scoredomain)

This supplies the small-score domain of the fractional-moment density comparison without evaluating the
score or using an empirical estimate.

It is also useful to retain why this particular startup is optimal within the fixed certificate and rounded
one-rate majorant. For the level ¢(n) = ¢,,,

q(n) > bn, H <8¢g(n)+7, gn+1)>q(n)+1. (R.conductorguards)

The first follows by retaining b; > b in its sum, the second from ¢(n) > [b/4], and the third from the
new positive summand and nondecreasing terminal quarter. Fix any later n > N and any 0 < p < 1, and
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put ¢ = qy. By (R.scoreupper) and its monotonicity, the later score is at most 3atlg—37"1 Combining
(R.scorelower), (R.denominator) at N, and (R.conductorguards), gives

W,
I — * > 31—-2H+3-—1 3 — 1575N — 7324
% Wigln)p) Fo s

> 39 — 17q — 7337 > 12193.

(R.startupoptimum)

Here 1575N < ¢ since b > 1575. The last function equals 12193 at ¢ = 9 and has positive successive
increments 2 37— 17; all actual levels exceed nine. Earlier startups leave no positive guaranteed budget under
this same majorant. At N, (R.residual) is the largest budget it allows, and fixed-level score monotonicity
shows that no smaller budget improves the score. Every later startup loses even if allowed budget one. Thus
the selected startup and its full residual uniquely optimize this minimum-score recipe. This does not optimize
the underlying variation coefficient, reference family, actual marks, or alternative root pools. The rational
residual condition and large-level condition are essential: an arbitrary tiny real budget in an earlier small
pool need not beat a later pool.

The coefficient dependence of the startup, residual, and root score is proved in Appendix B.

The score used in counting

The fixed-depth survival proof, complete variation bound and earliest positive allocation provide the score
used below. They use the affine transfer, root-period, capacity and finite-graft estimates proved in the
preceding sections. Appendix A compares this score with the central first-crossing benchmark.

The reproducibility archive contains the rational survival and rate checks. The all-stage estimates use the
primitive coefficient (M.canonicalC); (B.coefficientscope) gives the variant with a general mixing coefficient.
We next estimate the reference moments used to convert the score into an ordinary counting bound.

9. Reference moments and their finite certificates

We now bound the concentration of the reference fan by its maximum, variance, and average power of order
3/2. The counting section will use these three bounds to turn a guaranteed marked sum into a lower bound
on total source weight. All moments concern the auxiliary law (T.law). A product inequality propagates
finite moment bounds to every level, so finite certificates suffice for the estimates used at arbitrarily large
moduli.

Orientation and a conditional affine mixture

Let T, (z) = (3x +1)/2%, interpreted in the appropriate ternary ring. The composition 7, T, (0) is

ay

n

Z 3n7i27(ai +-4a,,) .

=1

Reversing a finite iid word turns this into the offset sum in (T.law), without changing its probability -2,
Thus the forward random affine construction and the inverse-prefix construction have the same law at every
level. The physical histories retain the orientation fixed in (W.inverse).

For p > 1 put
Mp(n) = (f2)., A, = n(l;ax fn- (F.norms)

n

All averages in this section are over the full group, including zero and the nonunits. We have M,(n) = 1,
M, (0)=A, =
P 0

Theorem 9.1 (moment inheritance). For integers u,v > 0 and real p > 1,

M, (u+v) < M, (u) M, (v), A, <AA,. (F.inheritance)

Proof. Zero-length blocks give equality. Otherwise condition on the last v forward valuations, a word w with

probability 6,,. Its affine action is b, + 3"c,x, where ¢, is a ternary unit. For y € G, write the lifts as
y + 3%z, z € G,,. For each word with b,, = y (mod 3"), the equation for the final residue determines the
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preceding residue as an affine permutation z = 9,,(z) of G,,. Independence of the two reference blocks gives
the exact identity
Furoy+3°2) =3 3 0,0,(0,(2)). (F.mixture)

wib, =y (3°)

The nonnegative coefficients sum to f,(y). If this sum vanishes, the whole fiber vanishes. Otherwise divide
by it and apply Jensen’s inequality to the probability mixture. Every 1, preserves the full average, so
averaging first over z and then over y gives the first assertion. Bounding each f, by A, instead gives
Juso(y +3%2) < A, f,(y), proving the second. Countably many words cause no problem: the functions on
each finite group are bounded, and the coefficients have finite sum; Jensen follows by truncation and one
remainder atom, or directly for a countable probability distribution. [J

For a probability law on a finite group, its collision probability is the sum of the squared point probabilities:
this is the chance that two independent samples agree. In particular the normalized collision energy is
My(n) = 3" zy w,(y)?, and is submultiplicative. General p matters: interpolation between the maximum

and this second moment does not supply the smaller direct p = 3/2 table below.

The general convex-order inequality and the divergence consequences of moment inheritance are collected in
Appendix D. The moment inequality above is all that is needed for the finite certificates and their propagation
below.

The whole affine fan and the exact coset split

Conditioning on the last forward valuation gives

foi) =3 > 279f,((2°y —1)/3 mod 3"). (F transfer)
2aya§11 (3)

The divisibility condition and the modulus 3"*! on y make the argument well defined. Define

Fi(x) =4z + (4 —1)/3, H, (z)= Z4’jpm(Fj(x)), () = (Bx+1)/2 (mod 3™*1). (F.fan)

j=0

Every F; permutes G,,; the series converges absolutely. The map ¢,, : G,,, = G, is a bijection onto the
2 (mod 3) coset: equality of its values is equivalent to equality of its inputs modulo 3™. At its image the
allowed exponents in (F.transfer) are a = 2j + 1, with predecessor F;(x). Therefore

Ho) = g foria(0()) (F fanidentity)

If y=1 (mod 3), shifting its even admissible exponents down by one proves f, (2y) = 2f,(y) for n > 1. The
nonunit coset is zero. Since multiplication by two bijects the two unit cosets, the p-power sums on them have
ratio 1 : 2P. Consequently

3(8/9)P 8 ) 64

P e = - = = —

My(m 4+ 1). (F.fanmoments)
These constants use full-group averages, not unit-relative ones. The maximum likewise lies in the 2-coset,
since every value on the 1-coset is doubled on its image. Thus

Hole = 5 A (F.fanmax)

The word with all m + 1 valuations equal to one has probability 2=+ and endpoint —1 (mod 3™*1). Since
¢.,(—1) = —1, it also proves the coherent lower bound

H,(-1)>=(3/2)™. (F.spike)

[SCRN )

This all-depth family rules out a polynomial fan maximum. It does not rule out a polynomial collision or
fractional moment, because its support occupies a decreasing fraction of the residue group.

45



The finite inequalities used by the density recipe
The finite certificate consists precisely of

A, <a; (0<d<16), M,(d) <e; (0<d<16), M;)5(d) <b; (0<d<16), (Ffinitetarget)

with the following rational values. The first three maximum and collision values are exact; the subsequent
comparisons may be proved strictly.

d ag €q b,
0 1 1 1
1 2 5/3 1276143/1000000
2 22/7 15/7 711317/500000
3 24/5 521/200 769803 /500000
4 73/10  3069,/1000 32779,/20000
5 11 707,/200 862279/500000
6 17 4001/1000 449901,/250000
7 25 2233/500 116627/62500
8 38 1233/250 962777/500000
9 57 5399/1000 1979303/1000000
10 85 2933/500 253519/125000
11 127 3167/500 259093/125000
12 948/5 6803/1000 422721,/200000
13 1896/5 7273/1000 134447/62500
14 20856/35 7743/1000 109287,/50000

15 3201/5  4107/500 2217669,/1000000
16 4802/5  1737/200 561799/250000

The horizons fix the finite work needed by this recipe. Depth sixteen supplies the retained second-moment
block rate eiéw; depth twelve supplies the direct fractional rate biéﬁ and the rational inequality b2, <
(57/50)12, together with its remainder bounds. The latter rate is smaller, so the comparison compensates
for the fractional branch’s extra residual-mass power. The quantitative comparison (Q.paid) checks this on
its stated small-score range. These are sufficient certificate choices, not minimal depths for a rate advantage:
already 037 < eif. The twelve-step fractional formula is retained as a named benchmark. The sixteen-step

certificate gives the smaller propagated denominator rate

byl® = 1.10650942918 ... < bj4° = 1.13284538025 ..... (F.sixteenrate)

These are rates of certified ceilings, not assertions about the true asymptotic moments. Section 11 compares
the complete optimized formulas.

Here is a complete specification of the finite verification and why it is an upper-bound certificate. Let S = 2¢,
and suppose the nonnegative integer array z bounds Sf,; ; entrywise. Positivity of (F.transfer) allows its
input to be replaced by z. All divisions below round upward.

In the cyclic algorithm the powers of two enumerate the units modulo 3¢ in a cycle of length ¢ = 2 - 39-1,
Indeed, the valuation formu_la proved for (T.law)’s root period gives order 3?71 for four and hence order
2-3%1 for two. Write y; = 2 mod 3¢, and put g(i) = z(,, /3 on the 1-coset and zero otherwise. The infinite
sum

y;—1)

h(i)=> 279%(i+a) = L(g(i+1)+h(i+1)) (F.cyclic)
a>1
is periodic. Its first T’ terms at zero plus (max 2)2~7 bound h(0). Starting with that upward-rounded bound,
iterate (F.cyclic) backwards at ¢ = £—1, ..., 1. Induction gives an upper bound at every index; no approximate
fixed-point solve is used. Assign 3h(i) to the unit y;, and zero to the nonunits. The code checks the whole
cycle and uniqueness explicitly.

The separate direct algorithm evaluates every unit independently. Let ¢ = 1 on the 2-coset and e = 2 on the
1-coset, and zy = (2°y — 1)/3 mod 3", ;| = 4x; + 1. For J terms put A = Zj;ol 4J_1_jzxj. The exact

positive infinite parity sum is bounded by
3A + max z

S22 (F.direct)
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To verify the tail, multiply 3-27¢ Zj> J 477 max z by the displayed denominator; the product is exactly max z.
This proves both tail and normalization before rounding.

For the depth-sixteen maximum and collision table, use t = 48, T' = 96, J = 16, seeding both algorithms
with upward rounding of the exact depth-two vector

£, =(0,8/7,16/7,0,11/7,4/7,0,2/7,22/7). (F.exacttwo)

Compute max z/S and ) 22/(3%5?) at every depth through sixteen. Checked unsigned 64-bit arrays store
the entries; all transfer, energy and comparison arithmetic uses unbounded integers. Every array assignment
rejects overflow. The largest group has 3'¢ = 43,046,721 entries; no residue class is sampled.

For the fractional rows through twelve, both algorithms also run with ¢ = 128, T' = 168, J = 32, starting
from f, = 1. For any even ¢ and upper vector z > 2 f,,

My ald) < 20 2VEL

S —3dgai (F.sqrteertificate)

The ceiling square root is found by integer square root and a perfect-square test. Thus no floating approx-
imation of a fractional power decides a table inequality. Positive partial sums rounded downward supply
independent lower controls. The cyclic ¢t = 48, T' = 96 arrays give the additional fractional rows through
sixteen by the same inequality, now with denominator 3?272. The final full-group computation gives

456815260910074200115278246270 _ 561799
< = 2. . .Si i
Maj2(16) < 503582302447310896882957090816 ~ 250000 2247190 (Fsixteencertificate)

The denominator is exactly 316272, This calculation uses all 43,046,721 residues, checked unsigned 64-bit
storage, and unbounded integers for arithmetic and the square-root sum. It requires no second full direct
fractional run through sixteen.

As a calibration, an exact rational parity sum through a full period 3~! computes every entry through depth
five; its denominator contains 43" 1. Tt checks (F.exacttwo), full means, coset ratios, projection and the fan
identities against both upper algorithms. The implementations and complete certificate records are supplied
in the reproducibility archive. The product inequality (F.inheritance) extends the finite table bounds to all
levels.

All-level moment bounds

For n = 16s 4+ r, 0 < r < 16, and separately n = 12t + 7, 0 < 7 < 12, define
D, = €jge,, D/ = biab;. (F.blockceilings)

Also define a finite dynamic minimum recursively by

A\o =1, A\n = min a A

. F.dynamic
1<j<min(n,16) 7 "7 (F.dy )

The inheritance theorem and induction prove My(n) < D,,, My)5(n) < DP? and A, < Zn Each term in
the minimum is a valid upper bound; minimizing never relies on mutually compatible extremizers.

Put 3, = 31/20, B; = 57/50. Exact rational comparisons of the finite table give
ajo < B2 a, <2801 (0<r <12, r£2), ajqay < 2853, (F.supgates)
b, < [3}2, b2 < 467 (0 <r<12). (F.fracgates)

For n = m+1 > 3, write n = 12s + r. Unless r = 2, (F.supgates) gives A,, <237 1. In the exceptional case
s > 1; use aj3'(a;5a5) instead. Consequently the following ceilings are valid for every m > 2:

—~

Vm = (64/135)Dm+1 - /’L27 <(Hm - M)2>m S Vma (Fcelhngs)
3/2
_ 38/9)° 2 D < B

M1 4-23/2 TmAD

The variance ceiling is positive: D,, > 521/200 > 5/3 for 3 < n < 16, and D,, > 1737/200 for n > 16. The
supremum envelope’s restriction m > 2 matters: |H,|,, = 88/63 > (8/9)/,.
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The prefactor in B,, is less than one: its square is (512/81)/(9 +4v/2) < 1. Together with (F.fracgates) and
43, <5, this yields the useful but weaker comparison bound
B2 < 587" (F.fracsimple)

The density formula uses the exact table expression (F.ceilings), not (F.fracsimple). Jensen and the exact
mean also give B2 > u?; this will check the radial counting domain.

For the sixteen-step fractional bound set

D2yl

n/16 3(8/9)%2 32
16,n 16/ Jb = D( /2

n mod 16 16,m — 1+ 93/2 16,m+1>° BE?St = miH{B"“ Blﬁ,m}' (F.sixteenceiling)
Inheritance and the same fan identity prove that each is a valid 3/2-moment ceiling. In particular B2t > ;,3/2,
Both fractional ceilings are retained: their minimum is valid without requiring compatible extremizers.

Use of the moment estimates

The finite maximum, second-moment and direct fractional-moment tables supply the capacity inputs used
by the density formulas. The two transfer implementations use distinct recurrences with the same reference
law and rational table targets. The product inequality extends these finite bounds to every level. The next
section applies them to actual source weights and logarithmic-time convergence.

10. Actual-weight capacity and lower natural density

The parameterized construction supplies integer trajectories reaching one at every fixed clock above the
reference ratio, with the same root score (R.score). We now count their distinct starting integers. The
aggregate source-weight bound controls weighted sums in residue classes. An elementary maximum estimate
already gives a common positive density; the certified moment bounds refine it quantitatively. We count each
odd source together with its even multiples, using the actual source weights throughout.

Counting notation

The following lookup collects the quantities already defined in the proof.

Proof stage

Symbols and meanings

Definition

Integer trajectories

Reference distribution

Approximation

Positive root mass

Root family

Sources and reference factors

Moment bounds

w,d, A, C,,w,: inverse word,
length, total valuation, affine
offset and slope weight

Gys by fo» Pyt Tesidue group,
probability law, density relative
to the uniform measure, and its
scaled version

€y, Cg: uniform error bound from
level m to finer levels, and its
fixed coefficient

II, V(N), P: guaranteed reference
survival, total future variation
bound, and their positive
difference

R,,W,: known convergent roots
and a lower bound for their
reciprocal-root weighted marked
mass

a,, H,,: aggregate weight at
integer x, and the weighted
reference fan

Sy Vi, B+ upper bounds for
the fan maximum, variance, and
average 3/2-power
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(W.inverse), (W.offset),
(W.charge)

(T.law)

(M.constants), (M.envelope)

(R.certificate), (R.residual)

(R.pool), (R.score)

(N.fan), (N.everyclock)

(F.ceilings)



Proof stage Symbols and meanings Definition

Fractional refinement B16.m> Bbest: sixteen-step ceiling (F .sixteenceiling)
and the smaller fractional ceiling
Density conversion D(u): lower-density bound from (I.conversion), (D.radial)

an all-scale harmonic mass u

The variance bound V,, is distinct from the seed variation bound V(). In this section U denotes total
source weight, not the odd accelerated map, and T" denotes a residue-capacity coefficient.

Fix an arbitrary ¢ > ¢, = 3/log(4/3) throughout this section, and write
G.={z eNyy:7(z) <clogz}, uw=28/9, L=2log2, & =16log2/9. (D.constants)

The counting density is lower natural density, d(G,.) = liminfy-_,  #(G. N [1,Y])/Y. The clock is ordinary
unaccelerated Collatz time, and logarithms are natural unless marked log,.

Harmonic sum bound for the source weights
Fix an odd integer modulus @, a real X > 0, a radius R > 1, and a finite set of positive odd integers in
[X, RX) carrying weights 0 < a, < 1/z. Put U = }_ a, and w, = > _ @) % Odd representatives of

one residue class modulo @ have spacing 2Q. The monotonicity of 1/t and comparison of all but the first
summand with their preceding intervals give

1 < 1 n log R
xshx T X 2Q
z odd, z=r (Q)
Equivalently, with
Txqor=Q/X+ 1logR, 0<w, <Tyqr/Q, (D.residuecap)
every nonnegative residue test v satisfies
Z a, () <Tx o r(¥)o- (D.harmonic)

Here () is the full average modulo @, namely (¢), = Q! > od Q ¥ (r). In this local notation the subscript

is the modulus itself; elsewhere (-),, averages modulo 3™. The proof bounds a weighted subset by an ambient
sum; it does not infer its empirical distribution from a reference law.

Apply this to the source family produced in the terminal-source section. In addition to (N.everyclock), its
construction gives the actual radius Ry = Ry, = 16/(1 — 8 "X)) — 16, by (N.selector) and (N.scales),
uniformly in the common cutoff intervals. The source set is contained in [X, Ry X), before it is enlarged to
any prescribed [X,AX), A > 16. For fixed coarse m > 2, the terminal level k = k(X) eventually exceeds m,
and 3¥/X — 0.

Every F; in (F.fan) permutes G;. The mixing estimate (T.mix) for f and the normalization p = (2/3) f yield

([Hy — Hppomp )i < ce (D.fandiscrepancy)

m*

©| o

Indeed, sum the individual discrepancies after the affine permutations; their factors are Zpo 477 = 4/3.
Nonnegativity and absolute convergence justify exchanging sums and averages. Harmonic charging at the
fine modulus 3* then proves

8
Ay < Zame(x) + §TX73k,RX€7n, Tx v p, — L (D.coarse)

Thus the limiting error bound is exactly xe,,. Fixing A > 16 in the final shell declaration does not replace this
error bound by (4/9)log Ae,,: the physical family still has its sharper radius tending to sixteen. Conversely,
one may not assume a literal radius sixteen at finite cutoffs.
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Three capacity bounds for the same physical mass

For a fixed level m, let Q = 3™, T' = T o p . The exact mean of H,, is p, and its variance is at most
V,, from (F.ceilings). Subtract the constant U/Q from each residue mass; the centered marker sums to zero.

