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Abstract

This work introduces DRCC (Dimensional Reduction via Controlled
Combinatorics), a structural preprocessing and reconstruction framework
for satisfiability problems represented in conjunctive normal form (CNF).
The framework is motivated by the observation that many SAT instances
contain symmetries, repeated substructures, and task-specific constraints
that may not be fully exploited by a generic solver operating directly on
the original formula. DRCC separates a concrete structural transforma-
tion from subsequent satisfiability search: an input formula F' is trans-
formed into a solver-facing representation Frea by a sequence of controlled
reconstruction steps, after which a downstream SAT solver determines the
satisfiability status.

The reduction is parameterized by a processing order 7 and a recon-
struction rule 7. The processing order specifies which variables or struc-
tural units are considered at each stage, while the reconstruction rule
determines the admissibility and structural conditions imposed during
the reduction. This separation makes the framework explicit and permits
the resulting representation to be analyzed independently of the internal
heuristics of a particular solver. The formal development distinguishes the
elementary maps R; from their composition, the overall reduction map

Rprcc = Rgo0---0R1,

where ¢ is the number of processing units.
Two quantities characterize the reduction. The DRCC width,

= BT
wproc = max | BT,
1<i<q

measures the maximum active structural interface at the declared pro-
cessing stages. The DRCC work,

q
reach
Wprce = E N

=0

where the terminal stage ¢ = ¢ is included by convention; its contribution
is N;e“h, which may be zero (as in the PHP construction below). The
quantity measures the total number of distinct partial reconstructions
that are reachable across all stages. This is a structural-combinatorial
work measure, not a machine-level operation count or a wall-clock run-
time. These quantities measure different aspects of the process: a large
structural interface does not necessarily imply a large number of reachable
states or a large implementation-level runtime.

The Pigeonhole Principle family PHP? ! serves as a concrete example.
Under the specified PHP encoding, pigeon-block processing order, and
deterministic reconstruction rule, the formal analysis yields

WDRCC — @(TLQ) and WDRCC = @(n)

The example illustrates how a controlled reconstruction path can expose
a contradiction and enable the tested downstream solver configuration to
detect unsatisfiability without branching on the resulting instance. These
claims are conditional on the stated satisfiability-preservation requirement
and the concrete reconstruction semantics. DRCC therefore does not re-
fute classical resolution or DPLL lower bounds for the original formula; it
changes the representation on which the subsequent solver operates. The



framework provides a mathematical basis for studying structural prepro-
cessing, reconstruction complexity, and solver performance on structured
SAT instances.

Keywords: DRCC; DRCC Runtime Analysis; Dimensional Reduction; Struc-
tural Reduction; Reconstruction Width; DRCC Work; Pigeonhole Principle
(PHP); SAT Solving; DPLL; CDCL; MiniSat; Glucose; Symmetry Breaking;
Satisfiability Preservation; Computational Complexity; Structural Complexity.
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1 Introduction

This record extends DRCC-V3.0 with an executed comparison against represen-
tative established CDCL SAT solver implementations. The central question is
where explicit DRCC symmetry-breaking affects solver behavior on the tested
benchmark family. All reported measured runtime values come from executed
runs; derived quantities, theoretical results, confidence intervals, and explicitly
labeled predictions are identified as such throughout. The manuscript therefore
separates measured evidence, formal proofs, and predictive inference explicitly.

2 QI1: The O(N) Structural Check — Completing
the Certificate Cost

The end-to-end verification time of an N-bit adder is considered here together
with the structural cost of confirming that the represented adder consists of N
correctly instantiated, correctly wired, cells carrying the expected template tag.
DRCC-V3.0 disclosed this structural cost separately from its certificate timing.

2.1 Motivation

The verification scope includes the structural cost previously separated from
the certificate timing. The final Experiment 1 script, expl_full_adder.py,
contains the structural-check extension used for the reported measurements.
The implementation-level total is represented conceptually as

TDRCC,total(N) = Tcertiﬁcate<N) + Tstructuralfcheck (N)7 (1)

alongside the original Teassic(V).

