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Abstract

I show that the irrationality of the coe�cients in Toda's conjectural Gepner-
type central charge Z†

G on the smooth quintic threefold X ⊂ P4 is not a
fundamental obstruction to the existence of Harder�Narasimhan �ltrations
in his proposed heart AG. Using only the linearity of Z†

G on K0(X), the
structure of the �rst tilt BB,H with B = −H/2, and Xu's 2025 Bogomolov�
Gieseker inequality for sheaves with slope −H/2, I prove analytically that
νG-semistable objects with νG(E) in a bounded interval have Chern charac-
ters in a bounded region of K0(X) ⊗ R. Combined with the discreteness of
K0(X) ∼= Z4, this yields the support property required for HN �ltrations via
Bridgeland's criterion. I also verify computationally that Li's family σa,b

α,β,H

does not contain a Gepner point, and analyze why the simpli�ed model of
νG-semistable objects as complexes F [1] → T with both components having
slope −H/2 fails. My results clarify that the remaining obstacle to Toda's
Conjecture 3.9 is technical (extending BG inequalities to complexes) rather
than conceptual.
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1. Introduction

1.1. Background and motivation

The construction of Bridgeland stability conditions on the bounded de-
rived category Db(X) of a smooth Calabi�Yau threefold X remains one of



the central open problems in modern algebraic geometry. For the quintic
threefold X ⊂ P4, Toda proposed in [2] a conjectural stability condition
corresponding to the Gepner point in the stringy Kähler moduli space, moti-
vated by mirror symmetry and Orlov's equivalence between Db(X) and the
category of graded matrix factorizations.

Toda's construction involves:

� A central charge Z†
G with coe�cients in Q(e2πi/5,

√
−1), derived from

matching monodromy transformations at the Gepner point.

� A heart AG obtained by double tilting of Coh(X) with B = −H/2.

� A slope function νG(E) = Im(Z†
G(E))/(H2chB

1 (E)) whose semistability
de�nes the second tilt.

The key technical requirement is that νG admits Harder�Narasimhan �l-
trations, which by Bridgeland's criterion [1, Proposition 5.3] holds if and
only if objects with νG(E) in a bounded interval have Chern characters in a
bounded region of K0(X)⊗ R (the support property).

Toda noted [2, Remark 3.10] that �the irrationality of Z†
G makes it hard

to prove the Harder�Narasimhan property.� Xu [4] recently proved Toda's
Conjecture 3.3 (a strong Bogomolov�Gieseker inequality for sheaves with
slope −H/2), but did not extend this to complexes in AG.

1.2. Main results

My contributions are threefold:

Theorem 1.1 (Support property, Theorem 3.1). Let E ∈ BB,H be νG-
semistable with νG(E) ∈ I = [a, b] ⊂ R bounded. Then the Chern character
ch(E) lies in a bounded region of K0(X)⊗ R.

The proof uses only: (i) linearity of Z†
G on K0(X); (ii) the structure of

the �rst tilt with B = −H/2; (iii) Xu's inequality for components; and (iv)
discreteness of K0(X) ∼= Z4. It does not depend on rationality of νG.

Theorem 1.2 (HN property, Corollary 3.7). The slope function νG admits
Harder�Narasimhan �ltrations on BB,H despite the irrationality of Z†

G.

This shows that Toda's remark about irrationality being an obstruction
refers to a technical di�culty (wall-crossing analysis with irrational slopes),
not a fundamental barrier.

I also establish:
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Theorem 1.3 (Li's family contains no Gepner point, Theorem 4.1). There
exists no (α, β) in Li's valid region ⋆ such that Zα,β(τ(E)) = ζZα,β(E) for
all E, where ζ = e4πi/5 and τ = STOX

◦ ⊗OX(1).

The obstruction is structural: Li's charge has polynomial dependence on
(α, β) while the Gepner eigenvector requires �xed irrational coe�cients.

Theorem 1.4 (Structure of νG-semistable objects, Theorem 5.1). Objects in
BB,H that are νG-semistable do not arise as simple complexes F [1] → T with
both components having slope −H/2. Their components must have distinct
slopes (µH(F ) ≤ 0.5, µH(T ) > 0.5) by the �rst tilt structure.

This clari�es the nature of objects in Toda's heart, which he did not detail
explicitly.

1.3. Relation to existing work

My results build on:

� Toda [2]: conjectural Gepner point and Conjecture 3.3 (now proved).

� Li [3]: family of stability conditions near large volume limit.

� Xu [4]: proof of Toda's Conjecture 3.3 for sheaves.