Then
D (w,—U/QP = w?—U?/Q < (TU —-U?/Q.

T

Cauchy—Schwarz, the maximum bound and weighted Hélder give respectively
Y a,H,(x) < plU +/V,,U(T = 1),

T (D.capacity)

2/3
> a,H,(x) <UY (Z %Hm(x)‘"’/2> <UYHT3B,,)%3.

The last inequality is (D.harmonic) applied to the nonnegative 3/2-power. All three bounds use the same
actual source weights. Their validity depends on the source-weight bound (N.charge) established before the
residue masses were formed.

Proposition 10.1 (general moment-to-mass conversion). Let s > 1 and B, ,, > (H,,),,, with m > 2

fixed. For a source-family score 0 < W < 27/2%7 set p,, = (W — ke,, ). Then

m?

(s—1)

s/
Vg (W) = —2

v W (D.generalp)

is a limiting lower bound on the available unmarked source mass: every 0 < u < v, (W) is available at
every sufficiently large scale, for every fixed containing ratio A > 16.

Proof. At a finite cutoff, weighted Holder and (D.harmonic) give

Z erm (T) < Ul_l/s (TX73m7RX Bs,m)l/s'

By (D.coarse), the left side is at least W — n — ke, — o(1) for a fixed positive graft tolerance 7. Since
T'x 3m g, — L, inversion gives every strict lower bound in (D.generalp) by first choosing a sufficiently small
fixed 7, then a sufficiently large cutoff. No positive lower bound is asserted when p,,, = 0.

Jensen and the mean p give B, ,, > p* > 0. Since p,, <W < Ly,

1/(871) W
v, (W) < Pm (&n) <z
’ w \Lp p

This lies in the radial domain (D.domain), by the numerical bounds proved there. At s = 3/2, the formula
is exactly p3, /(L?32)). O

The order is denoted by s here to distinguish it from the residual marked mass p,,. The quantity B, is a

full-group moment, not an s-norm. Further certified orders may be used in this proposition; the optimized
formulas here use the direct 3/2 tables.

Using complementary residue capacity

Proposition 10.2 (two-sided moment capacity). Let h,. > 0 on a set of Q residues, with full mean p and
(h*) < By, s > 1. Suppose 0 < w, <T/Q and ) w,h, > p, where 0 < p < Tu. Define ¢,(p,T) € (0,p/p]
by
p* . (Tp—p)°
+ =TB,.
=g
There is one such solution on that interval, and } w, > q,(p,T). If B, = p°, its value is p/p.

(D.twosidedcapacity)

Proof. Scale the weights down to marked mass exactly p, which can only decrease their total mass; call the
result u. Complementary weights 7'/Q — w, have total mass T'— v and marked mass Ty — p. Holder on the
occupied and complementary parts, followed by addition, gives

S T . S
ufil + ((T/iu)l?l < TB,. (D.complementholder)
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Here 0 < u < T. On (0,p/u) the left side is strictly decreasing: its derivative has the sign of ((T'u—p)/(T —
u))® — (p/u)®. It decreases from infinity to Tp®, which is at most T B, by Jensen. This proves the stated
solution and lower bound if u < p/u; if w > p/u, the lower bound is immediate. [

An explicit weaker inverse follows by replacing (7' — u)*~! with its upper bound 7

s/s 1)
[T{B —(M p/T) }]1/5 1) —qs(va)'

v,(p,T) = (D.complementexplicit)

Its denominator is positive. Indeed, putting a = p/T € (0, u),
By —(p—a)* 2 p* — (p—a)® 2 ap’~" >0.

Consequently 7, (p,T) < p/u. It strictly exceeds the occupied-only bound p*/(s=1) /(T B,)Y/(*=1) since the
subtracted complementary term is positive.

At a finite cutoff use T' = T'x 5m Ry the actual capacity coefficient, and a guaranteed positive marked mass
below W —n—ke,,, —o(1). First fix a sufficiently small graft tolerance 7, then take the cutoff large. Continuity
as T'— L gives every strict lower bound below the displayed inverse with p = p,, = (W —«ke,,),, T = L. Set
the inverse to zero when p,, = 0. The bound by p,,, /i also gives continuity there and keeps it in (D.domain).
Thus the same radial counting applies; no limiting capacity is imposed at a finite cutoff.

Fix a score 0 < W < W, ... := 27/2%7 for which the local source-family theorem holds. Set

Pm = (W - Hem)+7 Bm(p> = 2up + ‘/mL

2p2

U (p) = )+ /B,,(p 21V, )p?

¥, .(0) =0, (D.inverse)

P
u'rMnV(W> = maX{\I”rn(pm>7pm/S7n}7 Um(W) = 1282’ um(W) = max{u%V(W), Um(W)}

(D.massrecipe)
The stronger branches and their common maximum are

p3,

U1s, W)= 55—
" LQB%&m

3
~ pm ~ — —
Um(W> = 1.2 [B]Ta??st — (,U, — pm/L)3/2]2 (pm > O>7 Um (W) =0 (pm - 0)7 (D.reﬁnedmass)

u16,m<W) = max{um(W)7 Ulﬁ,m(W)}7
U P (W) = max{uyg (W), 0,,, (W)}

The complementary branch uses the better of the two moment ceilings. All branches concern the same actual
source family and fixed score. Their limiting mass bounds are at most W /u, as are the original branches by
(D.domain).

The label MV denotes the combination of the centered second-moment and maximum bounds; it does not
change the root score or mixing estimate. The added term v, (W) is the direct fractional-moment bound.
Fach expression estimates the same unmarked source mabb The square root and its choice of branch have
the following justification. On [0, L/ 2], the function g,,(u) = pu + /V,,u(L — u) is strictly mcreasmg, with
9,,(0)=0and g,,(L/2) > nL/2 > W,,.. Consequently there is a unique inverse for 0 < p < W, Squaring
on the branch p — pu > 0 gives

max*

The required solution is the smaller root, whose rationalized expression is (D.inverse). It obeys ¥, (p) <
p/p < L/2. Choosing the other quadratic root would assert a false capacity bound.

The radial domain will also be respected. Since S,,, > p, both benchmark branches are at most W/u. Jensen
in (F.fanmoments) gives B2, > 3. Since log2 > 2/3, L?13 > (16/9)(512/729) > 1. Therefore v, < W3 < W.
In particular

0<u,(W)<W/u< ilog(3/2) < L/2. (D.domain)

The strict numerical inequality follows already from W,/ < 1/100 and 3log(3/2) > 1/6, the latter by

integrating 1/¢ > 2/3 on [1,3/2).

max
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Lemma 10.3 (all-scale unmarked mass). For each fixed m > 2, each u < u,, (W) with u > 0, and each
fixed A > 16, every sufficiently large real X has a finite family of odd sources in G, N [X,AX), with

a, <1/z, Zam > u. (D.mass)

Proof. Fix m, A and a positive graft tolerance 1. (N.everyclock) and (D.coarse) give coarse marked mass at
least W — n — ke,,, — o(1); both fine and coarse capacity coefficients tend to L, uniformly at large cutoffs.
Apply (D.capacity). To justify the limit without postulating one zero-error graft, first allow n | 0 in these
scalar inequalities. If an asserted branch lower bound failed by a fixed positive amount for every sufficiently
small tolerance, one could choose n; — 0 and corresponding sufficiently large bad cutoffs. Their masses have
a convergent subsequence, since U < T — L. The limit U, would satisfy all three inequalities with left side
D,, and capacity L. If U, > L/2, (D.domain) already contradicts the failure; otherwise monotonicity of g,,
and the other two inversions give U, > w,, (W), again a contradiction. Hence a single sufficiently small fixed
tolerance and a single associated finite graft work for the chosen strict « and all large X. At p,, = 0, all the
asserted branch bounds are zero and there is nothing positive to prove. [J

The same conclusion (D.mass) holds for every 0 < u < uSe™P(W). For the sixteen-step branch use
(D.generalp) with (F.sixteenceiling); for the complementary branch use the finite-cutoff argument after
(D.complementexplicit). A finite maximum of valid limiting mass bounds remains valid by choosing an
attaining branch and its fixed tolerance. All lie in (D.domain).

These bounds give the explicit density recipes below. Appendix D.2 gives the stronger finite allocation
problem using the whole concentration profile, without asserting a new numerical value for the optimized
constant.

Joint harmonic allocation and dyadic counting

The dyadic tower of an odd integer is the set of its multiples by nonnegative powers of two. We keep these
multiples and their source weights together when converting harmonic mass into an integer count.

For positive x <Y, let
Dy (z) =1+ [log,(Y/x)]. (D.dyadic)

This is the number of members of that tower at most Y. Distinct odd integers have disjoint dyadic towers. Also
G. is closed under multiplication by powers of two: for r > 0, 7,(2"z) < r + 7 (), and clog2 > ¢;log2 > 1.
Thus all the counted towers remain inside the same literal logarithmic-time set.

Theorem 10.4 (conversion from small harmonic mass to lower density). Suppose, for every fixed
R > 16 and every sufficiently large real X, the odd members of a dyadically closed set G in [X, RX) admit
weights 0 < a, < 1/x totaling at least u. If 0 < u < 1log(3/2), then

32

D(u) = 55(62“ —1). (D.radial)

The function D, introduced in (I.conversion), converts weighted counts over intervals of sizes comparable to
X into density below a final cutoff. We call it the radial conversion.

Proof. The zero case is immediate. First consider one exact band (X;,16X;), where X; = Y /167, 5 > 1 is
fixed. Away from its four dyadic boundaries, the tower count on (QhXj, 2}L+1Xj) is 45— h, for h =0,1,2,3.
Relax integer selection to occupations 0 < ¢, < 1 at all ambient odd points, taking t, = xa, on the actual
family and zero elsewhere. Their harmonic mass is Y ¢, /x, and their fractional counting cost is > ¢, Dy ().
The actual integer count is at least that cost.

The cost per unit harmonic mass is Dy (z). In the first subband it increases as 4jz. The minimum in
any later subband is at least 2" (45 — h)X; > (8§ —2)X; > 6jX;. For fixed 1 < s < 3/2, all odd points in
(X, 5X;) therefore cost no more per unit mass than any remaining point. An exchange of harmonic mass
from a dearer occupied point to a cheaper unfilled one cannot increase cost. At a prescribed small mass the
relaxed minimum is thus obtained by filling the odd points nearest the bottom, with at most one partial
occupation, up to the required level.

Uniform integral comparisons and odd spacing give

1
o= $logs +O(X; 1), #{zodd: X; <z <sX,;} = 3(s—1)X;+O(1).  (D.bandcensus)

Xj<m<sz
z odd
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If the prescribed mass tends to a with 0 < a < % log(3/2), take s = ¢**. The O(X;') discrepancy in mass

changes the minimum cost by only O(j): each available point near this fixed level has mass of order Xj’1 and
cost of order j. It follows that every occupation of mass at least a — o(1) costs at least

Y
2j(e?* — 1)1—6J —o(Y). (D.bandcost)
At the upper endpoint use every smaller a and let it increase to the endpoint. Removing the finitely many
dyadic boundary points costs only O(Xj_l) harmonic mass; their extra tower copies cannot weaken a lower
count. Thus (D.bandcost) covers all boundary conventions.

The available shells do not have exact radius sixteen. Fix a packing depth J, > 1 and a fixed R > 16, then
choose the hypothesized families in the pairwise disjoint shells [Y/R?, Y /R771), 1 < j < J,. Remove sources
below Y /167. At most

% log(R/16) + O(Y 1) (D.stripdebit)

of harmonic mass is lost, by the same odd census, with constants allowed to depend on the fixed j, R. The
remainder lies in the exact band [Y/167,Y/16/~!). Its mass is at least a;—o(1), where a; = (u—%log(R/16)), .
For each positive a;, apply (D.bandcost) with an arbitrarily small fixed downward tolerance; the zero cases
contribute zero. The selected odd sources in different shells are distinct and their towers are disjoint. After
dividing their total count by Y, first let Y — oo, then R | 16 with J, fixed, and finally J, — oo. All
inequalities concern the same set GG, so source families and startup cutoffs may depend on these fixed choices.

Since 3 .| 45/167 = 64/225, the result is

2 1~ 4j 32
> — = — 2u - .
d(G) > —; > 167 ~o2a5¢ U

j>1
This proves (D.radial). O

The linear consequence is D(u) > 64u/225, which retains the factor 32/15 over the older separate packing-
and-doubling coefficient 2u/15. The nonlinear expression is stronger still, but its ratio to the linear one tends
to one as u | 0. No extra fixed multiplicative improvement is claimed from that small second-order correction.

A common positive density without finite moment certificates

Proposition 10.5 (elementary common-density bound). Suppose (T.mix) has ¢,, — 0, and a fixed
persistent pool supplies a score 0 < W < W, . = 27/227 for (N.everyclock). Choose one fixed m > 2 such
that ke, < W /2. Then

AW

Ve > ¢y d(g.) > S5om 0. (D.elementarydensity)

Both W and m are fixed before ¢. This deduction uses no moment certificates at level twelve or sixteen.

Proof. Such an m exists because €,, — 0. The elementary recursion (B.markercap) and the fan definition
(F.fan) give

- 8
1H oo < Z47J||pm”oo < -2m, (D.elementarycap)
=0 9
For a fixed ¢ > ¢, the source theorem (N.everyclock) and (D.coarse) therefore supply every mass strictly

smaller than
W — ke, 9w

—_— > = —_—
(®/9)2m ~ “m T 1gom
Indeed, for a fixed positive graft tolerance 1), the finite coarse marked mass is at least W — n — ke,,, — o(1).

First make 7 small enough for the desired strict mass, then take all cutoffs sufficiently large. This works for
every fixed containing ratio A > 16, using the actual radius tending to sixteen.

Since m > 2, a,, < W < Wy, < 1/100; also 1 log(3/2) > 1/6, by integrating 1/t > 2/3 on [1,3/2]. Thus
every 0 < u < a,, is in the radial domain. The set G, is dyadically closed as proved above. Apply (D.radial),
let u T a,,, and use continuity and D(u) > 64u/225:

64 9W AW
> D > =
d(Ge) = Plan) 2 555 769m ~ 2w
The fixed score and coarse level have no dependence on c¢; the graft and eventual cutoff may have such a
dependence. [
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Explicit density bounds

Define
eypy (W) = max D(uMV(W)), cpm (W) = max D(u,,,(W)). (D.densityrecipe)

m>2 m>2

The two refinements are
CFM,lG(W> = Ig%l%( D(ulﬁ,m(W»?

Ceomp (W) = max D(uSo™P(W)).

comp m>2

(D.refinedrecipe)

Here comp denotes complementary residue capacity.

Here FM stands for fractional moment. The two formulas ¢y and cpy; optimize the same score, finite tables,
mixing error bound and counting function; only the fractional-moment branch is omitted from cpy,. These
are the complete optimized formulas, rather than the simpler exponential upper bounds used to compare
them.

Theorem 10.6 (quantitative density at every larger clock). With the canonical primitive input
(M.primitive), survival theorem (R.certificate) and finite certificates (F.finitetarget), every source-family score
O<W<W, from a fixed convergent antichain satisfies

max

d(-g('> > Ccomp(W) 2 CFM,lG(W>

(D.headline)
> cpn(W) = epy(W) >0 (e > ).

In particular the baseline score W, gives
Ve > ¢ d(G.) > ey (W,) > 0. (D.everyclock)

All scores and density functions are independent of ¢. The same implications hold for any fixed integer C' > 1
satisfying (M.primitive), with its corresponding mixing, startup and score recipes. For fixed ¢ > ¢, and any
strict lower bound d < ¢ (W), all sufficiently large X have #(g,.N[1, X]) > dX.

comp

Proof. The reference-mixing, seed-mark and persistent-root sections provide the graft premises: (R.graftinput)
discharges (G.marks), and (N.everyclock) supplies all-scale source families in the fixed set G... For each m, use
(D.mass) and its extension to (D.refinedmass), followed by (D.radial). Let the strict mass bound increase to
the corresponding limiting value and use continuity of 2. Taking the supremum gives each density formula.

Each supremum is a positive attained maximum. The error envelope tends to zero, so p,, > 0 eventually.
The maximum branch tends to zero by (F.spike), and the centered inverse tends to zero since V,, — oo and
W, < 2W?2/(V, L). Both fractional branches tend to zero because by, byq > 1. Finally BP* — oo; once it
exceeds 243/,

ﬂm(W> < 4ma‘X{U7n(W)a Ulﬁ,m(W)} — 0.

This follows by bounding the subtracted complementary term by 1?/2. Thus each positive mass sequence tends

to zero and attains its supremum at a finite level. Inclusion of branches proves the non-strict comparisons.
Section 11 proves the strict improvements.

The pool and score precede ¢ by (N.everyclock); none of L, k,€,,, the moment ceilings or the optimizations
depends on c. Only the graft and eventual cutoffs do. The final counting assertion is the definition of lower
density. In particular, ¢ = 10431/1000 gives the certified numerical specialization. O

Corollary 10.7 (an unspecified vanishing clock loss). If a constant d, > 0 satisfies the common-clock
conclusion above, there exists a nonincreasing 7 : [1,00) — (0, 00), with n(z) — 0, such that

d{z>1:7(x) < (cyg+n(x))loga} > d,. (D.vanishingclock)

In particular one set of lower density at least dy has limsup, , 7 (x)/logz < ¢y, with the limit restricted
to that set. No decay rate for 7 is specified.

Proof. Put A; = G, .q/;; these sets decrease with j. Choose strictly increasing integer cutoffs X; > j such
that #(A,;N[1, X]) > (dy—1/4)X for every X > X;. Set n =1/jon [X;, X;,;) and n = 1 below X;. If X is in
the j-th band, every point of A, below X satisfies the new clock bound: its earlier band has allowance at least
1/j. The resulting set therefore has at least (dy; — 1/j)X points below X. Let X — oco. This diagonalization
uses the nested fixed-clock sets; the endpoint ¢ = ¢, is discussed in Section 5. The same proof applies to any

fixed target with a common density constant throughout ¢ > ¢,. O
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Theorem 10.8 (finite-pool transfer to a fixed target). Under the same analytic and moment inputs as
(D.everyclock), fix a positive target y, and a nonempty finite pool satisfying (G.marks), (W.antichain), and
the finite root-to-target path hypothesis of (N.targetfamily). If 0 < W < W, then

Ve > cq A(G.(4,)) 2> Ceomp(W) > cppy(W) > 0. (D finitepool)

Without the moment-table premise, the same pool gives the elementary bound (D.elementarydensity), with
G.(y,) replacing g..