This decomposition is a bookkeeping identity for the two measured compo-
nents in the specified implementation. It is not a universal runtime law for all
DRCC implementations.

2.2 Setup

The added function, structural_check(N), builds an explicit N-cell ripple-
carry representation and verifies the complete set of declared per-cell fields: the
cell index, the expected template tag, the A, B, and S ports, the expected Cjy,
source, and the expected Coyt port. In particular, for ¢ > 0, the carry input is
required to be Cout[i-1], whereas for i = 0 it is required to be the external
Cin.

The check is a representation-level verification of the fields actually con-
structed by the implementation. Because the number of checked fields per cell is
constant, the construction and checking procedure performs O(N) work, which
is measured below.

2.3 Results

Finding: linear construction cost and measured scaling. The
structural-check implementation has linear construction cost O(N), and the
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Figure 1: DRCC verification within the defined structural representation
(Toree tota) (blue) remains at the microsecond scale and includes both the
certificate verification and the explicitly measured ©(N) structural check. The
structural component grows linearly from 4.49us at N = 4 to 239.5us at
N = 256. Within the tested range, the measured verification pipeline based on
the purpose-built structural representation remains in the microsecond range,
whereas the exhaustive classical reference reaches approximately 5.1s at its
largest tested size, N = 11. This comparison does not include SPICE parsing or
external-netlist file I/O. Tiassic (red) is shown solely as the exhaustive reference
baseline; it was tested only through N = 11, where its runtime reached approx-
imately 5.1s, and no formal timeout was applied. The certificate-only DRCC
cost (Teertificate, grey, dashed) is retained solely to show the effect of including
the previously omitted structural verification cost. Curve-transition feature:
the DRCC runtime curve may exhibit a visible change in growth regime; this is
distinct from the formal runtime transition point W = (n4,, Ry,[s]), defined by
Gtime(nyw) = 1. Since Giime(N) > 1 already at the smallest tested N = 4, no
formal W is observed in the tested range.

measured data are consistent with linear scaling over the tested range. Specifi-
cally, Tutructural check(IN) grows from 4.49 us at N = 4 to 239.5 us at N = 256 —
a 53.3x increase for a 64x increase in N. At N = 256, Tprcc total = 241.2 ps,
more than 21,000x lower than the classical runtime measured at N = 11 (5.1,
the largest classical reference size tested — N = 256 and N = 11 are not the
same instance size, and no direct same-N speedup is claimed here). The fully
costed DRCC verification within the defined structural representation stays
at microsecond scale over the tested range, including the explicitly measured
structural-check cost.

Finding: comparison against the classical reference. Including the pre-
viously excluded structural-check cost lowers the reported speedup at N = 11
from DRCC-V3.0’s certificate-only Giime ~ 2.5 x 108 to Giime ~ 4.2 x 10° —
roughly a sixfold reduction in the reported ratio. This is expected and is the
point of the correction: the certificate-only figure omitted a real, now-measured
cost. Giime ~ 4.2 x 10° at N = 11 remains a substantial advantage over the



Table 1: Corrected speedup Giime = Telassic(IV)/TDRCC total (V), including the
previously excluded structural-check cost.

N ‘ Tclassic (5) TDRCC,total (5) Gtimc (corrected)

4 0.000183 0.00000662 28
6 0.001134 0.00000753 151
8 0.027436 0.00000977 2,807
9 0.134587 0.00001059 12,706
10 0.758652 0.00001180 64,316
11 5.102105 0.00001218 418,884

exhaustive classical baseline.