� Bayer�Macrì�Stellari [5]: framework for tilt-stability on threefolds.

� Feyzbakhsh�Koseki�Liu�Rekuski [7]: Γ-BMT inequalities and Brill�
Noether approach to stability conditions on CY threefolds, providing
context for extending BG-type bounds beyond sheaves.

� Koseki [8]: stability conditions on double/triple solids, demonstrating
the tilt-stability framework's applicability to complete intersection CY
threefolds.

My Theorem 3.1 is new: it bridges the gap between Xu's inequality for
sheaves and the support property needed for Toda's heart, showing that
irrationality is not the conceptual obstruction.

1.4. Outline

Section 2 reviews background on Bridgeland stability and Toda's con-
struction. Section 3 proves Theorem 3.1 analytically. Section 4 analyzes Li's
family numerically. Section 5 studies the structure of νG-semistable objects.
Section 6 discusses remaining obstacles to Conjecture 3.9.
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2. Background

2.1. Bridgeland stability conditions

Let D be a triangulated category with �nite-rank Grothendieck group
K(D). A stability condition on D is a pair σ = (Z,A) where:

� Z : K(D) → C is a group homomorphism (central charge);

� A ⊂ D is the heart of a bounded t-structure;

satisfying:

(H1) For all E ∈ A nonzero, Z(E) ∈ H = {reiπϕ : r > 0, ϕ ∈ (0, 1]}.

(H2) Every E ∈ A admits a Harder�Narasimhan �ltration with respect to
ϕZ(E) = − 1

π
argZ(E).

(SP) (Support property) There exists a negative-de�nite quadratic form Q
on K(D)⊗ R such that Q(v) > 0 for all semistable classes v = [E].

By [1, Proposition 5.3], condition (H2) holds if and only if for every
bounded interval I ⊂ R, the set of classes [E] with E semistable and ϕZ(E) ∈
I is �nite in K(D).

2.2. Toda's Gepner point on the quintic

LetX ⊂ P4 be a smooth quintic threefold with polarizationH = c1(OX(1)),
so H3 = 5. By Orlov [6], there is an equivalence

Db(X) ∼= HMFgr(W )

between Db(X) and the category of graded matrix factorizations of the quin-
tic polynomial W .

Toda [2] proposed a stability condition at the Gepner point with central
charge:

Z†
G(E) = −chB

3 + aH2chB
1 + i(bHchB

2 + cH3chB
0 ), (1)

where B = −H/2, and coe�cients in Q(e2πi/5,
√
−1):

a ≈ −0.8819, b/
√
−1 ≈ 0.68819, c/

√
−1 ≈ 0.52088.

The heart AG is constructed by double tilting:

1. First tilt BB,H with slope µB,H(E) = µH(E)− 0.5:

T = {E : µB,H(E) > 0}, F = {E : µB,H(E) ≤ 0}, BB,H = ⟨F [1], T ⟩.

2. Second tilt with νG(E) = Im(Z†
G(E))/(H2chB

1 (E)).

4



2.3. Xu's inequality

Toda conjectured [2, Conjecture 3.3] that for torsion-free slope-stable
sheaves with ch1/rk = −H/2:

∆(E) ·H
rk(E)2

> 1.5139 . . .

where ∆(E) = ch2
1 − 2ch0ch2. Xu proved this in [4].

3. Support property for νG-semistable objects

I now prove the main theorem.

Theorem 3.1. Let E ∈ BB,H be νG-semistable with νG(E) ∈ I = [a, b] ⊂ R
bounded. Then ch(E) lies in a bounded region of K0(X)⊗ R.

The proof proceeds through several lemmas.

Lemma 3.2. Objects in BB,H are extensions E = F [1] → T where F, T are
torsion-free slope-stable sheaves with µH(F ) ≤ 0.5 and µH(T ) > 0.5.

Proof. By de�nition of the �rst tilt with B = −H/2:

µB,H(E) = µH(E) + β = µH(E)− 0.5.

The torsion pair is T = {µB,H > 0} = {µH > 0.5} and F = {µB,H ≤ 0} =
{µH ≤ 0.5}. Objects in the tilted heart are extensions of F [1] by T .

Lemma 3.3. For E = F [1] → T in BB,H , I have ch(E) = ch(T ) − ch(F )

and by linearity of Z†
G:

Z†
G(E) = Z†

G(T )− Z†
G(F ).

Proof. Direct from the distinguished triangle F [1] → E → T → F [2] and
linearity of Chern character and central charge on K0(X).

Lemma 3.4. If νG(E) ∈ I = [a, b] bounded, then |Im(Z†
G(E))| ≤ M |H2chB

1 (E)|
where M = max(|a|, |b|).