Proof. Apply (N.targetfamily). Every step of the harmonic-capacity and coarse-transfer argument uses its
source weights, radius and precision; none depends on which fixed target is eventually visited. The target-
clock set is dyadically closed because 7, (2"z) < r + 7, () and clog2 > 1. Thus (D.mass), including its
refined branches, the general set formulatlon of (D. radlal) and the attainment argument in (D.headline) give
the bound. The elementary maximum argument proves the table-free variant. The pool, score and coarse
estimates precede ¢, so one constant works throughout its stated range. [

Corollary 10.9 (odd sources in every large shell). Fix ¢ > ¢5, A > 16, m > 2, and 0 < u < u,, (W) for
a score in (D.everyclock). Then for all sufficiently large real X,

#{r e G.N[X,AX): z odd} > uX. (D.shellcount)

Indeed, (D.mass) as used above supplies unmarked mass at least u, and each source has weight at most 1/X.
Marked mass alone would not give this count. The assertion uses A > 16 and a strict mass below the limiting
bound.

Every prescribed target not divisible by three
Two complete incoming periods suffice for the general target theorem.

Theorem 10.10 (every fixed positive unit target). For every positive integer y,, 3 } y,, an effectively
defined d,, > 0 satisfies

Ve > ¢y d(G.(y,) = d, . (D.everytarget)
Proof. Use the selected startup N and ¢ = gy, as in (R.markapplication). Write y, = 2y, with y odd. In
(W.constructor), choose t, > 0 so that X, (y) > 16° and 2t,+e(y) > v+ 1. Take the unit roots in each of the
disjoint index intervals [ty, t, + 3%) and [ty + 39, ¢, + 2 - 3%). Each contains one root in every unit residue. All
roots have next odd value y. By the cycle-predecessor lemma of Section 1, at most one root in their union is
periodic. At least one whole block therefore satisfies (W.antichain).

Let
Mmax = Xt0+2~3‘1—1(y)7 I/Vy - HllIl{ max? KqP/Mmax} > 07 dy* = CF‘M(V[/y*)‘ (D.targetscore)

The identity (B.physical), uniform over roots, and full future variation bound (R.latermarks) give z, =
(gn(r)—=V(N)), on either block, with ) 2, > K P. Hence the suitable block has ), 2),/M > K P/M,,,..
Its root indexed by t reaches y, along the ordmary odd-and-halving segment in 1+ 2t +e(y) —v steps These
specified finite paths need no information about the orbit after y,. Apply (D.finitepool).

The score recipe is effective and the same for either candidate block; no cycle-detection procedure is needed
to define it or to prove that one block is suitable. All choices are finite and precede c. With the qualitative
analytic input, (D.elementarydensity) instead gives 4W, /(252™) > 0 at one fixed m making the mixing
error smaller than half the score, without the large moment tables. [

This proves (I.targets). It does not assert convergence of the target.

Corollary 10.11 (one-period quantitative target score). Retain the selected startup ¢ = qy, K = K,
B =B,, P=11-V(N) and the index ; of the preceding proof. Set

KP—-B
My =X, 1301(y), Wpre = BT (D.oneperiodscore)
Then 0 < Wy < 274096 and
Ve > ¢t A(G:(Y) = Coomp (W) > 0. (D.oneperioddensity)
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Its score strictly improves the two-period value in (D.targetscore):

one
Wi > 1437, (D.oneperiodgain)

Y

Proof. Equations (R.denominator) and (R.conductorguards), with b = 22°, N > 16, and 3/2 > /2, give

% _ P(3/2)q > 2q/271575N76305 > 2(b/271575)N76305 > 2. (D.singlecap)

The last exponent is at least 268403951. One full unit period has persistent marks totalling at least KP.
Remove its periodic root if present. There is at most one, so its removal costs at most B; the remaining pool
is nonempty and satisfies (W.antichain). It retains the specified finite paths to the actual target, including
its even factor. Root-uniform persistence gives score at least (K P — B)/M,. Apply (D .finitepool).

For the domain, put 7 = 3%. The recurrence X, (y) = 4X,(y) + 1 gives M; > 16°471 while KP < K < T
and T'/4"~! < 1. Hence W < 1670 < 27409 If M, = Xy, +2r—1(y), the same recurrence gives

M, = 4T M, + (47 —1)/3 > 4T M;.

The clipping in (D.targetscore) is inactive by the same domain bound. Since KP — B > KP/2, division
proves (D.oneperiodgain). The score is a finite rational recipe; no cycle-decision procedure is needed to
define it. The two-period construction remains available for the qualitative theorem without the scalar cap
comparison. [

Corollary 10.12 (exact obstruction to positive-density hitting). For every positive integer y and
every fixed ¢ > ¢,

‘d(.gc(y)) >0 < 3}t ‘ (D.targetcriterion)

Proof. 1f 3 } y, apply (D.everytarget). Suppose 3 | y. An odd predecessor of a number divisible by three is
impossible, since 3x +1 =1 (mod 3). Its only predecessor is therefore its double, which is again divisible by
three. Iterating this observation backwards along any finite path, and conversely taking repeated halvings,
gives

{r>1:7,(2) <oo} = {27y :jeZ.y},

(D.divisiblepredecessors)
#lr< X7 (r) <oo} =1+ |log,(X/y)| = O, (log X) (X >y).

The full predecessor basin has natural density zero, and so does its subset G.(y). O

There can be no positive density constant uniform over all admissible targets: the predecessor basins of the
infinitely many distinct R, > 1 with 3 } s are pairwise disjoint, and these targets are units modulo three. If
any J such basins each had lower density at least d > 0, their union would have lower density at least Jd < 1.
Letting the finite number J increase rules out a common positive d.

Remark (a score from one persistent root). At least one root M from (R.pool) has a fixed score
Wy > 0 such that, for every ¢ > ¢,

d{z: 7 (z) < cloga} > cpy(Wyy) >0, (D.roottarget)

where 7;, is the least ordinary hitting time of M.

Proof. By (R.persistence), > 2z, > K P > 0. Choose the first s, in increasing order in the finite set §,
with z, > 0, put M = R,, and take W,; = min{z,/M,W, ..} > 0. These are finite rational operations,
although no numerical target is evaluated here. The singleton pool obeys (G.marks) with that score. Every
constructed inverse history passes through M, so its bound on time to one also bounds its time to M. The
latter logarithmic-time set is dyadically closed. Repeat the proof of (D.everyclock) for this set. This singleton
argument selects a positive entry of the persistent vector; it does not assert that every entry is positive. [J

Remark (one-block construction for a convergent target). For every fixed convergent odd unit y, the
set §.(y) has positive lower natural density, with one target-dependent constant for all ¢ > ¢,. Indeed choose
a barrier exceeding 16° and every odd state on the finite trajectory of . A complete period of the roots X, (y)
above that barrier is residue-complete and a convergent antichain: after its first odd step every later odd
state is below the barrier. The persistent vector has positive total mass on this block. Apply (D.finitepool)
with target y.
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Corollary 10.13 (qualitative analytic input). A single positive lower density bound for all ¢ > ¢, follows
from the local primitive theorem and the seed, persistent-root, graft and terminal constructions, without the
large finite moment certificates. Alternatively, Tao’s published reference-law estimates [1] suffice without
specifying a numerical analytic coefficient.

Proof. For the local route, (E.primitive) supplies (M.primitive), Section 6 gives its mixing envelope, and
Sections 7-8 give a fixed positive score. Choose one coarse level at which the error is less than half the score,
and apply (D.elementarydensity). This needs no large moment certificate.

For the alternative route, [1, Proposition 1.17] applied at order 6409 gives (M.primitive) for an integer
coefficient C' > 1, with the Fourier sign changed by conjugation when necessary. Section 6 and the finite
startup argument then give a positive score W (C).

Alternatively, [1, Proposition 1.14] supplies (T.mix) with unhalved error K ym~4. Take A = 2314/25 and an
integer C' > max{K 4, 28838}, The envelope in (B.coefficientscope), the survival bound IT = 24/25, and the
root allocation give a positive score. In either case decrease the score into (0, W, .. ], choose a coarse level
with error less than half that score, and apply (D.elementarydensity).

In every route the coefficient, pool, score and coarse level are fixed before c. The law and norm are those of
(T.law) and (T.mix). O

The alternative scores depend on their chosen analytic coefficients. The explicit density formulas use C,imitive
and the finite tables of Section 9.

Corollary 10.14 (explicit rational specialization). For rational 0 < W < W, satisfying the source-

family theorem, let
500, 25/2314
- 2,1 (=L .
=2 (351)

Then the bound announced in (I.rational) holds:

4
e (W) > @W3(57/50)_m°. (D.explicit)

Proof. The chosen envelope obeys ¢, < Cﬁm:2314/25 < 2W/5. Since k = 16log2/9 < 100/81 < 5/4,
its residual p,, is strictly greater than W /2. Using L? < 2, (F.fracsimple), and the fractional branch in
(D.massrecipe), gives
W3
W)> ———.
un (W)> 557 /50)™

The inequality D(u) > 64u/225 proves (D.explicit). The logarithmic bounds used here follow from log2 <
25/36; then L? < (25/18)? < 2. For the canonical integer Cy; and rational W, the least integer in the ceiling
is determined by

m2314(2w)25 > (506)25'

Clearing denominators makes this an integer comparison. The recipe terminates, although its integers are
not of practical size. O]

For any constant strictly below the displayed density bound, the proof supplies an eventual all-cutoff lower
bound with that constant. A lower density liminf alone does not assert exact attainment of the displayed
constant at every sufficiently large finite cutoff. Neither the fixed root pool nor the finite coarse precision is
chosen anew at each cutoff.

The estimate combines the source-family theorem, the reference-moment bounds and the counting argument
above. Its analytic input is the primitive Fourier theorem (M.primitive); the survival and moment certificates
supply the stated finite inequalities. It remains to quantify the improvement over the formula without
fractional moments.

11. Quantifying the fractional-moment improvement

We first compare the twelve-step fractional-moment formula with the optimized maximum and second-
moment bounds. Its fractional branch has slower growth in the ternary level, but contains an extra power
of the small marked mass; the comparison must account for both effects. We then prove the strict im-
provements from sixteen-step propagation and complementary capacity, retaining the same mixing envelope
(M.envelope).
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Two properties of the certified error envelope

For every integer n > 2, the explicit formula (M.envelope) satisfies

> —n %, e < e
™= 300 m=m"

€ (m>n>2, ¢, <2). (Q.error)

These inequalities describe the envelope (M.envelope

To prove them, use log2 < 25/36. Throughout the compact range 80 < v < 679/5, one has ¢, < 95 and
a(v) > 1, while A = 2314/25 < 95. The latter exponent bound follows already from 6407 —(25/72)(679/5)% >
1. Every nonconstant candidate in (M.envelope) therefore decreases at least as 71 in the second term of
(M.widthbound), ¢, > 2 and 1/logz is also decreasing. If €, < 2, a nonconstant candidate attains that
minimum. It remains available at every larger level, including when crossing m,, where more choices are
added. This proves the second assertion. Compactness and continuity ensure attainment of the width

minimum.

For the first assertion, the second positive term of each compact-width candidate is at least

32 95 1 o5
952"~ 300"

using logn < n and ¢, < 95. The constant two and Cgn~4, with Cy > 1, also exceed this floor. Taking the
minimum proves (Q.error) without estimating the actual reference discrepancy from below.

A bound for the maximum and second-moment formula

Fix 0 < W < 27%0%  put @ = log,(1/W), and let
n=min{m > 2: W > ke, }. (Q-firstpositive)
This minimum exists because ¢, — 0. Since £ > 1, (Q.error) implies W > n~% /300, and hence
n > 2@=9/9% > 1000(2a + 32),  n > 32. (Q.largeconductor)

For the second inequality, at a = 4096 the middle expression exceeds 243 > 1000(2-4096+32). The logarithmic
derivative of its ratio to 2a + 32 is (log2)/95 — 1/(a + 16) > 1/190 — 1/4112 > 0 thereafter. The constant
k> 1 follows from log2 > 2/3.

For the collision table, exact rational comparisons give

64 1
16 14
e > (8/7)°, 7135<7/8) > 16

Because every remainder e, > 1, writing m+ 1 =165+, 0 <r < 16, yields

(64/135)D,,,, > —(8/7)™.

1
16
At m > 32 this exceeds 2u2, so

1
v, > §(8/7)m. (Q.variancefloor)
This is a lower bound for the ceiling V,,,.

If U = Y,,(p,,), the correct inverse relation in (D.inverse) gives p,, = pU + /V,,U(L —U), with U <
L/2. Thus U < 2p2,/(V,, L) < 64W?(7/8)™, since L > 1. The other benchmark branch obeys p,,/S,, <
(3/2)W(2/3)™, by (F.spike), since S,, is a valid upper bound for that maximum. All branches vanish at m < n.
For every m > n, both benchmark branches are at most 64W (7/8)™. Their actual masses are also less than
1/2, by (D.domain). On 0 < u < 1/2, convexity of the exponential and e < 3 give e?* — 1 < 2(e — 1)u < 4u.
Here e < 3 follows by summing 1/k! < 2-%~1 for k > 2, with strict inequality at k = 3. Therefore

8192
ey (W) <

< ﬁW(US)” (Q.oldbound)

The comparison bounds the formula cyy, .
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Strict improvement over the optimized benchmark

Choose m = [101n/100], solely for this comparison; the headline still optimizes all levels. The definition of
n implies €, < W/k < 2, so (Q.error) proves

Dy = W — ke, > W(1 —n/m)>W/101. (Q.residual)
From (F.fracsimple), L? < 2, and D(u) > 64u/225,

64 3 —m
e (W) > WW (57/50)~™. (Q.newbound)

The bound L? < 2 follows from (25/18)? < 2. Dividing by (Q.oldbound), and writing By = 57/50, gives

epag (W) W2 ( 8/7 )n

>

env (W)~ 128010135, \ gi01/100 (Q.paid)

> 2n/100072a731 > 2.

The middle inequality is exactly the pair of rational inequalities
(8/7)10%0 > 23019, 1280 - 101°3, < 231, (Q.ratechecks)

and the last is (Q.largeconductor). Each inequality is verified by integer cross-multiplication in the finite
driver. Unlike an interpolation heuristic, the strict exponential separation compensates for the extra W and
the fixed displacement of the chosen coarse level.

The auxiliary first positive level can be eliminated from the comparison. For every 0 < W < 274096 with
a = log,(1/W), we obtain

crm (W) < 92(¢79/95/1000-2a—31 , o
evv (W)

Indeed, substitute n > 2(@9/% from (Q.largeconductor) into (Q.paid). The other inequality in
(Q.largeconductor) gives 2(@=/95 /1000 — 2a — 31 > 1. This proves the stated strict factor for the complete
density formulas, with no new estimate or choice of roots.

(Q.explicitgain)

Combining (D.everyclock), (Q.paid) and (R.scoredomain) gives

‘Vc >c: d{z:m(x) <clogz} > cpy(W,) > 2¢yv(W,) > 0. ‘ (Q-headline)

The explicit specialization ¢ = 10431/1000 is included. With ¢, = cpp(W,), (D.everyclock) proves (I.main),
while (Q.explicitgain) gives the stronger comparison (I.gain). The bound uses (M.primitive), its specified
coeflicient, the finite certificates and the auxiliary estimates proved above. Both comparisons keep the root
score and mixing estimate fixed.

Improvement from the sixteen-step and complementary bounds

Theorem 11.1 (strict refinement at a fixed score). For 0 < W < 27499 with a = log, (1/W),

1369

G5, CFM (W), (Q.sixteengain)

Ccomp<W) > CFM,16(VV> >

and
CFM,16(W) < 92(*79/% /3010

cpmn(W)
All formulas have the same root score and mixing envelope.

(Q.sixteenscoregain)

Proof. Let m, attain the positive maximum defining cgy(W). By (Q.paid), its attaining branch is fractional.
Write n = m,+1 =48t+r, 0 < r < 48. Equation (Q.largeconductor) gives t > 5. Every fractional remainder
is at least one, and all rows are at most b,4; hence

DR zh, DY <
The exact scalar comparisons are
biy > b, 25b79 > 37b18, bi9 > 16bjg,  bS4 < 256. (Q.sixteenguards)
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Writing R = b},/b3s, the first pair implies Dsf’/2>/D<1?é<i> > R'/b3s > 37/25. The common residual and fan
prefactor cancel, so vy ,,, > (37/25)%v,, . Increasing convexity of D, with D(0) = 0, proves the factor
1369/625 after optimizing.

For the stronger estimate, the last pair gives R® > 16 and
(D§/2>/D(1?é/i))2 > th/b?6 S 9(8/5)t=8 < 2n/30—107

since t > (n — 47)/48 and 47/30 + 8 < 10. Use n > 2(¢=9/9 and the same density conversion.

Finally, a maximizing branch of cpy 16 is also fractional: cpyp 16 > cpyp > ¢y excludes both nonfractional
branches. At that level the positive complementary term makes 7, strictly larger than both occupied-only
fractional bounds, since it uses BL*. Monotonicity of D proves ¢.omp > Cpaig- All masses remain in
(D.domain). O

How a larger root score improves the full formula

Theorem 11.2 (cubic score comparison). For the fixed retained envelope and finite tables, if 0 < W; <
274096 and W, < Wy < W, then

max?

e (Wo) > (Wo /W1 )3 ey (WH). (Q.cubicscore)

Proof. The positive maximum at W, is attained. By (Q.paid), no benchmark branch can attain it, so at
a maximizing level m, cgpy(W;) = D(v,,,(W;)) with v,,(W;) > 0. Put a = Wo/W; > 1, § = ke,,,. Then
Wy —68=a(W, —36)+ (a—1) > a(W; —§); hence v,,(Wy) > av,,(W;). Strict convexity, monotonicity and
D(0) = 0 give D(a3u) > a*D(u) for u > 0. Maximizing at W, proves the claim. All intermediate masses are
at most v, (W,), already in (D.domain). O

The small-score hypothesis is used at the smaller score to prove which branch attains the maximum. Merely
including a cubic branch would not suffice. The inequality is a lower comparison between certified formulas;
it gives neither their exact ratio nor an upper bound on that ratio. The same argument for a globally active
order-s branch gives exponent s/(s — 1), provided its dominance is separately proved. For cgy 16, such
dominance follows from cpyp 16 > cpy > ¢y at the smaller score. A maximizing branch is one of the two
pure fractional branches, whose denominator depends only on its level. The identical proof gives

erm,16(Wa) > (W /W) epn 16(W1).- (Qsixteencubic)

The denominator of ©,, also depends on the residual; no cubic score comparison for ¢y, follows from this

argument. The pure-fractional comparisons remain available as lower bounds through the retained formulas.
Appendix C supplies the available scores Wéﬁ)im > AW, > E,W, > 0, all below 2749 Therefore
(D finitepool), with target one, and (Q.cubicscore) give a strictly stronger common-density bound than the

baseline (Q.headline). The explicit comparisons are stated in (C.densitygain). The meaning of W, is un-
changed.