2.4 Boundary and scope

Real SPICE netlist reference. For the full-adder experiments, an actual
SPICE deck for the 1BitFA cell from the 16BitAdder library (Electric VLSI,
MOSIS mocmos process) was used. The supplied deck contained the hierarchical
subcircuits and testbench. The experiment constructs a purpose-built N-cell
representation from the supplied SPICE description and checks its declared
fields against the specified full-adder wiring pattern and the eight-entry full-
adder truth table.

Consequently, this check operates as a representation-level verification of the
fields actually constructed by the implementation; it does not include end-to-
end parsing, external-netlist file I/O, or independent verification of an external
SPICE or gate-level netlist file. The reported ©(NV) scaling therefore character-
izes this defined structural-check operation, while its absolute constant factor is
specific to the present Python implementation.

3 Experimental Evaluation

Numbering note. Q2 is not included in this revision; the numbering of the sub-
sequent research-question chapters follows the original research-question struc-
ture.

3.1 DPLL, MiniSat 2.2, and Glucose 3 with BVE as a
preprocessing reference

3.1.1 Experimental Setup

This section reports a real, executed comparison of a from-scratch DPLL ref-
erence implementation with two established CDCL implementations, MiniSat
2.2 and Glucose 3. The experiment evaluates the specified DRCC symmetry-
breaking construction on the Pigeonhole Principle family PHngl, with n pi-
geons and n — 1 holes. The family is classically unsatisfiable and uses variables
x;; denoting that pigeon ¢ occupies hole j.

Two clause sets are used for each instance size n: a base CNF, in which every
pigeon occupies at least one hole and no hole contains two pigeons, and the same
base CNF extended by an explicitly defined DRCC symmetry-breaking clause
set ,. The latter restricts pigeon i to holes 1,...,min(i,n — 1) and therefore



selects a canonical structural representative of the relevant pigeon-permutation
symmetry. The DRCC-augmented instance is written as

PrlzDRCC ::Pn/\gna (2)

where P,, denotes the original PHP instance.

Six configurations are measured per n: a from-scratch reference DPLL solver
(unit propagation and chronological backtracking, without clause learning) with
and without DRCC, and MiniSat 2.2 [7] and Glucose 3 [8] (via the python-sat
bindings [9]) with and without DRCC. Each configuration is run three times and
the reported values are medians. All solver implementations receive the identical
base CNF for a given n. In the DRCC configurations, only the explicitly defined
clause set ¢, is added; no other solver or execution parameter is changed.

Timeout. A wall-clock timeout of 120 seconds is enforced per solver invoca-
tion. This value is an engineering choice for the experiment and is not derived
from a theoretical threshold. For the reference DPLL solver, the timeout is
enforced by an internal time check inside the search loop. For MiniSat 2.2 and
Glucose 3, each invocation runs in an isolated subprocess that is terminated
externally on timeout, since the underlying solver call cannot be interrupted
from within the calling process once started.

Execution environment. Python 3.14.7, macOS 26.5.2 (arm64, Apple Sil-
icon), python-sat 1.9.dev15, fixed seed 20260819. The seed is unused by the
deterministic solvers reported here and is retained for logging consistency.

Table 2: Median wall-clock runtime (seconds) for PHP? ™' n € {2,...,12,50}.
A value of 120.00* denotes that all three repetitions reached the timeout; the
true runtime is therefore > 120s and is not known exactly.

