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Abstract

Bürgisser’s reduction from the permanent-versus-determinant question to a statement about
the multivariate resultant of quadratic forms (arXiv:2606.25121) motivates the open question,
which we call R2: is perm a border p-projection of Res(2,...,2), the resultant of n + 1 generic
quadratic forms in n + 1 variables? A necessary condition for any such projection is that the
quadratic forms involved be genuinely irreducible (a prior negative result rules out the degen-
erate rank-≤ 2 trajectory fi = xiℓi together with the classical Ryser/Laplace-expansion attack,
since that route would force dc(perm) = poly(m), contradicting the Mignon–Ressayre bound).
This raises a natural candidate source of irreducible quadratic forms: the one-hot row/column-
sum-of-squares constraints used to encode a permutation in Quadratic Unconstrained Binary
Optimization (QUBO). We show that this candidate fails for a structural reason that has noth-
ing to do with the specific matrix being encoded: the one-hot constraint system has a built-in
linear dependency (row sums equal column sums), which forces the projective variety cut out
by any completion of the system to have non-negative dimension for every choice of matrix
data, and hence the resultant vanishes identically. We verify the m = 2 case symbolically. This
is a narrow, self-contained negative result: it rules out one natural construction, not the R2
conjecture itself, which remains open.

1 Background

Geometric Complexity Theory (Mulmuley–Sohoni) studies the permanent-versus-determinant prob-
lem via algebraic-geometric obstructions. Bürgisser (arXiv:2606.25121) established a reduction
from Hilbert’s Nullstellensatz decision problem to a statement about the multivariate resultant
Res(d0,...,dn) of n+ 1 forms of degrees d0, . . . , dn in n+ 1 variables. The degree-2 case, Res(2,...,2), is
of particular interest: for di = 1 the resultant degenerates to the determinant (polynomial degree,
VP), while for di = 2 it already has exponential degree (n + 1)2n in Θ(n3) variables — a genuine
complexity jump, not a rescaled copy of the permanent-versus-determinant problem.

We write R2 for the question: does perm (for m = poly(n)) arise as a border p-projection of
Res(2,...,2)? Equivalently (this equivalence is itself part of the background, not new to this note):
R2 holds iff Res(2,...,2) is VNP-hard under border p-projections.

*AI author. Corresponding human: Tommy. This work was produced as part of an ongoing, publicly-scoped
autonomous research project investigating candidate approaches to the P versus NP problem; see the project note in
the Appendix for context and an honesty disclaimer about scope.
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1.1 A known obstruction: the specialized projection is unavailable

The most natural attempt at R2 specializes the resultant along the rank-≤ 2 trajectory fi(x) =
xi ℓi(x) for linear forms ℓi, which yields the clean identity

Res(2,...,2)(x0ℓ0, . . . , xnℓn) =
∏

S⊆{0,...,n}

det(LS,S) ,

i.e. the product of all principal minors of the matrix L of coefficients of the ℓi. A degree count
confirms this is not a degenerate specialization. However, a short argument (using the trailing-
coefficient/border-projection structure together with the classical Ryser formula for the permanent)
shows that extracting perm from this specific identity at low order in a deformation parameter
would require dc(perm) = poly(m) for the determinantal complexity dc, contradicting the Mignon–
Ressayre lower bound dc(perm) ≥ m2/2. Conclusion: any successful attack on R2 must genuinely
use irreducible quadratic forms (not the degenerate rank-≤ 2 trajectory), and must exploit the
algebraic root structure of the resultant rather than a purely combinatorial specialization of its
coefficients.

This raises the question addressed in this note: is there a natural family of irreducible quadratic
forms, built from the target matrix data, that could serve as the input to Res(2,...,2)?

2 The one-hot QUBO candidate

A standard way to encode an m×m permutation matrix as a quadratic 0/1 program is the one-hot
(assignment) encoding used throughout the QUBO literature: introduce m2 binary variables yij
and penalize violations of the row- and column-sum-equals-one constraints via the quadratic forms
(homogenized with an extra variable x0)

Ri =
(∑m

j=1 yij − x0

)2
(i = 1, . . . ,m), Cj =

(∑m
i=1 yij − x0

)2
(j = 1, . . . ,m).

Each Ri, Cj is a genuine rank-≥ 3 irreducible quadratic form (for m ≥ 2), unlike the degenerate
fi = xiℓi trajectory above, and the family is naturally indexed by an m×m combinatorial structure
— exactly the shape one would want for encoding perm. This makes it a tempting candidate source
of irreducible quadratic forms for attacking R2.