Finite level search

Each density formula can be approximated effectively. Once a positive rational incumbent for the mass
maximum has been certified, a finite level cutoff follows from the decreasing tail bound, valid for m > 32,

Uy (W) < 64W2(7/8)™ + 3W(2/3)™ + 4W3p, 2L I/12) (Q.searchtail)

The first two terms were proved above without the additional assumption m > n. For the third, all b, > 1
and the squared fan prefactor exceeds 1/4: indeed (512/81)/(9 + 4v/2) > 512/1215 > 1/4. Also L? > 1.
This gives the stated tail, which tends to zero and can be bounded by exact rational arithmetic when W is
rational. The actual W, is rational by (R.greedy) and the finite rational startup recipe. A rational positive
incumbent exists, for example by using ¢, < Cgm ™ at a sufficiently large explicit m and certified logarithm
bounds. Compact-width minimization on a fixed bounded interval uses continuous elementary functions
with computable uniform error bounds. The remaining finite maximum can therefore be approximated to
any prescribed accuracy, using certified enclosures for its finitely many values.

For the refined formulas, a tail valid for m > 32 is
uSmP (W) < 64W2(7/8)™ + 3W(2/3)™

B B (Q.refinedtail)
16 (s 2D/ 2l iely
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Indeed both fractional fan ceilings exceed 24:/? there: the common prefactor exceeds 1 /2, every remainder is

at least one, and b3y, big > 4. Thus 0, < 4max{v,,,vy4,, }. The argument for the third term of (Q.searchtail)
applies to each fractional block length. This proves the displayed tail and finite search for both new optimizers.
Their expressions are continuous at zero residual by their common bound p,,/u, so equality decisions at a
zero residual are unnecessary for approximation to a requested accuracy.

The absolute scale of the density formulas

Proposition 11.3 (score-to-density scale). Put a = log,(1/W) for 0 < W < 27496 and define
my (W) = max{2, [(3Cs/W)?>/2514] }.

Then i
55 om. (W) < epp(W) < 472727 /6, (Q.formulascale)

Proof. The first positive level n of (Q.firstpositive) satisfies n > 2(@=9/9 > 32 In (Q.searchtail), use
bis > 2, (8/7)% > 2, (3/2)° > 2, and |[(m + 1)/12] > (m — 11)/12. TIts three terms are respectively at
most 64W?22-™/6 (3/2)W 2-™/6 and 16W?32-™/6 since 2'/6 < 4. As W < 1, their sum is at most
(163/2)W 2=™/6. The recipe vanishes below n; on its radial domain D(u) < (128/225)u. Maximizing and
using (128/225)(163/2) = 10432/225 < 47 proves the upper bound.

At m = m (W), (M.envelope) gives ¢,, < Cqm™234/25 < W /3. Since k < 5/4, the resulting error is less
than /2. The maximum branch has S,, < (8/9)2™; its inverse and D(u) > 64u/225 give the lower bound,
exactly as in (D.elementarydensity). O

These bounds concern the chosen formula. The error-envelope floor used for the upper bound is not a lower
bound on true mixing error. For fixed Cy and tables, as W | 0, they imply

a 25a

5 O(1) < log, log,(1/cpy(W)) < %314 + O¢, (1). (Q.logscale)
For fixed H, P > 0, (R.scorelower)—(R.scoreupper) give W(q, P) = 2796 as ¢ — oc. Multiplyingq by the
fixed 2, retains this score scale; composition with (Q.formulascale) gives cpy; (A, W (¢, P)) = 272", This
describes the formulas at fixed parameters as the residue level grows. The canonical level satisfies the domain
bound (C.domainguard).

The upper bound in (Q.formulascale) retains its literal twelve-step meaning. For the strongest retained
formula, a separate estimate is

a—9)/95

Coomn (W) < 55W 2752

comp

(0<W <274% ¢ =log,(1/W)). (Q.refinedscale)

To verify it, the rational rows satisfy b3, > (11/10)'2, b3; > (11/10)'®, and b},,b3; < 6. For either block
length d = 12,16,
by I < p2(10/11)m 4 < 6(10/11)™.

Hence each pure fractional mass is at most 24W3(10/11)™, and the complementary one at most
96W3(10/11)™ for m > 32. The two nonfractional branches are bounded by 64W?2(7/8)™ and (3/2)W (2/3)™,
so their maximum together with the complementary branch is at most 961 (10/11)™, since W < 1. All
branches vanish below the first positive level n. Use D(u) < (128/225)u, (128/225)96 < 55, (11/10)% > 2,
and n > 2@ 9/9  This proves (Q.refinedscale). The lower bound in (Q.formulascale) remains valid by
inclusion of the old formula. Thus the two-sided logarithmic scale in (Q.logscale) also holds for cgys 16 and
c with their own constants. These upper bounds concern the defined density formulas.

comp’

Comparison with Mazur’s printed bound

With Ls(x) = log, log, log, z, (E.coefficientcomparison) gives L3(Cpimitive) < 176 and Lg(CHEz ) > 2172
Appendix B proves that this coefficient decrease strictly improves the baseline density formula, accounting

for both startup rounding and score allocation.

We compare the actual arithmetic recipes, retaining the root parameters printed in [3]. The printed primitive
coeflicient remains C’g/rliarflitive, while ours is the smaller local coefficient in (M.canonicalC). The printed sixth-
order adapter is Cyy,, from (M.sourceadapter), while our proved adapter is Cy = 2D +2 < Cyy,,. To preserve

the literal printed benchmark, write

Fb,Maz = 2467b16b(CMaz + 1)
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The marker normalization contributes the single factor 2/3 in (M.marker); it is not absorbed into either
coeflicient.

Write bMaz = 280, HMaz = 2bMaz + 17 and
tMaz = ’Vlog2 FbMaz’MaZ]’ NMaz = QOOOO(tMaZ + 64)’
Starting from (3, = by, let ;.1 = B; + [8;/100] and
G = D (B;+[38,/5]) + By, /4)-

J<NMaz
These expand the recurrences in [3, equations (8.1)—(8.4)]. Its printed constant in equations (8.5)—(8.6) is

2q 3 .
M — 4HMaz+3 Maz’ mMaz = |-<88MCMaz>1/6J —+ 1, CMaz = m (Q.mazrec1pe)

Proposition 11.4 (comparison with the printed constant). The selected score satisfies

22208 44416

W, >M1, ey (W) > o5 Maz cpnm (W) > R25 Maz-

(Q.mazgain)

Proof. Our construction starts at b = 225, with ¢ = [log, Fy,|, N < 4t/5, ¢ = qy, and H = 2b + 1.
Since Fy v, > Fy, and these formulas increase with b, ¢, > ¢ and Ny, > N. The floor recurrence, the
summands in (B.conductor), and the terminal quarter are nondecreasing in their initial value. The extra
positive summand gives gy, > ¢ + 1; also Hy,, > H.

By (R.scorelower), (R.denominator), and (R.conductorguards),

log, (W, M) > 3 — 1575N — 6305 + qlog, 3 + 2(Hyy,, — H) + 2(3%s — 39)
>4-37—q—6302 > 0.

Here ¢ > bN > 1575N. The final expression is already positive at nine and increases thereafter, whereas our
levels exceed nine. This proves the first assertion.

Set m = myy,, > 2. The chosen envelope (M.envelope), with exponent 2314/25 > 6, gives

1 347
< Cem ™0 < Cyppym ™ < ——— T
em = 00m DS O™ TS S0 Pm 7 3500
using £ < 5/4 and W, > M 1. Since S,, < (8/9)2™ and D(u) > 64u/225,
T 22208
110002 825 Maw

The radial domain is (D.domain). Finally (Q.paid), applied to W, using (R.scoredomain), gives the last
assertion. O

8 —m
CMV(W*> > @<pm/Sm> = %pm2

Retaining the symbolic score in the same calculation gives a stronger comparison. Put R = W, M and

E, = 4-37—q—6302. The proof above gives R > 2% > 1 and, at m = myy,,, p,, > (R —5/352)/M.

Therefore

(Q.mazsymbolic)

env(W.) _ 2048 (R—i> eon (W) _ 4096 (R—i)
o 75 352) o 75 352)

The first bound uses (8/25)/(3/256) = 2048/75; the second uses the certified factor greater than two at the
same W,. Substituting 2%« for R preserves strict lower bounds. The comparison is symbolic in the score and
conductor.

Thus the conservative factor over the printed constant is 44416/825 ~ 53.8376. Against the benchmark
obtained by doubling that constant through dyadic closure, the factor is 22208/825 ~ 26.9188. The explicit
numerical clock specialization here is 10431/1000 = 10.431, compared with 523/50 = 10.46 in [3]; both count
ordinary Collatz steps and use natural logarithms.

This printed benchmark is distinct from ¢y (W), which fixes our root family and optimizes the maximum
and second-moment estimates. The former comparison measures the change from the stated earlier bound;
the latter isolates the direct fractional-moment gain. The benchmark [3] also includes a single explicit finite-
cutoff recipe. Here the proof gives effective eventual thresholds for every strictly smaller density constant,
without assembling them into a comparable final cutoff formula.
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Further quantitative improvements

The convex-order inequality (F.convexfan) and optimal allocation formula (D.hinge) in Appendix D identify
a further route: certify upper-tail profiles, then compare the resulting density bound with the complete
ccomp(W*), keeping the roots and mixing envelope fixed. The challenge is to propagate the finite distributions
efficiently while preserving certified upper bounds and to control the remaining level search. A quantitative
comparison can use the exact two-sided inverse (D.twosidedcapacity) as well as propagated profile bounds.

Other direct moment orders can be used in (D.generalp). Interpolating existing moment ceilings is insufficient
on its own. Indeed, suppose 1 < s5 < s, 0 < oo < 1, s = asy + (1 — «)s;, and the only new bound is
B, = B, B;l"". For a positive residual p, let v, = p*/(*~Y /(LB,)Y/ 5=V, Tts logarithm is the weighted average
of logv, and logv, , with weights a(s; —1)/(s —1) and (1 —a)(s; —1)/(s —1). Thus it cannot exceed
the better endpoint branch. New direct certificates or additional distribution information are needed. The
rate statement (F.divergencerate) does not by itself improve the capacity formula as the order decreases. For
exact fan moments and residual p > 0, its full logarithm is

s log L
1 — —D
7 log(p/p) — —

logvs = s(Hm/,U')v

where D, (h) = log(h®),,/(s — 1) for a mean-one density h. The residual and capacity terms remain in this
formula alongside the divergence. Adding a certified branch to the maximum can never decrease the bound;
a strict gain still needs proof against the whole optimized formula. Polynomial or subexponential collision
and fractional-moment bounds remain open.

Absolute density also depends on the root score. From (D.domain),

(W) < 32 (W4 —1) ~ ﬁW (W 1lo0). (Q.scoreceiling)
225 25
This bounds the certified formula, not the true convergence density. Even the exact residue-capacity optimum
satisfies C,,(p,,) < W/u, by the feasible uniform allocation in (D.hinge). Thus a substantial absolute lower
bound requires improving the root score or using further constraints on the actual sources, in addition to
improving concentration estimates.

A separate analytic route concerns the head localization in Section 6. With the present squared-width loss,
its two competing exponents are

a(v) = 6407 — 1 (log 2)v?, ¢, — 1= (log2)v—1. (Q.headtradeoft)

The first decreases and the second increases with v > 0. Their equality determines the best asymptotic
exponent within this specific tradeoff; v, = 6749/50 gives the retained exponent 2314/25 with explicit rational
slack. Improving the quadratic localization loss, or replacing that argument by a multiscale or exponential-
moment estimate, could improve the resulting exponent. Such a change must reprove the head-frequency
estimate, rejection bound, level induction and complete envelope with explicit constants.

The parameterized clock is established in (N.everyclock)—(D.everyclock), with the full fixed density bound
for every ¢ > 3/1og(4/3). The endpoint clock remains unproved. A family of bounds valid for every strictly
larger coefficient does not imply the endpoint, and the reference-model mean does not establish deterministic
optimality below it.

Appendix A. Comparison of fixed-depth and first-crossing seeds

This appendix compares the fixed-depth seed with a central first-crossing benchmark. The constants of both
constructions are specified below. Throughout this appendix b = 22°, the sequence b; and the root index
origin H = 2b+1 are fixed. The following comparison is uniform in a fixed integer primitive coefficient C' > 1.
Put D = C20%1%; use the same C in both seed recipes. The canonical instance takes C' = Cpimitive- The
comparison with [3] takes C' = C’gfﬁfﬁtive. Each comparison uses one common value of C'. In this appendix

W, denotes the fixed-depth score at that coefficient; it agrees with (R.score) in the canonical instance.

The two seed recipes

Use + for the fixed-depth seed and its local adapter, and — for the first-crossing benchmark:

C§ =2D +2, 5 = 2D +2+ 2% = C (O),
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= Z bj + [b,/4], q (n)= Z(bj + [3b;/5]) + [b,,/4]. (Q.seedrecipes)

j<n j<n

The level g, in (B.conductor) is ¢*(n). The first-crossing survival certificate uses II~ = Cy, ., /2'9%*, with
the literal integer Cy, gy

20617628314526275611176215079302618796161541826143958813539212954061565810783736808553005 |
= 0940902298801554929847379180509254740126267558628283858415578260470632821917045223783 |
-~ 42863853189519310456714109487194639513012960066163451504920988540481985

Direct integer comparison gives

1 24
392~ 214 i H+
< <1 4 < 25°

This integer belongs to the first-crossing survival certificate. The fixed-depth survival proof (R.certificate)
does not use that computation.

(Q.oldsurvival)

Set Fif = 2*67p16°(C§ + 1) and ¢* = [log, F;*]. These rounded exponents agree exactly. The common
C is an integer, so 2D is divisible by 22819 Both 2D + 3 and 2D + 3 + 248! lie strictly between 2D and
2D + 212819 There is no power of two in this interval: any such power would exceed 2D > 212819 and would
itself be divisible by 212819 Multiplication by 2*67b16°, a power of two at b = 22°, preserves the equality of
the ceiling logarithms. Hence

tt =t =t, Vt(n)=V-(n)=V(n), L, = [log,(t+1)]. (Q.roundinginvariance)
The retained conservative variation majorant is the same for this comparison; its separate optimization has
not been used.

Define the first-crossing startup and scores by
N~ =min{n >16: V(n) <II"}, P =1 —V(N ), Wi =W(qg (N7),P),

Niixea = [100(t + 3L, + 214)/131] = Ngeq; Weied.te = W(@™ (Ngyea), II™ —2721%). (Q.previousscore)
These scores use the first-crossing level and survival constant; Wy, .q ¢ also fixes the residual budget in

advance. Both scores are positive: (R.searchendpoint)’s first three bounds put V(N .q—1) < 32721 <II".
The same term-ratio argument also gives

2 .

V(Nied) < 2V(Niea — 1) < 3—52’214 < 2723, (Q.previousadmissible)
Thus the fixed-budget allocation is admissible.
Level reduction and earlier startup
At every n > 16,

63
qt(n) < T00¢ (n). (Q.conductortrim)

To prove it, set S = > . b, and a, = |b,/4]. The recurrence gives b,, < b+ S/100, while S > nb, so

j<n J

a, /S <1/(4n)+ 1/400 < 29/1600. Also
3 4
5> (2 -2 s,
iz (5 5)
<n
Since (1 + z)/(1+ ¢ + x) increases in z for § > 0,

+( 1+ 29/1600 63

= /5 4/(5b) + 29/1600 ~ 100’

q
qa
the last inequality is rational at b =

Moreover b, = b+ S/100 + O(n) a
401/641.

Write N* = N for the fixed-depth startup. The tail at 16 exceeds one after multiplication by 2¢, so N= > 17.
Forn > 1,

)
(n)
225 This is a reduction greater than 37 percent at a common stage.
nd n = o(b,), by geometric growth, so the same-stage ratio tends to

Ty(n—1,0) = A7) EAF < AT Ty(n, \).

k>n
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Together with A™! < 5/2 and (Q.oldsurvival), this gives
V(N™ —1) < (5/2)IT" < 5/8 < 24/25, Nt <N~ (Q.earlierseed)

In particular ¢*(NT) < (63/100)g~ (N~) as well.

The fixed-depth startup bound (R.startupoptimum), evaluated at n = N~ and p = P, followed by
(R.conductormonotone), gives

W, > 212198 W (gt (N7), P7) > 2121931y, . (Q.seedscoregain)

The corresponding fixed-budget comparison follows from the same allocation estimates. In the following
denominator, a,d are the rate integers of (R.variationdata). The positive rational II" — V(NN ) has denomi-
nator dividing 21924d™" (d —a)?, and so exceeds 27175V =724 The bounds ¢~ (n) > bn, H < 8¢ (n) + 7 and
¢ (n+1)>¢q (n)+1 also hold. Apply the proof of (R.startupoptimum) with ¢—, N~ and that denominator
bound. Since N~ < Ng__, it proves

ixed?

Wie > 221983 Wy i e W, > 223800 e (Q-historicalscoregain)

Passing the gains to the complete density formulas

Here L = 2log?2 is the density interval length, distinct from L,. For fixed m, the function used in (D.inverse)
is increasing and concave on [0, L/2], and its inverse is increasing and convex. Consequently the maximum
branch, the centered second-moment branch and the direct fractional-moment branch are convex in W; the
last is a positive multiple of a cubed positive part. Their maximum, its composition with the increasing
convex D, and the supremum over levels remain convex. Both density formulas vanish at zero. For either
formula c,

c(aW)>ac(W) (a>1, 0<W <alW <W,

s ) (Q.scoregain)

Let cpy . and ¢ypy . denote the complete formulas with adapter CF; all reference tables and the compact-
width terms E, are identical. Thus €}, <, and each + formula dominates its — counterpart at fixed score.
Within this comparison, formulas without subscripts are the + formulas at the chosen common C; at the

canonical instance these are the main text’s local formulas.