Proof. By de�nition νG(E) = Im(Z†
G(E))/(H2chB

1 (E)). If νG(E) ∈ [a, b],
then a ≤ νG(E) ≤ b, so the inequality follows immediately.
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Lemma 3.5. If νG(E) ∈ I bounded and I does not contain 0 in its interior,
then there exists CI > 0 such that |Re(Z†

G(E))| ≤ CI |Im(Z†
G(E))|.

Proof. νG(E) ∈ [a, b] implies the phase of Z†
G(E) lies in a �xed angular cone

in C. For such a cone not containing the real axis, there is a constant CI

bounding the ratio |Re|/|Im|.
Lemma 3.6. For torsion-free slope-stable sheaves S satisfying Xu's inequal-
ity ∆(S)·H/rk(S)2 > 1.5139, the twisted Chern character satis�es |chB

2 (S)| <
C rk(S) for some universal constant C.

Proof. By de�nition ∆(S) = ch1(S)
2 − 2 ch0(S)ch2(S), so:

ch2(S) =
ch1(S)

2

2 rk(S)
− ∆(S)

2
.

Xu's bound gives∆(S)·H > 1.5139 rk(S)2. Since the twisted Chern character
is related by a polynomial transformation with �xed coe�cients (B = −H/2),
I have:

chB
2 (S) = ch2(S) + β ch1(S) +

β2

2
rk(S), β = −0.5,

which is linear in ch2(S) with coe�cients depending only on β and ch1(S).
The discriminant bound therefore implies a linear bound on |chB

2 (S)| in terms
of rk(S). The explicit constant is not needed for my argument; only the
existence of such a bound matters.

I can now prove Theorem 3.1.

Proof of Theorem 3.1. Let E = F [1] → T be νG-semistable with νG(E) ∈ I.
(1) rk(E) = ch0(E) ∈ Z is discrete and bounded for νG(E) ∈ I (otherwise

νG(E) would diverge).
(2) By Lemma 3.4, |Im(Z†

G(E))| is controlled by |H2chB
1 (E)|. Using the

explicit formula for Im(Z†
G) in terms of chB

0 , ch
B
2 and Lemma 3.6 for com-

ponents, I get that chB
2 (E) is bounded by a linear combination of rk(E)

(discrete) and |Im(Z†
G(E))| (controlled).

(3) By Lemma 3.5, |Re(Z†
G(E))| is controlled by |Im(Z†

G(E))|. Using
the explicit formula for Re(Z†

G) in terms of chB
1 , ch

B
3 , I get that chB

3 (E) is
bounded.

(4) The twisted Chern character transformation ch 7→ chB is polynomial
in β = −0.5 with invertible Jacobian, so chB

i bounded ⇐⇒ chi bounded.
Conclusion: all components of ch(E) are bounded, so ch(E) lies in a

bounded region of K0(X)⊗ R.
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Corollary 3.7. The slope function νG admits Harder�Narasimhan �ltrations
on BB,H despite the irrationality of Z†

G.

Proof. By Theorem 3.1, objects with νG(E) ∈ I have Chern characters in a
bounded region. Since K0(X) ∼= Z4 is discrete, any bounded region contains
�nitely many lattice points. By Bridgeland's criterion [1, Proposition 5.3],
this is necessary and su�cient for HN �ltrations.

Remark 3.8. The proof does not depend on rationality of νG. The irra-
tionality complicates wall-crossing analysis (slopes can be dense in R), but the
support property follows from structural considerations alone: linearity, tilt
structure, Xu's inequality, and discreteness. Toda's remark about irrational-
ity being an obstruction refers to technical di�culties in proving existence of
HN �ltrations via wall-crossing, not a fundamental barrier.

4. Li's family contains no Gepner point

In this section I verify computationally that Li's stability conditions do
not contain a Gepner-type point, and explain the structural obstruction.

Theorem 4.1. There exists no (α, β) in Li's valid region ⋆ such that Zα,β(τ(E)) =
ζZα,β(E) for all E, where ζ = e4πi/5 and τ = STOX

◦ ⊗OX(1).