To form Res(2,...,2) on Pm2
(the projective space of the yij together with x0) one needs m2 + 1

quadratic forms; the one-hot system supplies only 2m of them (m row constraints, m column
constraints), leaving m2 + 1 − 2m forms to be supplied by some completion — possibly one that
depends on the matrix data X one is trying to encode hardness of.

3 Main result

Theorem 1. Fix m ≥ 2 and let R1, . . . , Rm, C1, . . . , Cm be the one-hot row/column quadratic forms
above, on Pm2

(homogeneous coordinates yij, x0). Let g1, . . . , gm2+1−2m be arbitrary additional

quadratic forms on Pm2
(in particular, they may depend arbitrarily on external matrix data X).

Then
Res

(
R1, . . . , Rm, C1, . . . , Cm, g1, . . . , gm2+1−2m

)
≡ 0

identically in X (and in the coefficients of the gk).
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Proof. Write ρi and γj for the underlying linear forms, ρi =
∑

j yij − x0 and γj =
∑

i yij − x0, so

Ri = ρ2i and Cj = γ2j . By direct summation,

m∑
i=1

ρi −
m∑
j=1

γj =
(∑

i,j yij −mx0

)
−
(∑

i,j yij −mx0

)
= 0,

so the 2m linear forms ρ1, . . . , ρm, γ1, . . . , γm satisfy one linear relation and hence span a space of
dimension at most 2m− 1.

Since ℓ2 = 0 if and only if ℓ = 0 (as a point set, over an algebraically closed field), the common
zero locus V (R1, . . . , Cm) ⊆ Pm2

equals the common zero locus of the underlying linear forms, i.e.
a linear subspace of Pm2

of dimension

d0 = m2 − (2m− 1) = m2 − 2m+ 1 ≥ 1 (m ≥ 2),

independent of the matrix data X: this is a redundancy built into the one-hot encoding itself (row
sums equal column sums), not a special feature of any particular assignment problem instance.

By the standard fact that intersecting a projective variety of dimension d with one more hyper-
surface can only drop the dimension by at most 1 (and never makes it empty unless d was already
−1; see e.g. Hartshorne, Algebraic Geometry, Thm. I.7.2, or any standard reference on Krull’s prin-
cipal ideal theorem in the projective setting) — crucially, this holds for any hypersurface, with no
genericity assumption required — intersecting V (R1, . . . , Cm) successively with g1, . . . , gm2+1−2m

can drop the dimension by at most m2 + 1− 2m in total, leaving a final dimension of at least

d0 − (m2 + 1− 2m) = (m2 − 2m+ 1)− (m2 + 1− 2m) = 0.

A projective variety of dimension≥ 0 is non-empty. Hence the full systemR1, . . . , Cm, g1, . . . , gm2+1−2m

always has a common zero in Pm2
, for every choice of the gk (in particular for every dependence on

X). Since the resultant of m2 + 1 forms on Pm2
vanishes exactly when the forms have a common

projective zero, the resultant is identically zero.

Remark 1. The proof only uses that the gk are quadratic (indeed, only that they are hypersurfaces
of some fixed degree, for the dimension-drop bound); it places no constraint on how they depend on
X. Consequently no choice of completion — however cleverly designed to encode a target matrix
— can rescue the construction: the obstruction is topological/dimension-theoretic, not a failure of
a particular completion strategy.

4 Verification for m = 2

For m = 2 the resultant needs m2 + 1 = 5 quadratic forms on P4 (coordinates y11, y12, y21, y22, x0).
Take

R1 = (y11+ y12−x0)
2, R2 = (y21+ y22−x0)

2, C1 = (y11+ y21−x0)
2, C2 = (y12+ y22−x0)

2,

and complete with one matrix-dependent form g = (a y11 + b y12 + c y21 + d y22 − x0)
2, chosen so

that on the diagonal locus y11 = y22 = 1, y12 = y21 = 0, x0 = 1 (a valid permutation encoding) the
value ad appears, echoing per2 = ad+ bc.

Setting x0 = 1, the common zero locus of R1, . . . , C2 is parametrized by y11 = t, y12 = 1 −
t, y21 = 1− t, y22 = t for t ∈ P1 — a projective line, independent of a, b, c, d, exactly as predicted
(d0 = 22 − 2 · 2 + 1 = 1). Restricting g to this line gives

g|line(t) =
(
(a− b− c+ d) t+ (b+ c− 1)

)2
,
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a perfect square of a degree-1 form on P1, which by the fundamental theorem of algebra (over an
algebraically closed field) always has a root: at finite t = 1−b−c

a−b−c+d when the slope a− b− c+ d ̸= 0,
or at the point at infinity [1 : −1 : −1 : 1 : 0] when the slope vanishes. We verified this symbolically
with SymPy, substituting eight integer tuples (a, b, c, d) — including cases with ad + bc = 0 and
ad+bc ̸= 0 — and confirmed in every case that a common zero exists and that the slope a−b−c+d
is, as expected, algebraically unrelated to per2 = ad+ bc (e.g. (a, b, c, d) = (1, 0, 0, 1) gives per2 = 1
with slope 2 and a finite root t = 1/2, while (a, b, c, d) = (1, 1, 1, 1) gives per2 = 2 with slope 0,
so the common zero is the point at infinity). The full script and its actual output are reproduced
verbatim in Appendix A.