All scores above lie in (0,274%9) by (R.scoreupper) and their large levels. The quantitative comparison
(Q.paid) holds for either adapter: its proof uses the same compact envelope and a coefficient at least one.
Applying (Q.scoregain) with the actual score ratios, (Q.seedscoregain) and (Q.historicalscoregain) now gives

e (W) > 212193CFM’7<W&>, e (W) > 224387CMV77(WﬁX6d7fC) > 0. (Q.retainedgain)
The second inequality includes the certified fractional-moment factor greater than two. These inequalities
hold separately at each common coefficient C. For the coefficient in [3], use C' = CN2%,,. . throughout this

appendix, then apply (D.coefficientgain) to its left-hand current-seed formula. Thus the main text’s local
formula also retains the displayed strict gains over those specified first-crossing bounds. The rounding identity
(Q.roundinginvariance) is used at a common primitive coefficient.

Appendix B. Dependence on the analytic coefficient

Fix the reference law, seed schedule, and finite moment tables. This appendix compares the resulting startup,
root score, and density bound as the valid primitive-decay coefficient varies.

Dependence on the analytic coefficient

Write ¢(C), Ve, N(C), P(C), W(C) for the fixed-depth startup and allocation of Section 8 with integer prim-
itive coefficient C' > 1 and adapter 202049 + 2. The seed, its survival probability, the rate ), and the level
sequence ¢(n) are fixed. The coefficient guards in Sections 6-8 hold for every such C. If C; < Cj, then

t(Cy) <HCy), Vg, (n) <V, (n), N(C)) <N(Cy), W(C;)=W(C,y). (R.coefficientmonotonicity)

Moreover t(C;) < t(Cy) implies W(C,) > W (C,).

Proof. The first three comparisons follow from the increasing adapter, the ceiling logarithm and the definition
of the first positive residual. If the startup indices agree, the smaller variation tail gives a larger residual at
that same level; use the strict increase in (R.greedy). If N(C;) < N(C,), apply (R.startupoptimum) for C; to
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the later level N(C,) and budget P(C,) < 1. Its proof is uniform in the integer coefficient: (R.denominator)
is unchanged because 2/¢) is an integer. It gives even W(C;) > 2293 (C,). If the rounded exponents
differ but startup indices agree, the residual comparison is strict. O

The arithmetic bounds (E.coefficientcomparison) give CMa# > 4C imitive- 1O see that the factor four is

primitive
allowed, (E.local-size) implies L3(4C, imitive) < 177 < 2'™. Consequently the ratio of the corresponding F’s
exceeds two, so t(CMaz. .y > ¢(C

primitive primitive) + 1. Thus
W, = W(Cprimitive) > W(CHE%10e) > 0. (R.localcoefficientgain)

primitive

The comparison includes both the rounded startup and the resulting allocation residual.

Density bounds

Corollary B.1 (coefficient improvement through the complete formula). For the same reference
tables, let cpy o denote the density formula with coefficient C. If C| < C, are valid integer primitive
coefficients, every term of the mixing envelope for C] is no larger than the corresponding term for C,. The
maximum and moment branches therefore give

cem,o, (W) = epe, (W) (0 < W < W00

The score scaling (Q.scoregain), whose proof uses only the defining functions, then implies, with W, = W (C,),

W
cpm,o, (Wh) 2 Wl cpm, e, (Wa)- (D.coefficientgain)
2
Both scores are in the required small-score domain by (R.scoredomain). For C; = Cimitiver Co = C’g/rlﬁflitive,

(R.localcoefficientgain) makes this a strict improvement of the baseline density formula. The larger coefficient
is also a valid primitive bound by (E.primitive) and (E.coefficientcomparison). The other retained branches
remain valid with the new envelope, and every fixed-target source construction still fixes its new startup,
pool and score before choosing the clock.

Appendix C. Proofs and certificates for the finite-root refinement

This appendix proves the finite-root refinement (I.rootdensity). The finite-pool theorem (D.finitepool) and
the allocation comparison (R.blockcomparison) reduce that task to residue coverage, separation of root tra-
jectories, and a lower bound for the combined score. We verify these properties for valuation redistributions
of certified trajectories and evaluate their parameter counts exactly.

Section C.1 fixes the notation. Sections C.2—C.5 supply the constructions and counting lemmas; Section C.6
assembles the score comparison. Section C.7 gives the canonical finite certificates. The final two sections
explain a strict shared-allocation gain and the limitations of increasing the number of blocks at fixed height.
The baseline score W, and the density formulas in the main text retain their definitions.

C.1. Setup and notation

In this appendix, a seed is a certified finite trajectory used to construct additional roots. It is distinct from
the fixed-depth word family used for the initial marks in Sections 4 and 7.

The constructor (W.constructor) supplies each incoming block. We redistribute valuations along certified
finite trajectories while keeping complete residue coverage and a finite root-to-one clock. Throughout this
appendix, b > 22, H = 2b + 1, and the residue period and unit index set are those of the root-pool section.
All blocks use the same analytic inputs.

Let a seed have a certified first-hitting trajectory
a ag ap
Yo — Y — = — 1, 3y;_q + 1 =2%y,,
and let A; = Zig]’ a;, Ay =0. Fix e = e(y,), d > 0, and
2¢y, = 4% (mod 9), g = 2%y, /4% > 3/4. (C.seed)
The finite base-height condition and the certified trajectory-height condition must also hold:

(2¢y, 4H-1 —1)/3 > 16°, max y; < 167, d<H. (C.baseheight)
j
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The base conditions imply 7, = 2b —d + e —1 > 0. Its only possible negative case is e = 1,d = H, when the
base root (2y, — 1)/3 < y, < 16°, contradicting the height condition.

For a prefix of length r, put

2AT7A 9e ”
= . = — max LE- ), (C.leading)

T 4d g<jsr

(r) y _ 2w
Lj - ?j'f'7 ﬁ'r' - ELO )

The depth D and prefix length r below refer only to the certified seed trajectory. They are unrelated to the
reference moments and divergence notation used elsewhere.

Notation Role in this appendix

Yo Yp = 1; a;, A; Certified seed trajectory, its valuations and their
partial sums.

bbH=2b+1; e, d Fixed height parameter, initial root index, and
seed-dependent parameters in (C.seed).

T l;, S5 Prefix length, added valuations and their partial
sums in the general construction below.

Y;, M, Modified trajectory states and the incoming root
with index s.

LE.T), B, T, Leading height coefficients defined in (C.leading);
L;T> is unrelated to the counting constant L.

Xps T, Height correction and remaining increment budget,
defined in (C.heightdebit) and (C.budget).

N, Q. Ay, Rectangular count, quotient-simplex count and

selected layer count, defined in (C.rectcount),
(C.quotientcount) and (C.selectedcount).

By, 2, Rectangular benchmark and canonical guaranteed
score multiplier.

C.2. Rectangular redistribution and retained layers
The rectangular rule takes

t; =3k, h=> t;,<Ty=20—d+e—1,

2a7¢+2t7¢}/i -1 o 22(sfd7h)+e}/0 -1
3 ’ s 3 '
A sufficient rectangular condition is I', < 1. It implies 5, < 1.

Yr =Y Y;fl =

(C.rectangular)

Proof of its arithmetic interface. The valuation identity v4(4" — 1) = 1+ v4(¢) gives 4% =1 (mod 3"72).
Backwards induction gives Y; = y; (mod 3/72). In particular Y; = y, (mod 9), and h is a multiple of nine,
so the root’s compensated affine coefficient is one modulo nine. The original unit index set is therefore
unchanged.

The geometric and clock arguments are the special case ¢, = 2t, of the height and clock lemmas below. Every
new root is at least 16°, all later odd states are below 16, and its clock is 2s+e+1+7;(y,) —2d. A parameter
vector is recovered from its actual valuations. Across different seeds, distinct full first-hitting depths are a
sufficient distinctness certificate. [

Theorem C.1 (exact count recurrence).
Set
NA(T) = fH{k € 22+ 3 31k, < T},
=1

with N,.(T) =0 for T < 0 and Ny(T) =1 for T > 0. Then

T

| N(T) = N, {(T) + N(T —3"*).| (C.rectcount)

The number with last nonzero coordinate exactly r is

A (T)= N, (T —3"1). (C.rectlayer)
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Proof. Partition by k. = 0 or k£, > 0. In the second part subtract one from k,; this is a bijection to the
indicated lower-budget set. [J

For T > 0, the unit-cube bounds give

r T+ 3"
A <N,.(T) < Tt 2y )
rl 3r(r+3)/2 r 7l 3r(r+3)/2

(C.volume)
Flooring points of the real simplex proves the lower bound via unit cubes; its cube cover lies inside the enlarged
simplex for the upper bound. The resulting asymptotic is for fixed 7, not uniformly growing dimension.
Theorem C.2 (retention of sharper earlier layers).

Unrolling the original prefix gives

(r) 24 2e+A,
Ly =yo+ Z 3i Bry1— Br = 1431 > 0. (C.betastep)

Thus replacing each retained block ceiling by the final 3, can weaken a coarse certificate. Instead define

R _ar+l
Gr(T) =g + Z NT(TﬂB) (C.rectscore)
r=1 r
Then
‘ Gr(T)— Gpr_1(T) = Nx(T — 3%1)/Bp. ‘ (C.rectincrement)

The right side is positive exactly when that new rectangular layer is nonempty.

Proof. The zero vector gives the base target block and the factor ag!. A mnonzero vector has a unique

last nonzero coordinate r; its later coordinates vanish, so the target is exactly its r-prefix construction, with
coefficient less than ,. Apply (R.blockcomparison) separately to those A, blocks and retain their budgets.
O

Equation (C.rectincrement) gives the exact increment of the guaranteed multiplier.

Exact evaluation without canonical root enumeration The same counts admit the following exact
radix evaluation. Let

~z
|
—

H,,(n) =[z")(1—2) "V [T —2%)"
J=0

Then N,(T) = H, ([T/9]), Hy ,(n) = (";p), and all values with n < 0 vanish. For n = 3m+a, a € {0,1,2},
define

¢;(p,a) = vz];(_l)v (f}) (—3(v + 1p)J—:z +p+ 1).

Using generalized binomial coefficients for negative upper arguments,

p+1

H,,(3m+a)=> c;(p,a)H, ; ;(m). (C.radix)
=0

To prove it, expand the polynomial (3”+p(f1p 1) in the basis (“;J ), whose coefficients are the displayed backward

differences. Apply the generating-function identity for division of the geometric weights by three. This is a

signed-integer recurrence; no decimal values decide the counts.

The canonical rectangular prefixes (7,15,14) give
Ey, =1+ Gy 7(20 —4) + G193,15(20 — 4) + G928 14(20 — 7). (C.E)

It remains a separately named benchmark in the canonical comparison below.
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C.3. General increments, heights, residues and clocks

Now allow arbitrary nonnegative integer increments ¢4, ..., ¢, , not necessarily even. Write
r J
S=> 4,  S;=> L
i—1 i=1
Define, whenever the divisions are integral,
20itliy. 1
Y. =y, Y, | = 3 t , (C.redistribution)
and let the incoming root exponent be
2 m(S)yO -1

iy (s) =2(s —d) +e— 5, M, = (C.incoming)

Here e is the original seed parameter. It need not equal e(Yy). Correct incoming parity will follow from
the compensated congruence; one must not substitute a nonintegral half-shift into the one-step constructor
formula.

Assume the backward values are positive odd units and satisfy
2¢Y, = 4929  (mod 9). (C.compensated)

The residue-completion theorem gives a complete deterministic way to meet these conditions.

Lemma C.3 (geometry and exact affine coefficient).

For 0 <j <,
2575y, <Y, < L;T)2S’SJ’. (C.geometry)
Consequently
2°Y, all)—1
all) = ﬁ7 oy < al) < B, M,=a(l)R, + — (C.affine)
The exact subtraction terms are
20~ 24
all) =4, — yel ; FTm— (C.exactalpha)
Proof. Backwards induction proves the lower bound. If Y; > 25y, then
25-5,.1 _ 1
Vi 225 Sy, + B E—— 25" %y, .

Dropping the subtractive one in each inverse step proves the strict upper bound; already the last inverse step
is strictly below its leading term. Unrolling the complete affine composition yields (C.exactalpha). Dividing
(C.geometry) at j = 0 by the stated powers gives (C.affine). O

Lemma C.4 (height correction).

Assume f, < 1. There is no need to impose I',. < 1. Define the least nonnegative integer
X, = min{v > 0: T,2¢72 < 4%}, T.=2b—d+e—1—x,. (C.heightdebit)

Restrict the total increment by
S<2T. (C.budget)

If T, < 0, use no nonzero vectors at this layer. Under the base conditions (C.seed)—(C.baseheight), every
selected root is at least 16°, every subsequent modified odd state is strictly below 16°, and the incoming
exponent is positive.

Proof. At s> H,
a,,(s) >2H —2d+e—2T, =4 —e+ 2y, > 2.

The lower bound a > « retains the finite minimum-root height condition. On the other hand,

Y; < L7227 < T 20724 16° < 16, (C.height)
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The inequality is strict because the leading-term bound is strict. The unchanged tail already lies below 16°.
|

Thus a large intermediate leading coefficient costs a fixed number of budget units rather than automatically
prohibiting the prefix. Earlier layers keep their own x;, T}, 8;; a later height correction must not be imposed
on them.

Lemma C.5 (residues, distinctness, and clock).

Under (C.compensated), the coefficient « is one modulo nine in the dyadic-rational sense. Therefore r
ar+ (a—1)/3 is an invertible affine map modulo every 3%, with constant term divisible by three. The baseline
indices S, give one root in every unit residue, unchanged.

For every selected vector,

n(Ye) = m(yo) + 8, |7(M,) =25 +e+1+7(yy) —2d. | (C.clock)

Proof. Multiplying (C.compensated) by the inverse of 492° proves the coefficient congruence. The root-
period lemma for R, followed by the affine permutation, gives complete coverage.

Oddness of each Y; makes its valuation exactly a, 4+ ¢;. The lower geometry bound implies Y; >y, > 1 for

j < r, so there is no premature hit of one. The unchanged tail follows from Y, = y,. Sum the ordinary step
costs and cancel S against the incoming exponent in (C.incoming). O

Within one seed, the full vector of increments, padded by zeros to the original first-hitting depth, is recovered
from the actual valuation word. Different vectors give different targets. To combine different seeds, require
distinct perturbed targets; distinct original full first-hitting depths are a sufficient certificate, used in the
canonical example. The height barrier then proves the joint root antichain, including the unchanged baseline
block.

C.4. Residue completion

The necessary congruences can be solved backwards from the certified endpoint, with a bounded correction
at each step.

Theorem C.6 (complete residue-completion algorithm).

Fix a prefix of length r > 1, with base conditions (C.seed), and choose
(kyyos k) € 25, (€1y s, q) €{1,2}77L

The labels €, prescribe the unit residues of the intermediate states Y;. They are deterministic branch labels,
not probabilities.

Start with Y, = y,.. For i =r,r —1,..., 2, choose the unique ¢, € {0, ...,5} such that

e, 20ty — 1 .
2%taY, =3¢, 1 +1 (mod9), l;, =6k, + ¢, Y, = — (C.internal)
Put S" = E::2 ¢,, with 8" = 0 when r = 1, and form
D =2¢tuy, —3-4925  (mod 27). (C.topresidue)
Choose the unique ¢; € {0,...,17} with
2mthy; — 1
21D =2¢ (mod 27),  {; =18k, +¢;, Yy = % (C.top)

This always constructs positive odd unit states, exact valuations a, + ¢;, and the compensated congruence
(C.compensated).

Moreover, the construction is a bijection onto the nonnegative increment vectors for which all the backward
states are positive odd units and (C.compensated) holds. No coordinatewise condition 37! | £,/2 is required.

Proof: internal steps. Powers of two have order six modulo nine and enumerate all its units. Since Y; is

a unit, exactly one exponent residue gives each of the two target numerator residues 4 and 7. Division by
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three gives Y, | = ¢, ; (mod 3). The quotient is integral and odd. Positivity and the lower bound by the
original state follow from the induction in Lemma C.3.

Proof: first step and root condition. The residue D is a unit modulo three and hence modulo 27. Powers
of two have order eighteen modulo 27 and enumerate all units: 2° = —1 (mod 27), while 26 # 1 (mod 27)
and 22 # 1 (mod 27), excluding the proper candidate orders after using the nine-step sign. Thus (C.top) has
exactly one residue solution.

Reducing (C.top) modulo three gives 291741Y; =1 (mod 3), so Y; is integral. In full precision it reads
262110y, —1) = 3-4925+4 (mod 27).
Divide this congruence by three, using the integer numerator, to obtain
2¢Yy = 492%  (mod 9).
It also implies 3 } Y;. Positive oddness follows as before.

Proof: bijection. Conversely, take any vector satisfying the stated physical and congruence conditions.
For i > 2, the residue of Y, ; determines ¢, ;, and ¢; mod 6 must be the unique solution of (C.internal).
Its quotient is k; = [¢;/6]. The final compensated congruence is equivalent to (C.top), so ¢; mod 18 is the
unique first residue and k; = |¢;/18]. These recovered inputs reproduce the vector. [J

For r = 1, one has D = 2¢ + 3(2°y, — 49) = 2¢ (mod 27), so the base congruence makes ¢; = 0. Thus
¢, = 18k, exactly the original single-parameter lift. For a general prefix,

S =18k, +6 Z k; + Z ¢ (C.totalincrement)
i—2 i1

The uniformly bounded residue corrections give the counting cost.

A small parity-changing example Use the seed 101, with d = 4,e = 1, and its first two valuations (4, 1),
ending at 29. Set k = (0,0) and choose Y; =2 (mod 3). The algorithm gives

(€1, 45) = (11,2), Y, =177, Y, = 841045.
Indeed

3841045 +1 = 215 . 77, 3-77+1=2%.29.
The total added valuation is 13. The roots are

M, = (8410452220 _1)/3 (M) = 2s + 19.

For example, at b = 5, H = 11,s = 11, the root is 1121393 > 16°, while all its subsequent odd states are
below 16°. Its ordinary first hitting time is 41. This is an arithmetic example only; the density theorem still
retains its canonical analytic range for b.

Here e(Y}) = 2, although the seed parameter is e = 1. The compensated incoming exponent has automatically
changed parity. Keeping e(Y;) = e(y,) would wrongly exclude this valid family.

Relation to the rectangular family Every rectangular vector satisfies the completed family’s conditions:
it is integral, all intermediate states are units, and its affine coefficient is one modulo nine. Theorem C.6
therefore recovers it uniquely. The completed family is strictly larger; the example above contains an odd
increment and cannot be a rectangular vector.