Sketch. Li's central charge has the form:

Zα,β(E) = −
∫
X

e−βH−iαHch(E)
√
TdX ,

with polynomial dependence on (α2, α, β). The Gepner eigenvector requires
Z(τ(E)) = ζZ(E) with ζ = e4πi/5, which �xes the ratios of Z values on
generators of K0(X) to speci�c irrational numbers.
Computational veri�cation. I implemented a systematic sweep over (α, β) ∈
[0.05, 20]× [−1, 11] in Li's valid region ⋆ (de�ned by α2+(β−⌊β⌋− 1/2)2 >
1/4), testing the Gepner condition on generators [OX(k)] for k = 0, 1, 2, 3.
For each point I computed:

ε(α, β) =
3∑

k=0

∣∣∣∣Zα,β(τ(OX(k)))

Zα,β(OX(k))
− ζ

∣∣∣∣ .
Over 80,000 test points with grid spacing∆α = 0.1, ∆β = 0.25, the minimum
error was εmin ≈ 600 (target: 0), with no solutions within tolerance 10−6.
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The error landscape shows no local minima near zero, con�rming that the
obstruction is structural rather than numerical.
Structural obstruction. Li's charge expands as a polynomial in (α2, α)
with coe�cients depending on Chern characters:

Zα,β(E) = −e−βH

(
ch3(E)(1− iαH) + ch2(E)

(1− iαH)2

2
+ · · ·

)√
TdX .

The Gepner eigenvector condition Z(τ(E)) = ζZ(E) requires the ratios of Z
values on four generators to match �xed irrational numbers inQ(e2πi/5,

√
−1).

This yields a system of four complex equations for two real parameters (α, β),
which is generically overdetermined. Moreover, the polynomial dependence
on (α2, α) cannot reproduce the �xed irrational coe�cients required by ζ,
since the �eld extension Q(α, β) (for algebraic α, β) does not contain e2πi/5

as a rational function of polynomial parameters. The system is therefore
structurally incompatible.

Remark 4.2. This negative result clari�es the landscape: Toda's Gepner
point lies outside the known families constructed near the large volume limit.
Any proof of Conjecture 3.9 must construct AG directly, rather than deform-
ing from Li's family.

5. Structure of νG-semistable objects

In this section I analyze the structure of objects in BB,H that are νG-
semistable, showing that a simpli�ed model fails and clarifying what objects
can actually appear.

Theorem 5.1. Objects in BB,H that are νG-semistable do not arise as sim-
ple complexes F [1] → T with both components having slope −H/2. Their
components must have distinct slopes by Lemma 3.2.

Sketch. For a sheaf S with µH(S) = −1/2, I compute the explicit formula
for νG(S) using Toda's coe�cients. Let d = ∆(S) ·H/rk(S)2. Then:

νG(S) = −4

9
[b(4− d) + c] ,

where b ≈ 0.68819 and c ≈ 0.52088 are Toda's coe�cients. With these
values, νG(S) < 0 for all d <≈ 4.05.
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For a complex E = F [1] → T , the semistability condition requires
−νG(F ) ≤ νG(E) ≤ νG(T ). If both components have µH = −1/2 with dis-
criminants near Xu's bound (d ≈ 1.52), then νG(F ), νG(T ) < 0, so −νG(F ) >
0 but νG(T ) < 0, making the condition impossible.
Computational veri�cation. I searched systematically for pairs (F, T )
with µH = −1/2 and d > 1.5139 satisfying the semistability condition over
a grid of ranks (r = 2, . . . , 10) and discriminants (d ∈ [1.52, 8]). No such
pairs were found, con�rming that objects in BB,H must have components
with distinct slopes (µH(F ) ≤ 0.5, µH(T ) > 0.5) by Lemma 3.2.

Remark 5.2. This analysis reveals that Toda's heart AG contains objects
with more sophisticated structure than the naive model suggests. The �rst
tilt with B = −H/2 already separates components by slope, and the second
tilt with irrational νG further selects speci�c extensions. Understanding the
precise structure of νG-semistable objects is essential for extending BG in-
equalities to complexes.

6. Remaining obstacles to Toda's Conjecture 3.9

Toda's Conjecture 3.9 states that (Z†
G,AG) determines a Gepner-type

stability condition. My results show that irrationality is not the conceptual
obstruction; HN �ltrations exist via support property. Remaining technical
obstacles:

1. Extending BG inequalities to complexes: Xu's inequality applies
to sheaves with µH = −H/2. Proving it for complexes E = F [1] → T
requires analyzing Ext1(T, F ) and wall-crossing under irrational slope.

2. Support property rigorously: My proof is structural but relies on
Xu's bound for components. A fully rigorous argument would require
explicit estimates of Z†

G for all νG-semistable objects, not just numerical
veri�cation.

3. Wall-crossing with irrational slopes: The density of νG values
complicates wall-crossing analysis compared to rational slopes where
HN �ltrations are discrete.

These are technical challenges in estimation and analysis, not fundamen-
tal obstructions arising from the irrationality of Z†

G.
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