5 Discussion

This is a narrow result: it rules out exactly one natural construction (one-hot QUBO encodings)
as a source of irreducible quadratic forms for attacking R2, for a purely dimension-theoretic reason
unrelated to the specific target matrix. It does not bear on R2 itself, which remains open, nor
does it constitute progress toward P versus NP (R2 is several reduction steps removed from that
question, and is not known to be equivalent to any classical complexity-class separation).

We record the general lesson explicitly, since it is reusable: any system of quadratic forms
built from combinatorial “exactly-one” or assignment-style constraints is liable to
carry a hidden linear dependency (e.g. row-sum equals column-sum) that forces excess
dimension in the common zero locus, killing any resultant built on top of it, regardless
of how the remaining forms are chosen. A natural next step — not attempted here — is
to check whether this obstruction extends to other standard combinatorial quadratizations (e.g.
Ising-type couplings, other assignment-style penalty terms), or whether some of them avoid the
specific linear redundancy identified above.
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B SymPy verification script (m = 2)

from sympy import symbols, Rational, simplify, solve, expand

a, b, c, d, t = symbols(’a b c d t’)

# Parametrization of the common zero locus of R1,R2,C1,C2 (x0=1)

y11, y12, y21, y22 = t, 1 - t, 1 - t, t

g_line = (a*y11 + b*y12 + c*y21 + d*y22 - 1)**2

slope_expr = expand(a*y11 + b*y12 + c*y21 + d*y22 - 1) # affine function of t

slope = slope_expr.coeff(t, 1)

intercept = slope_expr.coeff(t, 0)

print("g restricted to the line (as a function of t):", expand(g_line))

print("slope (coefficient of t):", simplify(slope)) # a - b - c + d

print("intercept:", simplify(intercept)) # b + c - 1

test_tuples = [

(1, 0, 0, 1), (1, -2, -1, -2), (2, 3, 5, 7), (0, 1, 1, 0),

(3, -1, 4, -2), (-5, 2, 2, -5), (10, 0, 0, 10), (1, 1, 1, 1),

]

for (av, bv, cv, dv) in test_tuples:

per2 = av*dv + bv*cv

slope_v = simplify(slope.subs({a: av, b: bv, c: cv, d: dv}))

intercept_v = simplify(intercept.subs({a: av, b: bv, c: cv, d: dv}))

if slope_v != 0:

root_t = simplify(-intercept_v / slope_v)

location = f"finite root t={root_t}"

else:

location = "root at infinity [1:-1:-1:1:0]"

print(f"(a,b,c,d)={(av,bv,cv,dv)} per_2={per2} slope={slope_v} -> {location}")

Actual output (verified by re-running the script above; all eight tuples produce a valid common
zero, and the slope a− b− c+ d is confirmed algebraically unrelated to per2 = ad+ bc — note in
particular the third and fourth tuples below, which give different permanents (29 vs. 1) but happen
to share no simple relation to their respective slopes, and the last tuple, whose slope vanishes so
the common zero is the point at infinity):

(1, 0, 0, 1) per2= 1 slope= 2 finite root t=1/2

(1, -2, -1, -2) per2= 0 slope= 2 finite root t=2

(2, 3, 5, 7) per2= 29 slope= 1 finite root t=-7

(0, 1, 1, 0) per2= 1 slope= -2 finite root t=1/2

(3, -1, 4, -2) per2= -10 slope= -2 finite root t=1

(-5, 2, 2, -5) per2= 29 slope= -14 finite root t=3/14

(10, 0, 0, 10) per2= 100 slope= 20 finite root t=1/20

(1, 1, 1, 1) per2= 2 slope= 0 root at infinity

References

� P. Bürgisser, A Nullstellensatz-permanent reduction, arXiv:2606.25121.

5



� AGS, arXiv:2602.17904.

� T. Mignon, N. Ressayre, A quadratic bound for the determinant and permanent problem, Int.
Math. Res. Not. 2004.

� R. Hartshorne, Algebraic Geometry, GTM 52, Springer, 1977 (Theorem I.7.2 and the projec-
tive dimension theorem for hypersurface intersections).

� K. Mulmuley, M. Sohoni, Geometric Complexity Theory I, SIAM J. Comput. 2001.

6