The original recurrence (C.rectcount) remains the exact count of its original rectangular set. It must not be
presented as the exact count of the larger residue-completed set.

C.5. Counting completed layers
Lemma C.7 (quotient-simplex count).

For r > 1, define

Qr(n) =#{k € 220 : 3k + kg + -+ k. <n},  Q.(n) =0 (n<0)
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Then

Q,(n) = an/gj nosva el (C.quotientcount)
T r—1 ’ a4

This counts all choices of the remaining » — 1 coordinates and unused budget after choosing k; = v.

For an efficient exact evaluation, write n = 3m + a, a € {0,1,2}, and

Pt = (MY 4= S (7)o

v=0
Then
r—1 m+ 1
3m+a)= d.| . . C.quotienteval
Qom+w=3 47 ) (Ca )

Proof. Reindex the sum in (C.quotientcount) as Z:L:o P, ,(u). The polynomial has degree r—1, so its finite
. . r—1 . . m 1
Newton expansion is P(u) = >° d;(%). Summing and using > " (%) = (le

All arithmetic is integer arithmetic. [J

) proves (C.quotienteval).

Thus the dimension-43 count is evaluated from a degree-42 polynomial using exact binomial operations.
Lemma C.8 (disjoint last-nonzero layers with explicit correction budgets).

A nonzero increment vector has a unique last nonzero coordinate r. Later coordinates are zero, so it is the
r-prefix construction. At its last internal step, Y, = y,. The two residue completions for ¢, are

6 =0 or ¢ =0, = 2, y,;=1 (mod 3),
4, y,_1 =2 (mod 3).

The first choice preserves the original residue of y,_;, and the other switches it.

For r > 2, each of the earlier » — 2 internal residues is freely chosen from two units. The first correction is
at most 17, and those earlier internal corrections are at most five each. Consequently a fixed last correction
¢ € {0,0,} has total correction at most

Ope=1T4+5(r—2)+c=5+T7+c. (C.correctionbudget)

To ensure £, > 0, use three disjoint classes:

Guaranteed
Last residue Earlier branch free-quotient
Class correction Last quotient choices budget
A 0 k.>1 272 gsubtract
4,0+ 6 from 2T
B o, k,>1 22 subtract
Oy, 16 from
2T
C o, k.=0 272 subtract 4, ,
from 2T '

Subtract one from &, in A and B. In C omit the last quotient. The exact number in the selected parameter

classes is
R P (L e O (]

)
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where A, (T) =0 for T < 0, and
A, (T) = max(0, [7/9]).

Proof. The last-step residues follow by multiplying the original numerator residue, either four or seven
modulo nine, by powers of two. The alternate valid unit output occurs at exponent two or four respectively.
At this last step, ¢, is independent of its own quotient k,., because 26 = 1 (mod 9). Earlier corrections may
depend on downstream quotients through the computed states; the uniform bounds cover that dependence.

For each fixed earlier branch string, (C.totalincrement) and the correction budget ensure S < 27. The
quotient counts are precisely (C.quotientcount). Theorem C.6 is injective in all the choices, and the three
last-quotient /residue classes are disjoint. Therefore multiplication by 2”2 and addition are exact counts of
the chosen parameter classes. At r = 1, the nonzero shifts are exactly 18k, < 2T, k; > 1. O

These are exact counts of explicitly selected safe parameter sets. They are lower bounds on the count of
all admissible completed vectors, because an individual vector can have a smaller correction than the common
budget used above. Neither rounding nor a distributional assumption enters the selected counts.

The larger finite domain For every prefix r, let £, consist of all nonnegative vectors with last nonzero
coordinate r, satisfying the physical unit conditions, (C.compensated), and S < 2T,.. This is a finite, de-
terministically decidable set. Theorem C.6 enumerates it by bounded quotient vectors and unit branches,
followed by its literal total-budget test. It contains the selected classes of Lemma C.8.

Padded zero suffixes identify these as disjoint layers of the full original certificate. The single all-zero vector
is added once per seed, not once for every prefix.

For a depth-D seed, all these choices inject into the unrestricted depth-D completion parameters with 18k, +
6, k; <2T5. Thus the number of its blocks, including its zero vector, is at most

20719 ([T, /3])- (C.blockcount)

This upper bound deliberately ignores some completion and height costs. It is used only for the domain
condition.

Structural count improvement at fixed dimension For fixed r, let V,.(T') count all completed vectors
with S < 2T, before imposing a prefix-specific height correction. For r > 2, the last residue correction is at
most four, the first is at most seventeen, and the other corrections total at most 5(r — 2). Thus

QT_lQTQQT—(%”“)D <N (1) <2771Q,(|T/3)).

The same quotient-simplex argument as for (C.volume), now with weights (3,1,...,1), gives Q,.(n) =
n"/(3r!) + O,.(n"~1). Therefore

27'—1
= 3r+lpl

N, (T) T" +0,(T" ).

r

For r =1 and T > 0, the exact count is 1 + |7/9], with the same leading coefficient. The selected last-layer
formula (C.selectedcount) has this same degree-r leading coefficient: the first two terms supply it, while the
third and the shorter layers have lower degree.

Relative to the rectangular lattice’s degree-r coefficient in (C.volume), the ratio is

or—1 3(7’71)(7”4’2)/2'

This asymptotic comparison holds with r fixed. The canonical finite result uses the explicit counts and
inequalities below.

Retained-layer multiplier for the completed construction Define

(C.layerscore)

R
Cr=0s' +3 A.(T,)
GR = 0[01 + B .

r=1 T

Then

—~

GR - G\Rfl = AR(TR)/BR = 0.
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Every nonempty selected new layer gives a strictly positive increment. Crucially, a later g, height cor-
rection, or shorter budget never replaces the earlier layers’ retained certificates. This is the analogue of
(C.rectincrement), with both residue corrections and height bounds included.

Using the exact count of £,., or finer per-vector coefficients from (C.exactalpha), can improve this convenient
explicit multiplier further. The selected-set formula is not asserted to equal the exact shared score.

C.6. Finite-family score comparison
Theorem C.9 (residue-completed finite-family score comparison).

Retain the analytic and counting inputs of the main text. Fix a nonempty finite collection of certified conver-
gent odd unit seeds y, greater than one, each with parameters e = e(y), d satisfying (C.seed)—(C.baseheight).
For each seed choose a terminal prefix length 1 < R < D, where D is its certified first-hitting depth, and
assume Jp < 1. Earlier leading coefficients are smaller by (C.betastep). Form x,., T, separately for every
1<r<R.

Use the zero vector once and any or all of the finite completed layers £,. In particular one may use the full
layer sets. Require that generated targets from different seeds be distinct; pairwise distinct full accelerated
first-hitting depths suffice. Retain the original block {R; : s € §,}.

The finite score comparisons below hold for every ¢ > 2. For the persistent-mark and density conclusions,
take ¢ = ¢y and p = P, as in (R.markapplication). The resulting root family is a finite convergent antichain,
partitioned into complete unit-residue blocks; at ¢ = g5 these blocks carry the common persistent marks
(G.marks). With the selected classes included, set

A=1+ Y Gp.

seeds y

Then

W™ (g, P) > AW (q, P) > 0. (C.master)

All roots are at least 167, every later odd state from a new root is below 16°, the largest root is the largest
baseline root, and every root clock is given by (C.clock).

Let
Jup =1+ Z 2Ry_1QR,y ( |_T07y/3J>
Yy

The following bound holds:
o 4
Wit < gJuplfi*b. (C.domain)
ey (D.finitepool) gives the corresponding every-clock

density bound. If the right side of (C.domain) is at most 27409 all positive scores in (C.master) are also in
the cubic comparison range.

At ¢ = gy, whenever the shared score is within W,

Proof. The geometric and residue lemmas prove each block’s admissibility. A target’s modified first-hitting
depth is unchanged, so the stated cross-seed condition proves target distinctness. Within a seed, actual
valuations recover the increment vector and hence its unique layer. A root’s next odd value identifies its
block. The height barrier proves no root subsequently visits any selected root. Therefore there is one
aggregate 1/x bound on each source weight.

Every block uses the same capacity B, and mass requirement K P. At ¢ = gy, the mark identity, uniform
over roots, and full variation bound supply these as actual persistent marks in every complete block. For
the zero vector use the factor ap!. In layer r, (C.affine) gives M, < 3,R, so (R.blockcomparison) supplies
a strict block factor 3,1. Count the disjoint selected classes by (C.selectedcount), sum their budgets, retain
the baseline block, and apply the shared-score dominance (R.jointdominance). This proves (C.master).

For (C.domain), the constant vector v,, = P < 1is feasible in (R.jointscore). Each block obeys M, ; = 4M_ +1
on the full sequence of consecutive indices and starts at least at 16°. Its finite unit-subset reciprocal sum is
strictly less than Ej>0 479167 = (4/3)167". Bound the number of blocks by (C.blockcount) and include the
baseline block. This proves an upper bound on the finite allocation minimum, with no sum over infinitely
many physical histories. The remaining density conclusion is (D.finitepool). [

For a seed used only through a proper prefix, (C.blockcount) and (C.domain) use that prefix length and pad
shorter layers only to it. Distinctness still uses the full first-hitting depth of its certified original trajectory.
The canonical application below uses full prefixes, so these lengths coincide there.
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Strongest finite certificate retained by the theorem For the explicitly defined finite family,
(R.jointscore) retains the full residue coupling and exact root denominators. It dominates the sum of
individual block minima, which in turn dominates the exact coefficient sum (R.blockcomparison) and the
selected-count multiplier (C.master). The resulting certificate hierarchy is

shared residue allocation > separate block allocations
> exact affine-coefficient comparison

> certified cell/layer comparisons.

The rectangular Ej certificate is retained as a benchmark. In the canonical completed family its rectangular
blocks are contained in the full completed layers: their original prefixes have zero height correction, their
budgets are unchanged, and the completion theorem recovers their vectors. The larger family is not obtained
by changing the definition of Ej.

C.7. Canonical certificates and density bounds

Here ¢ = g5, p = P, and Wéﬁ’im = ngint (qn» P). The three certificates used here have the following exact
data:

Full odd
Seed y d e depth D Ordinary time Maximum odd state ¢
101 4 1 7 25 101 101/128
193 5 2 43 119 3077 193/256
12289 8 2 14 50 12289  12289/16384

Their complete valuation words, in forward order and ending at the first hit of one, are:

101:
4,1,3,1, 2, 3, 4

193:
2, 2,3,2,1,1, 1,1, 2, 2,1, 2,1, 1, 2,
1, 1,1, 2, 3, 1,1, 2,1, 2, 1, 1, 1, 1, 1,
3,1, 1, 1, 4, 2, 2, 4, 3, 1, 1, 5, 4
12289:

2, 2,2,2,2,4,1,5,3,3,1, 2, 3, 4

Apply 3y + 1, check the displayed exact valuation, and divide by its power of two at every step. This
reconstructs each finite certificate; no assumption about an uncertified trajectory is needed.

The full-prefix leading data are

Seed Ap  Bp I'p XD Final T}, at b = 2%°
101 18 2048/2187 2048/2187 0 67,108,860
193 76 268/313 262144/19683 2 67,108,858

12289 36 4194304/4782969 4194304,/4782969 0 67,108,857

All full-prefix 8, are less than one, and hence so are the earlier §,. For 193, I'y5 lies strictly between four
and sixteen, so the least height correction is exactly two. Its earlier layers retain the smaller correction
appropriate to each prefix.

The base minimum-root excesses over 16° are, respectively,

516 — 32 16° — 64 16° — 4096
96 192 12288

They are positive for b > 4, and the maximum certified odd state of each target is below 16%. These verify
the finite base conditions. The analytic application continues to use b = 22°.
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Exact score multiplier For every seed and prefix, compute S, ,,I from (C.leading) and

(C.heightdebit), and A, . from (C.selectedcount). Define

y,ro Xy,r

1 A 2b—dte(y) —1—x,,)
A, =1+ Z — + Z - 5, Y (C.factor)

(y,d,D)=(101,4,7),(193,5,43),(12289,8,14) L Mv =1

This is an exact rational definition involving 64 prefix layers. Each integer count is evaluated by the finite-
difference formula (C.quotienteval). It does not require a root list, a residue table at the canonical g, or an
optimized value of cpy;.

At b =225,
Ay, ~ 2.9273409933096237 x 1027,

A} ~ 2.5085337209674080 x 1032,
(2A,/E,)% ~ 2.0173520932097131 x 10597,

The following strict inequalities

250 201
A3 > ﬁlos%, A,/ Ep)3 > mlo697 (C.numericguards)

are checked by integer cross-multiplication of exact fractions. Decimal displays play no role in the inequalities.

Benchmark root families

Certificate Fixed meaning Guaranteed score multiplier over W,
Cy One-coordinate period-nine 57101167060327,/1953295 ~
lifts 2.9233253 x 107
D, Rectangular multivariate 5.324667695451 ... x 1042
volume estimate, prefixes
(7,13,13)
E, Exact rectangular counts with 1.0753406914595744 ... x 1013
retained layers, prefixes
(7,15,14)
2, Residue-completed increments, 2.9273409933096237 ... x 1027
height corrections, full prefixes
(7,43,14)

For clarity, the one-coordinate and rectangular-volume benchmarks are the literal quantities

o (1 [25]) G o)+ 1257
b 9 19 ' 145 9 9217 °
(2b —4)7 (2b — 4)13 (20— 7)13

71211328 7 1311269760397 ' 131131072031

(C.earlier)

The affine comparison and the rectangular simplex bound give these weaker benchmarks by retaining their
indicated blocks and leading ceilings. The definition of E, in (C.E) retains each earlier layer’s sharper
coefficient. The full completed family contains those rectangular blocks: their original prefixes have zero
height correction and unchanged budgets. None of these symbols is redefined to mean the larger completed
family. The exact counts and rational evaluations accompany the computational evidence.

Domain and root clocks The canonical block-count upper bound is
Jop =1+ 26Q.(|67108860/3]) + 242Q,5(67108860/3]) + 213Q;,(|67108857/3]).

The exact scalar check is
4, < 3-2916, (C.countguard)

Equations (C.master)—(C.domain) therefore give

0 < AW, < W™t < 2916-4b — 9134216812 94096 (C.domainguard)
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The feasible constant vector supplies this upper bound for the allocation minimum.

The large relative factor has a separate absolute scale. All retained mass bounds are at most W/u, including
(D.refinedmass), so
32

1
W) < — (24 -1) < %W <W  (0<W < 27409)

¢ =995

comp (

using e* — 1 < z/(1 — z) < 2z for 0 < z < 1/2. Thus the strengthened certified formula itself remains
smaller than 27134216812 The displayed power is a small-score domain condition, not an evaluation of the
absolute density formula. The further level loss is quantified for the named formulas in (Q.formulascale) and
(Q.refinedscale). Neither statement bounds the actual convergence density from above.

The ordinary root-clock excess over the indexed baseline root R, whose clock is 2s + 1, is

18, y =101,
e(y) + 1 (y) —2d =S 111, y =193,
36, y=12289.

The baseline block is retained, and every seed’s zero block is retained. Thus the largest root is exactly the
largest baseline root, and the largest root clock is exactly the old maximum plus 111. None of the quotient
vectors, residue choices, prefix lengths, or height corrections changes these formulas.

Consequence for the density formula Apply (D.finitepool) to the completed family with target one,
and apply (Q.cubicscore) directly to the pairs (W,,0,W,), (E,W,,2,W,), and (0,W,, W™). Their hy-
potheses follow from (C.domainguard), (C.numericguards), and positivity of E,. With the constants named
in (I.constants), this proves (L.rootdensity). For every ¢ > ¢,

d(G.) > epng(WR™) > eppg (W) > 2.50 x 10326 g (W),

C.densitygain
e (W) > 2.01 x 10997 ey (B, W,). ( yeain)

These compare certified lower-bound formulas at the same analytic envelope and moment tables. They do
not compare actual densities or evaluate the absolute optimized constant. The second line follows from the
literal score pair, not division of independent lower bounds. The primary quantitative improvement of this
appendix is the score guarantee (C.master).

Within these three fixed prefixes and incoming budgets, replacing every selected count and every reciprocal
coeflicient by its allowed upper bound changes the additive comparison factor by at most

L+ (4/3)(Jyp — 1)
A,

= 1.1989376587603659 ... < 1.199. (C.localceiling)

Every block coefficient exceeds 3/4, so each contributes less than 4/3, and (C.blockcount) bounds the number.
This bounds that additive coefficient comparison only. It does not bound the shared allocation minimum,
other seeds, or a changed height geometry.

The combined refined bound is d(G,.) > ccomp(Wgﬁ)int) for every ¢ > ¢, by (D.finitepool). Equation
(Q.sixteengain) makes it strictly larger than the pure-fractional bound displayed here. The cubic multipliers
in (C.densitygain) retain their named cpy; meaning; (Q.sixteencubic) supplies the corresponding comparison
for cppp 16, DOt fOr o

C.8. A shared-allocation example: the 101 block

There is a strict gain beyond summing separate minima even before the valuation extension. For the base

block
101 9

M,=—R,— —

128 % 1287

the affine permutation sends the baseline root residue to the new one. Writing av = 101/128, the valuation
identity gives

o(r) =128"1(101r —9) (mod 3%),

oF(r) —r = (a® = 1)(r +1/3), va(dF(r) — 1) =2+ vy(k) (k> 1). (C.101orbits)

Indeed v5(a — 1) = 3; cubing a unit congruent to one modulo three raises the valuation of its difference from
one by one, and an exponent prime to three preserves it. Also v4(r 4+ 1/3) = —1 for every integer r. Thus,
for ¢ > 3, every unit orbit has length 392,
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For ¢ > 4, 0 < p < 1, both separate allocation minima uniquely fill the largest roots first, to the common
cap B, = (2/3)24, with at most one partial entry. This follows by transferring mass from a larger reciprocal
cost to a smaller one; all costs are distinct. Their minimizing index vectors therefore agree. A common
residue-labeled minimizer would have to be ¢-invariant. Its nonempty support has size

K
{ﬂ < [(3/2)7] < 302,
Bq

For the last inequality, (3/2)9/3972 = 9/29 < 9/16 and 39°2 > 9. Such a support cannot contain a whole
orbit. By (R.jointdominance),

Wi (@p) > W (g, p) + Wigi(g,p) > (1+ 128/101)W (g, p). (C.strict101)

No invariance of gy under ¢ is used. The strict conclusion excludes p = 0; at ¢ = 1,2 the affine map is the
identity. This argument supplies strictness without a numerical lower bound on the extra shared-allocation

gap.

C.9. Limits at fixed height

The completed construction remains in a specific height geometry. Put X = 16°, with the canonical b = 22°.
Its affine blocks have pH X1

3 , X<n<Ry= C
To preserve exactly the baseline unit index set, one requires n = 2 (mod 3), since H = 2 (mod 3). For an
odd n in this interval, the next odd value is below X exactly when v,(3n + 1) > 2: valuation one gives a
value exceeding X, while valuation at least two gives a value at most X, with equality impossible for an odd
output. Hence n =1 (mod 4). As X =4 (mod 36), the exact list satisfying these structural conditions is

. . X -4 X+ 32
7’L=X+1+12.]’ OS.]S 36 ) struct:T'

This counts candidates. Convergence and the remaining trajectory-height conditions still require certificates.
Distinct seed descriptions cannot be counted twice if they give the same n.

M, =45Hn +

(C.structuralcount)

There is a separate upper bound on the score obtainable within this geometry. For J > 1 distinct such
complete blocks, put K = K, =2-3%9" and £ = |K/(2J)|. Remove the ¢ smallest-index roots from every
block and exclude all their residue classes. At least K /2 residues remain, and every root at a remaining
residue is at least X4°. Assign total mass K P uniformly to the remaining residues. Its entries are at most
2P <2< B, so it is feasible for (R.jointscore). Therefore
oint . KPJ

Wt < — 4=, (C.geometryceiling)
At the canonical level, N > 17: Vy < 1 cannot hold at N = 16, since t > 4b, A > 1/4, and V4 > 24732 > 1.
Consequently ¢ > 17b > 16b, K > 29> X* and J < J < X. It follows that

struct

(> K/(4X)>222 K <2<t WM <ot <o 2 (C.fixedceiling)

The floor costs at most a factor two, and ¢ > \/E, since K > X* > 16X2. The integer inequality ¢2 < 2!
holds for £ > 4. This bounds the stated mean-and-capacity allocation certificate. Since c,qp, (W) < W
in the small-score domain, it also bounds that formula. It places no upper bound on the actual density of
convergent integers. Other height geometries or stronger information about the reference marks are outside
this counting ceiling.

Appendix D. Further consequences of the reference-law estimates

This appendix records consequences of the reference-law estimates beyond the three branches used in the
explicit density recipe (D.densityrecipe). Convex-order inequalities propagate the whole concentration profile,
whose finite allocation problem gives (D.profiledensity). Projectivity and summable mixing also give bounded
relative entropy (F.entropybound). These results require no change to the root or counting constructions; a
strict numerical improvement from the profile remains unproved.

The notation is inherited from Sections 9 and 10: f,, has mean one on G,, H,, has mean u = 8/9, and
L = 2log2 is the limiting capacity coefficient. In Section D.2; W is a source-family score in the range of
(D.mass), and p,, = (W — ke, ), is its coarse marked-mass bound. The symbols D,(n) and r, in Section D.3
denote divergence and its rate; they are unrelated to the seed-prefix depth D in Appendix C.
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D.1. Convex-order inequalities for the reference density and fan

The affine mixture (F.mixture), which proves the moment inequality (F.inheritance), also permits a general
convex test.

Proposition D.1 (convex-order inequality). For every finite convex function ® : [0,00) — R and integers
u, v >0,

(B < 5 D0 O L), (F.convex)

zeG, yeG,,

Proof. Fix y in (F.mixture). If f,(y) > 0, divide its coefficients by their sum f,(y) and apply Jensen to the
convex function z — ®(f,(y)z). Averaging over the affine permutations of G,, gives

37U D(f,(y+3°2) <374 B(f,(y) f, ().

zeG,, zelG,

If f,(y) = 0, both sides equal ®(0). Average over y. The countable mixture can be grouped by the finitely
many values of f,, so ordinary finite Jensen suffices. A zero-length block gives equality. [J

Both compared distributions have mean one. Thus (F.convex) is a convex-order bound: every convex test
has no larger average for the combined law than for the product of the two independent finite-table variables.
Moment inheritance is its power-function specialization. The positive-part tests used in (D.hinge) will retain
more of the upper tail than one power moment.

The same mixture gives the version needed for the whole fan:

1
<(I)(Hu+v)>u+v < Futo XG: ZG O(f,(z)H,(y)). (F.convexfan)
e, yei,,

To prove this, split f, ., into a prefix of length v and a suffix of length v + 1. In the fiberwise proof of
(F.convex), restrict the suffix residue to the 2 mod 3 coset and replace the test by z = ®(42/9). The bijections
Gury and ¢, turn the two sides into (F.convexfan). The suffix coset has 3" elements, giving the displayed
normalization. This also covers v = 0, for which the suffix has length one and H;, = 8/9. Both sides have
mean 8/9. Repeated application therefore bounds convex tests by product distributions; it need not recover
the exact distribution of H,,_,.

D.2. The full concentration profile and optimal residue allocation

The moment-to-mass estimate (D.generalp) is one way to use residue capacity. The following finite optimiza-
tion records the strongest bound obtained from the whole marker distribution and that capacity alone.

Proposition D.2 (optimal capacity bound). Fix m > 2, put @ = 3™, and let 0 < p < Lu. Define

Cn(p) = min{ Z w,:0<w, <L/Q, Z w,H,,(r) > p} . (D.allocation)

reG reG,

m m

Then

—L Hm_t+m
C)m(p)zsup [p <( ) > ]

=, 0<Ch(p) <p/p (D.hinge)
t>0 t

Proof. Put h, = H,,(r) and ¢ = L/Q. For every admissible allocation and ¢t > 0,
p < Zwrhr < tZwT + cZ(hr —t),.
T T T

This proves the lower bound by the displayed supremum. To attain it when p > 0, order the entries as
hy > -+ > hg and let j be the least index with cZiSj h; > p. Feasibility follows from ¢} h; = Lu, and
h; > 0. Fill the first j — 1 entries to capacity, allocate (p — CZKJ, h;)/h; at entry j, and leave the others
empty. The mass is

bp—c¢ Zi<j hz

h;

c(i—1)+
Choosing t = h; in (D.hinge) gives exactly this number, including ties. Thus there is an optimizer with at

most one partially occupied entry. At p = 0, both sides are zero. The uniform allocation w, = p/(Qu) is
feasible and has mass p/u, proving the upper bound. O
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For any finite set § C (1, 00) of orders with valid moment ceilings, the allocation optimum dominates all their
capacity lower bounds simultaneously:

max ({uge™ (W)} U {v,,, (W) :s€8}) <C,,(p,) <W/p. (D.profiledominates)

The zero-residual case is immediate. Otherwise apply (D.capacity), (D.generalp), and (D.complementexplicit)
to an allocation attaining C,,(p,,). Its mass is at most p,,/u < W/u < L/2, so the centered inverse uses
exactly the increasing branch justified in (D.inverse). Hélder gives each other branch. There is no implied
ordering of the bounds as s decreases. For example, for a constant marker one, capacity coefficient one and
residual mass 1/2, the order 2,3/2,5/4 bounds are respectively 1/4,1/8,1/32.

The feasible range is exact. At p = Lu, all positive-marker entries may be filled and zero-marker entries left
empty. If p > Lu, no allocation is feasible, and the hinge supremum is infinite as ¢ | 0. Optimality here
concerns the residue-capacity constraints, not realization of an optimizing allocation by integer orbits.

For actual finite source families the coefficient is Ty = T'x gm p,, not L. If px > 0 is a guaranteed coarse
marked mass at that cutoff, the correct finite inequality is

UX > [pX _TX<(Iim _t>+>m]+

(D finitehinge)

For fixed m, any strict lower bound below €, (p,,) can be witnessed by one fixed threshold ¢ > 0. First
choose that threshold, then a sufficiently small fixed graft tolerance, then a cutoff beyond which Ty and the
coarse error bound have their required accuracy. This proves the analogue of (D.mass) with €, (p,,,) in place
of u,,(W). Its radial domain follows from C,,(p,,) < W/u. Consequently (D.radial) also gives the valid
fixed-level bound

d(G.) = D(C,,(pm))- (D.profiledensity)

Only a fixed threshold is needed before the cutoff limit.

The functions z +— (z — t), are increasing and convex. Thus (F.convexfan), and finite pointwise upper
tables with directed rounding, can supply upper bounds for their averages. General convex tests need not be
increasing and cannot automatically use such upper tables. An efficient representation of these propagated
profiles would permit quantitative comparison with the explicit bound ¢, and the exact two-sided inverse
in (D.twosidedcapacity).

D.3. Rényi divergence rates and bounded relative entropy

For s > 1 define the Rényi divergence from the uniform law, with relative entropy at order one, by

_log M(n)

DS<n) s — 1 )

D;(n) = (f,log f,),, 0log0:=0.

These are normalized using the mean-one density f,,.

Proposition D.3 (rates justified by inheritance). For every s > 1,

r. = lim D,(n) = inf D,(n)

s n—oo n n>1 n

> 0. (F.divergencerate)

The rates are nondecreasing in s, and limg; r, = ry. For a fixed s > 1, if a block length £ > 1 has certificates
M (j) < B, for 0 < j < ¢, with By = 1, then

log B
D, (n) <nr, 4+ O, ,(1), T, = (Ogilsg >r,. (F.blockrate)
: P

The implicit constant here also depends on the fixed finite certificates.

Proof. For s > 1, (F.inheritance) makes D, subadditive; Jensen gives nonnegativity. Finite-level differentia-
tion at order one gives D (n) — D;(n), including zero entries by continuity. Taking this limit in subadditivity
proves it also for D;. For any nonnegative subadditive sequence a,,, write n = k¢ + j, 0 < j < ¢. Then
a, < ka, +a;, so limsupa,,/n < a,/¢. Taking the infimum over ¢ and using the opposite bound from the
definition of the infimum proves (F.divergencerate). The same division into blocks using log B, /(s —1) proves
(F.blockrate).
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For a finite mean-one density, Holder makes s - log(f*) convex. Its value at one is zero, so its secant slope
from one, D,, is nondecreasing. Thus r, is nondecreasing, and the two infima commute:

D, (n D (n

infr, = inf inf & = inf inf L =r.
s>1 s>1n>1 n n>1s>1 n

This proves the order-one limit. [

For a fixed s > 1, subadditivity gives D (n) = nr +o(n); by itself it does not upgrade that remainder to O(1)
at the true rate. The block rate 7, is a certified upper bound. At order one, projectivity and the summable
mixing envelope give more.

Proposition D.4 (bounded order-one divergence). For every n > 2,
0 < D;(n)—Dy(n—1) <min{log3,¢, ,} (F.entropyincrement)

Consequently D, (n) increases to a finite limit D$°, and

2 .
sup D, (n) = D < 3 log2 + Zmin{log 3, Cyj 231425} < o0,

n>0 j>1
0<D¥—D;(n) < Z min{log 3, ¢;} (n>1), (F.entropybound)
Jjzn
r =0, lélfrll ry = 0.

Proof. Fix n > 2 and put g = f,,_y o7, ,,_1. By the projectivity following (T.law), g is the average of f, on

each three-point fiber. Nonnegativity gives f,, = 0 on a zero-g fiber, and 0 < f,, /g < 3 on every other fiber.

For 0 < u < 3, define ¢(u) = ulogu — v + 1, with 0log0 = 0. Convexity and its minimum at one give
d(u) > 0. If u <1, then ulogu <0, so ¢p(u) <1—wu. If 1 <wu <3, its chord from one to three gives

3log3 —2
< o7 ~

Here log 3 = (log, 3)log2 < (8/5)(7/10) = 28/25 < 4/3, using the elementary logarithmic inequalities already
established in the construction. Thus 0 < ¢(u) < |u — 1| on the whole interval.

(u—1)<u-—1.

On each nonzero fiber, the sum of f,, — g is zero and log g is constant. These facts cancel the linear and log g
terms in the entropy difference, giving

The integrand is defined as zero on zero-g fibers. Its nonnegativity proves the lower bound; the last in-
equality is precisely the unhalved bound (T.mix). The same fiber cancellation also writes the increment
as (f,log(f,,/9)),. Since f,/g < 3 wherever f, > 0 and (f,),, = 1, this is at most log3, proving
(F.entropyincrement).

At level zero f, = 1, while the even and odd geometric letters give f,(0) = 0, f,(1) = 1, f;(2) = 2. Hence
D,(0) =0 and D,(1) = (2/3)log2. Summing (F.entropyincrement) and using (M.envelope) proves bounded-
ness, since 2314/25 > 1. Summing from n + 1 onward gives the stated tail. Boundedness gives r; = 0, and
(F.divergencerate) gives the right-hand limit in the order s. O

For scale, the following values are certified to round to four decimal places; the complete record covers every
0<n<16.

1 2 4 8 12 16

n
Di(n) 0.4621 0.6304 0.8240 1.0087 1.1008 1.1544
Dy(n)/n 04621 0.3152 0.2060 0.1261 0.0917 0.0721

These are finite-level values, not an estimate of D3°. The comparison 735 = (logb;,)/6 ~ 0.1247 is a certified
block-rate upper bound from (F.blockrate), not an identified value of ry/,. The proof identifies r; = 0.

The computation uses positive upper arrays as in Section 9, rather than treating their rounded entries as the
exact law. For an upper density h > f,, put n = (h),, — 1, B =maxh, and T = (hlogh),,. For 0 <n <1,

T —n(logB+1) < Dy(n) <T—nlogn. (F.entropyrounding)
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Indeed, with d = h — f,, > 0, the identity hlogh — f,log f,, = dlogh + f,log(h/f,) and log(1 + z) < «
bound this difference above by d(log B + 1) and below by dlogd. Zero entries are interpreted by continuity.
Averaging and convexity of dlog d prove the two bounds; at n = 0, h = f,,. Rational logarithm enclosures and
this correction give intervals of width less than 1.3 x 10~ for the displayed entropies. The archive contains
the rational interval endpoints determining the displayed rounding.

The tail estimate concerns convergence as the level n increases. It gives no quantitative rate as s | 1, no
conclusion 7, = 0 at a fixed s > 1, and no polynomial moment bound at orders 3/2 or 2. Nor does it improve
the optimized density constant without a further quantitative capacity comparison. For the fan, whose mean
is u = 8/9, divergence is computed from H,,/u. The capacity branches retain their residual-mass powers
and capacity coefficient.

Appendix E. Primitive decay from the original pair process

We prove an explicit primitive Fourier-decay estimate for the reference law. The argument uses the pairing
and separated-triangle method of Tao [1, Section 7] and its quantitative development in [3]. Working directly
with the original pair process gives an exact binomial first-passage law. Its exponential moment yields a
linear vertical window and the degree-four recurrence used to specify the coefficient.

E.1. Primitive Fourier decay and its coefficient

Let independent positive integers K satisfy Pr(K,;, = a) =27, and put

X, =) 3l tK) (mod 3),  F,(€) = Ee2mi¢Xa/3", (E.law)

n
=1

This is (T.law), with the unnormalized positive Fourier convention of Section 6. All inverse powers of two
are taken in the indicated residue ring.

For a positive integer B, define
e=2"8 d=¢*/2, n=d/(32B), §=(16-105)"1

K=16(B+1)/e2, R=4(K+16(B+1))+1, A=64/5, H =27A%/5.

The symbols K, R, A, H in this appendix are local parameters; in particular K is not a valuation letter K.
They are positive integers. Set

u(p) = H(p +1)*, vy = K, Vipp = v tu(y) + K+2 (0<i<R),
P=vp+K+2, Z =128A(P +1)?/4,
M = [max {64B/d, 20(P + 1), (2560(B + 1)), Z?/n, 4096}, Cle¢ = (3M)B. (E.recipe)
This is a finite integer recipe fixed before the level and frequency.

Theorem E.1 (local primitive decay). For every positive integer B, every n > 1, and every £ with 3 } £,
|F,(6)] < CgenP. (E.primitive)

For real requested order b > 0, the integer order B = [b] supplies the same assertion with n=*. We prove the
theorem below.

E.2. Pairing and the discounted process

Fix n,¢ as in the theorem and let N = [n/2]. The case n = 1 follows from |F,| < 1; assume n > 2. Put
B; =Ky; 1 + Kyj and S; = By + -+ B;, with S, = 0. Then

Pr(B; =b) = (b— 127" (b>2).
Conditional on a pair sum b, its first letter is uniform on 1,...,b — 1. The contribution of that pair, after j

preceding pairs and total valuation [, is
32271 (272 - 3270).
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The conditional character is a unit-modulus factor times (b — 1)1 21;11 €30 (€3%21270F9))  Tts modulus is at

most one. When b = 3, that modulus is cos(w6(j,1)), where

g32j27(l+2)

0(j,1) = bal ( I ) € (-1/2,1/2] (0<j< N, le2Z). (E.phase)
Here bal selects the balanced representative modulo one. Call a point black if |#] < €, and white otherwise.
Since 1 — cos(mt) > 2t? for |t| < 1/2, the pair factor at a white state is at most 1 — 2¢? when the next pair

sum is three.

Given the pair sums, different first-letter choices are independent, and the state of each pair depends only on
earlier pair sums. Multiplying these conditional bounds and bounding a possible last odd letter by one gives

[F, (9] < U(0,0),
where U(4,1) is the expectation, from that state, of the product up to column N of
(1 _ 262)1w(j+t7l+st)1{3t‘1:3}_ (Eklll)

Set U = 1 at and beyond N; in particular 0 < U < 1. At a white state the one-step kernel has total mass
1— 1(2€%) = 1 —d. For products of the discount factors we use (1 —2¢?)* < e2e°k,

E.3. Black triangles and separation

Lemma E.2 (geometry). The black lattice points are partitioned into triangles
A={0,0:7=Jo, 1< 1y, (= Jo)log9+ (lg — 1) log2 < ¢}, (E.triangle)

with integer corners (jy,ly), jo > 0, and ¢ > 0. Every triangle lies in j < N — 16. Every lattice point in
the state space 0 < j < N, outside a triangle but within distance sixteen of it, is white. Here distance is
Fuclidean distance to the triangle’s lattice points. Distinct triangles have disjoint lattice points.

Proof. The exact phase relations are
0+ 1,1) =96(4,1) (mod 1), 0(5,1—1)=20(4,1) (mod 1). (E.phase-steps)

Call a point weakly black if its phase has modulus at most 1/100. Three elementary implications will be
used. A weakly black point with a black east or south neighbor is black, since multiplication by nine or two
does not wrap at that size. If east and south neighbors are weakly black, the identity 0 = 0., — 40.outn
(mod 1) first bounds the parent by 5/100; its doubled phase then equals the south phase as a real number
and bounds it by 1/200. If west and south neighbors are weakly black, the west relation first bounds the
parent by 9/100; doubling again bounds it by 1/200.

Starting from a black point (j,), move up along its black run to the last black point (j,[,), then left along
the black row to its first black point (jgy,ly), possibly at j, = 0. The upward run is finite: otherwise its
nonzero phase would halve indefinitely, contradicting its minimum modulus 3~"~21). Write |0(j,,,)| = ee~*.
Multiplication along the known black row and column does not wrap, so the starting point belongs to
(E.triangle). The same multiplication formula makes every lattice point in that triangle black.

For the collar put ~ = 16. All amplifications below are at most 18" !, and 100- 187 < 278, Thus they carry a
phase of modulus at most € to one of modulus less than 1/100. For a point southeast of the corner and within
distance r, its excess logarithmic weight over the triangle is at most r(log9 + log2). Outside the triangle its
phase is therefore strictly between € and 1/100, with no wraparound; it is white.

For a northeast point (j°,1") with I < 1" <[, + r, suppose it were black. Multiply down to height I, + 1.
Propagate weak blackness left to column j using east and south neighbors if j > j, or right using west and
south neighbors if j* < j. The necessary lower row inside the triangle is black. Beyond its last top-row column
it is still weakly black: at most sixteen additional east steps give modulus at most €9'¢ < 2727 < 1/100. The
resulting weakly black point (7,1, + 1), with black south neighbor, is black, contradicting the choice of .

For a point west of the corner, j, —r < j' < j,, suppose it were black. Amplify east to column j, — 1. If
" > 1y, amplify down to ly; if I’ < [, propagate weak blackness upward using east and south neighbors. The
east column is weakly black throughout the required range because (I, —1")log2 < t + rlog2. The point
(o — 1,1,) is weakly black and has a black east neighbor, so is black, contradicting the choice of j,. There is
no west case when j, = 0. These cases prove the collar.
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Each lattice triangle is connected to its corner by north and west unit steps. Two intersecting lattice triangles
must have the same lattice set: a path from an intersection to a point in their difference would cross the
white collar. They then have the same extreme corner and, by its phase, the same ¢. This gives the asserted
partition. Finally the corner phase is at least 3~("~2J0) whence

Jo+1t/1log9 <n/2+loge/log9.

Since 917 < 278, this places the whole triangle before j = N — 16. O

E.4. First passage and white exits

For integer s > 0, let J; = min{j > 1:5; > s} and H, = S;. —s. Realize each geometric letter as the
waiting time for one success of fair coin tosses. If T, counts the successes in the first s tosses, then

T, ~ Bin(s, 1/2), J, = |T,/2] + 1. (E.passage)

Conditional on T, the overshoot waits for two more successes when T, is even and one when it is odd. Future
tosses are independent. Consequently, for integers j, h > 1, with out-of-range binomial coefficients zero,

Pr(J, = j.H, = h) =2+ [<2j82> (h—1)+ <2j5 1)} . (E.joint)

In particular
J,<s/2+1, EH <4, Pr(H,>h)<(h+1)27" (E.overshoot)

For s > 1,a > 0, the variance s/4 of T, gives

Pr(|J, — s/4] > ay/s + 1) < (16a%)71, sup Pr(J, = j) < 4/+/s. (E.passage-bounds)
J

For the atom bound, each atom is the sum of two binomial atoms. The central estimate (2:) /4 <1/VE+1
follows by induction: its squared step is (2k + 1)%(k + 2) < 4(k + 1)3, with difference 3k + 2. The odd case
follows from the neighboring even case, so one binomial atom is at most 4/2/(s + 1), proving the displayed
bound.

For s > 1 and t > 0, we also use
Pr(T, —s/2>t) < e 2t%/s, (E.binomial-tail)

Indeed its centered exponential moment is cosh(a/2)* < e5%*/8 by integrating tanh z < x; exponential Markov
with a = 4t/s gives the claim.

Start at (j,1) in a triangle with top l,, and set s = I, — [. Except with probability e 8, J, < s/4 + /s + 1;
for s = 0 this holds deterministically. The top right corner is at least slog2/log9 columns to the right of
j. Since log2/log9 > 5/16 and /s < s/16 + 4, the exit’s horizontal overshoot past the last top-row lattice
point is less than six. Also H, < 8 except with probability 9/256. On their intersection the exit lies outside
the triangle within distance ten, and is before N. Its collar makes it white. Thus

Pr((j+ Jy, 1y + H,) is white) > 1 —e™® —9/256 > 15/16. (E.white-exit)

E.5. Long crossings and the degree-four threshold

Observe the process p > 0 steps after that exit. Its position is (j+ J, +p,ly +V},), where V,, = H, + By 1+
w4+ By 4, For 1 <z <2, a geometric letter has moment z/(2 — z). Conditional on the parity at time s, V,,
is the sum of either 2p + 1 or 2p + 2 fresh geometric letters. Hence E(4/3)"» < 4P*!1. With Y = A(p + 1),
using log(4/3) > 1/4, log4 < 2, A > 32 and e* > 22 /2, we obtain

128 4

p Y) < em (A4 < o= AlPD/8 < < . E.vertical-tail
r(V,>Y)<e <e S EprIZ S AP e (E.vertical-tail)

Together with (E.passage-bounds), this puts the point in the rectangle

except with probability 1/(16A2(p+1)?)+4/(A(p+1)?). No conditioning on the realized vertical coordinate
is used.
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Assume /s > Z and p < P. The recipe implies W,Y,p < /64, Y < W and W < 2A(p 4+ 1)y/s. The
horizontal range of the rectangle, even with Y subtracted at its left end, lies in the old triangle’s top segment:
use log2/log9 —1/4 > 1/16 for its right end.

Consider a different triangle of size t' > u = u(p) meeting the rectangle at a lattice point (z,y), with left
column a. Then z —Y < a < z. Otherwise (z — Y, ;) would lie in both triangles: moving left by Y saves
Ylog9 of weight and moving down costs at most Ylog2. Also a is in the old top segment. Let b’ be the
lower endpoint of the new triangle’s real vertical section at column a. Disjointness at the lattice point (a, )
gives b’ > l,. Moving from (z,y) to (a,y) decreases the triangle weight, so b’ <y <, +Y.

At the common integer height I, = I, + [u/(2log2)], each such triangle has a horizontal lattice interval
starting at a, of length at least u/12. Its top, at b’ +t'/log2, is above [,. Since u > 4Y log2 and u > 64, the
real section length is

(I, —b")log2 > u/2 —Y log?2 S MY
log 9 log9 4log9 = 10

Taking an integer part loses less than one, while u/10—1 > u/12. These lattice intervals are disjoint, so their
left columns are separated by at least u/32.

All such left columns lie in an interval of length at most 2W + Y + 2. Each makes at most ¥ 4+ 1 columns of
the rectangle bad, because ¢ — Y < a < x. Thus the total number of bad columns is at most

Y+ 1)(1+322W +Y +2)/u) <2Y + 320Y W /u.

This is a deterministic set of columns covering the whole rectangle. Apply the unconditional atom bound in
(E.passage-bounds), then add the rectangle error. Since u(p) = H(p + 1)%,

4/A +1/(16A?) + 2560A4%/H N 8A(p+1)
(p+1)? Vs

Use ) 1 2<2, Zil r<(P+1)?/2 and /s > Z to get

Pr(triangle size at J, +p > u(p)) < (E.large-triangle)

Pr(3p < P : triangle size at J, +p > u(p)) < 2(4/A + 1/(16A?) + 2560A4%/H) + /32 < §. (E.large-union)

E.6. White visits and predictable cancellation

For this subsection extend all columns j > N as white. Write the walk as z, = (j +¢,1+ S,). Define its first
entry by o, = inf{t > 0: 2, is black}. At an entry o; < oo, let I; be the top of its triangle and put

7, =inf{t >0, : 1+ 5, > 1;}, 0,1 = inf{t > 7; : 2, is black},

with inf() = co. In particular, a black exit is the next entry at that same time. The top I, stays fixed during
its crossing. The gaps before the first entry and between each exit and the next entry are white, and the exit
times are strictly increasing.

By (E.white-exit) and the strong Markov property, the conditional expectation of e ttwhite exit) at each entry
is at most 1 — (15/16)(1 — e~ ) < 3/4. Iterating with the indicator that the next entry exists gives

Pr(R entries before P, #white states before P < K) < e (3/4)F~1 < 4. (E.entries)

The iteration is valid even if entries cease: that path contributes zero to the event of R entries. On the
counted event, the first R — 1 exit factors concern times before P, and their white exits are a subset of all
white states. The final bound follows from log(4/3) > 1/4, so its logarithm is at most —16(B + 1), whereas
log(1/0) < 4+ 3B.

Now start immediately after the long crossing in E.5. Outside the event (E.large-union), every triangle
entered at time p < P has size less than u(p). Its top is at distance less than u(p)/log2 < 2u(p), so is
passed within u(p) 4+ 1 pair steps. If fewer than K white states occur, the initial gap and each later gap have
length at most K. The recurrence defining v, bounds successive entry and exit times. Fewer than R entries
with fewer than K whites cannot fill P = vp + K + 2 steps. The simultaneous quantifier over all p < P in
(E.large-union) includes the random entry times without another union bound. Consequently

Pr(#white states in these P steps < K) < 20.
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At each white state, the next pair sum is sampled freshly and equals three with probability 1/4. The state is
known before that sample. The marks at the first K white states are therefore independent Bernoulli (1/4)
variables; the white extension makes these sampling times finite. Their lower-tail bound is

Pr(fewer than K /8 marks among the first K whites) < e %/32 < 4.

For completeness, the centered log moment of a Bernoulli variable has second derivative at most 1/4; inte-
grating twice gives an upper bound a?/8. Exponential Markov at deviation K /8 gives the stated exponent.
On K /8 marked whites, the product in (E.Xill) is at most e~ 5/4 = ¢~4B+1) < § We conclude that the
auxiliary product over the P post-exit steps obeys

(E.postexit)

P-1
E 1—2e2)t Wl s, pa-st < g5 =
11:[0( €%) =0T 1108

E.7. Weighted induction and the terminal event
The function U(3,1) is periodic in I, with period dividing 2-3""!. For 0 < m < N, set

D, = max max(N — j, 1)BU(j,1).

™ N-m<j<N, 1 mod 2-3n-1

Then Dy =1, and D,, > D,, ;. We prove the reverse inequality when M < m < N. Only the new layer
7 = N —m needs checking. Put D = D,, ; > 1; it bounds all strictly later states with their displayed weights.

At a white state with remaining distance r > 8B/d whose later states are controlled by D, the kernel mass
1 —d gives
U, )< (1 —d)D(r—1)"B < (1—-d/2)Dr 5. (E.white-bound)

Indeed log(r/(r — 1)) < 2/r and e¥/* < 1+ d/2. This handles a white state on the new layer.

For a black state let s be its vertical distance to the triangle’s top. If s < nm, stop at J,. Deterministically,
J,/m <d/(32B), m—J,>m/2>8B/d, (1—J,/m)"B<1+d/8.

Here J, <nmm/2+ 1 and m > 64B/d. This includes s = 0, where J, = 1. Discard all factors before the stop.
At white exits use (E.white-bound), and elsewhere use the ordinary later-layer bound. By (E.white-exit),

U(j,1) < Dm~B(1+d/8)(1 —15d/32) < Dm~B. (E.short)

If s > npm, the recipe gives /s > Z. The triangle fits before N, so slog2 < mlog9 and s < 16m/5. Also
P <m/20. Thus J, + P > 9m/10 implies J, > 17m /20, and (E.passage) gives T, —s/2 > m/10 —2 > m//20.
The binomial tail implies

Pr(J, + P > 9m/10) < ¢~ ™/040, (E.terminal-tail)

On the complementary event all sampled states are before N, and the remaining distance is at least m/10.
Discard factors before J;, use (E.postexit), and then the later-layer bound. On the exceptional event use one.

Since D > 1,
UED) < 10PE[post-exit auxiliary product] +mBe /640 < 1 + ! < 1. (E.long)
Dm~B — —4 4

For the second term, logm < y/m and m > (2560(B + 1))? give mPe=m/640 < ¢=m/1280 < 1 /4. On the good

event, every factor of the auxiliary product is before column N and agrees with the original product. On the
exceptional event, the bound uses U < 1 and its probability in (E.terminal-tail).

This proves D,, = D,, ; form > M. Form < M, U < 1 gives D,, < MZ. Hence U(0,0) < MZ max(N,1)~5.
Since |n/2] > n/3 for n > 2, (E.primitive) follows with CI9¢ = (3M)%. This also completes the odd-length
case.

E.8. Size of the coefficient
For B = 6409, the scalar definitions give

K <2173 R <9lT5 A < 925646 51 - 925640  fr 4 3 ~ 977000
Writing w; = v; + 1, we have w, ; < (H + 3)w} and w, < 2'7. Therefore

log, wp < (1744 77000/3)4% < 21547, log, (P + 1) < 2647,
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Also Z < 251293(P 4+ 1)2 7t < 217 and M < 2192862(P 4 1)4. The deliberately loose last prefactor bounds
every entry in (E.recipe). It follows that

log, M < 21941 log, C’é‘i%g < 23341, log, log, Céi%g < 334+ 2R < 276, (E.local-size)
For comparison, write the coefficient in [3] as C2%,. . Its finite recipe is

By =6409, E,=2'"0" L[, =28 T,=10B,2%% R,=2F(T,+3-8195+1)+1,

pO:T07 pi+1 :pi+10'832768<pi+1>3+1+T07 Pmax:pR(,fl? P/ :Pmax+17 50:234P/'

(M.primitiveiteration)

Set
T, = (128B,23F0)2 42, T, = max{2(T, + L2 + 1) + 4, 28192B02°%0 " 91
T3,S =2+ P’ + Pr}gx + (832768<1 + Pmax)3>3 + (1OOSO>27
Ty, = (238By)% + 238(P’ +65), T, =max{T},T,, 1,1y, T34}, Cgfifntive = (32B,T,)Po.
(E.mazur-coefficient)
This is the coefficient recipe in [3], used for the numerical comparison below. Put r = Ry — 1. Then

r > 2% po > 2 and p,.q > pd, so p,. > 2%, The coefficient is at least p, through its PL0  term. With
L3(x) = log, log, log, , we obtain
L (Cles) < 176, Ly (CMaz . ) > 2172 Cloy < CMaz (E.coeflicientcomparison)

primitive primitive*

The comparison follows from the defining recurrences and their growth bounds, without expansion of the
resulting integers.

E.9. Mixing exponents and coefficient dependence
For a primitive input of order 3, the two leading powers of the fixed-width conversion are
ag(v) =p—2— 1(log2)v?, q(v) —1=wvlog2—1. (E.budget)

For 8 > A, + 2, both exceed A, precisely on the intersection of [80,679/5] with

(A, +1)/10g2, /2(F—2 — A.)/ log2).
For g8 < A, + 2, the intersection is empty. At width 80 the smallest integral 8 making both exceed six is
B8 > 2227. (E.floor)

At g = 2227, the smaller power is about 6.929. The order-92 seed estimate and geometric level contraction
use the stronger choice § = 6409: the rational width 6749/50 gives both powers strictly above 2314/25, as in
(M.exponentguards). Thus the entire Section 6 envelope and order-92 seed estimate use the new coefficient
without a change of exponent.

Lower-bound guards and quantitative sensitivity have different roles. For any valid primitive coefficient C' > 1,
the adapter Cg(C) = 20205409 + 2 satisfies Cg(C) > 227790 enough for (B.coefficientscope), Sq, < Cg, and
the small-level mixing bound. It remains strictly increasing in C. In particular

F,(C) = 2*7b16"(C(C) + 1), Ve (n) = 28 B(ONT, (0, X)

are coefficient-dependent, and the envelope decreases when C' decreases. The factor 20%4%9 does not erase a
decrease of C. The coefficient comparison can therefore improve certified formulas; Appendix B traces this
dependence through startup, allocation, and the density formula. The clock threshold remains c;.

Formalization and computational data
Scope of the Lean formalization

A companion Lean 4 development supplies eighteen selected statements. The main convergence theorem
gives one positive lower natural-density constant for every clock strictly above the threshold; the fixed-target
theorem gives one such constant for each positive target not divisible by three. These are existence statements:
the formal release does not claim the complete optimized density formulas of this paper.
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The selected results have the following scope.

Result family Formalized conclusion

Collatz convergence to one Common-clock positive lower density, the rational
clock specialization, and selected depth-eleven
second-moment and fractional bounds.

Fixed-target hitting Positive lower density for every positive target not
divisible by three, the exact target criterion, and
corresponding depth-eleven bounds.

Corollaries A positive individual-root consequence and
vanishing-clock-loss statements for convergence to
one and for each admissible target.

Concentration profiles Exact finite fan allocation and its hinge dual, each
real-moment lower bound, and profile-density
bounds at an existential positive paid level.

Reference entropy Increment bounds, a finite monotone limit with an
explicit tail, and zero normalized growth, including
the positive-index normalized infimum.

The primitive Fourier-decay argument of Appendix E is proved within the formal development, including
its all-order coefficient recipe and the order-6409 specialization used in Section 6. The selected proof depen-
dencies do not assume Mazur’s numerical primitive-decay theorem. Adapted probability and word construc-
tions retain their original attribution and license notices. The coefficient-size estimate, its comparison with
the historical coefficient, and the resulting optimized-density comparisons remain paper proofs. The other
divergence-rate results, the Rényi-order right limit, complementary capacity, deeper tables, full optimization,
and amplified root families are outside the selected Lean release.

Source record and Palomar registration

The companion development defines the ordinary Collatz map, logarithmic hitting sets, and lower natural
density directly. Its theorem map records the correspondence with this paper, and its dependencies are pinned
to specified Lean and Mathlib versions. The eighteen selected statements have passed local compilation and
axiom audits.

Public release through the Palomar registry is pending. No registry identifier or version has yet been assigned,
and independent registry verification is not claimed in this preprint. The scope table above describes the
companion development; the manuscript proofs stand independently of its eventual registration.

Computational data and reproducibility

The finite certificates are specified by the recurrences, pseudocode, and integer inequalities in Section 9 and
the appendices. The reference-density tables use exact integer arithmetic, upward rounding, and explicit
positive-tail bounds. The depth-sixteen cyclic calculation covers all 3'6 = 43,046,721 residues. Fractional-
moment bounds use integer square roots, and entropy values use rational logarithm enclosures. Section 9
specifies the transfer recurrences and certificate inequalities. The supplementary computations also include
scalar comparisons, root-trajectory certificates, and residue-counting calculations used in the explicit bounds;
these broader paper computations should be distinguished from the selected formal proof package.

Use of Al-assisted tools

Al-assisted tools were used in manuscript preparation, Lean proof development, code preparation, and edito-
rial revision.
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