MiniSat MiniSat 2.2 | Glucose Glucose 3

n DPLL DPLL+4+DRCC 2.2 +DRCC 3 +DRCC
2| 0.0000043 0.0000015 | 0.0626 0.0593 | 0.0601 0.0591
3| 0.0000144 0.0000048 | 0.0602 0.0594 | 0.0592 0.0590
4| 0.000124 0.0000132 | 0.0607 0.0622 | 0.0607 0.0591
5| 0.001225 0.0000290 | 0.0610 0.0595 | 0.0599 0.0596
6 0.0152 0.0000665 | 0.0642 0.0631 | 0.0621 0.0613
7 0.2094 0.000126 | 0.0635 0.0595 | 0.0621 0.0601
8 3.0967 0.000194 | 0.0813 0.0593 | 0.1055 0.0591
9 50.65 0.00033 | 0.1565 0.0642 | 0.7464 0.0647
10 120.00* 0.00049 | 1.7278 0.0649 | 14.259 0.0654
11 120.00* 0.00078 | 60.132 0.0657 | 71.773 0.0650
12 120.00* 0.00105 | 120.00* 0.0656 | 120.00* 0.0663
50 120.00* 0.3268 | 120.00* 0.0925 | 120.00* 0.0918
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3.1.2 DPLL Comparison

timeout (120<) Reference DPLL

—o— without DRCC
== with DRCC

runtime (s, log scale)
=
o
o
.

0 10 20 30 40 50
n (pigeons)

Figure 2: Reference DPLL: runtime without DRCC reaches the 120s timeout
ceiling at n = 10 and is not plotted beyond that point; with DRCC it remains
solved through n = 50. The visible DRCC curve exhibits a change in its growth
regime; this curve transition is distinguished from the formal runtime crossover
defined in Section 3.1.6.

Across the tested sizes, the DRCC-augmented DPLL configuration reported zero
branching decisions in the recorded runs. The largest tested instance was n =
50, which completed within the timeout with DRCC, whereas the corresponding
DPLL configuration without DRCC reached the timeout at n = 10 and remained
unresolved at larger tested sizes.

The remaining growth of the DRCC-augmented DPLL runtime is an
implementation-level effect in the present reference solver. In particular, unit
propagation repeatedly rescans a growing clause set during reconstruction, pro-
ducing clause-processing overhead. This measured behavior should not be in-
terpreted as a proof of an underlying exponential complexity of the DRCC
construction. Resolution lower bounds provide theoretical context for the PHP
benchmark but are not used here as a causal explanation of the measured im-
plementation runtime.
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3.1.3 MiniSat 2.2 Comparison

timeout (120s)
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Figure 3: MiniSat 2.2: runtime without DRCC reaches the timeout ceiling at
n = 12; with DRCC it remains solved through n = 50. A formal discrete
crossover interval Wiy, = [4,5] is identified, but both endpoints lie within the
subprocess-overhead /noise band and are therefore not interpreted as the prac-
tically relevant onset.

MiniSat 2.2 reaches the timeout at n = 12 without DRCC, while the DRCC-
augmented configuration remains solved through n = 50. From n = 2 through
n = 7, the measured wall-clock difference is dominated by the subprocess-
invocation overhead, with values concentrated in the approximately 0.059-
0.065s band. A first clear separation appears near n = 8, after which the
non-DRCC runtime increases substantially.

For the measured MiniSat 2.2 data, Gtime(n) = Tclassic(Pn)/Torec(Pn, Cn)
fluctuates around unity for n = 2 through n = 7, with values between ap-
proximately 0.976 and 1.067, and then rises decisively above unity from n = 8
onward. In particular, Giime(8) = 1.371 and Giime(9) = 2.438. The formal
crossing is therefore represented as the discrete interval Wi,y = [4,5], while
n = 8 is reported as the practical onset of a measurable DRCC effect.

MiniSat 2.2 reported zero branching decisions, zero conflicts, and zero
restarts in the DRCC-augmented configurations in the recorded runs. This
observation is specific to the tested PHP instances and solver settings.
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3.1.4 Glucose 3 Comparison

timeout (120s)
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Figure 4: Glucose 3: runtime without DRCC reaches the timeout ceiling at
n = 12; with DRCC it remains solved through n = 50. No formal W or Wy is
observed because the measured Giime(n) does not fall below unity; its minimum
is Giime(3) = 1.003.

Glucose 3 reaches the timeout at n = 12 without DRCC, whereas the DRCC-
augmented configuration remains solved through n = 50. As with MiniSat 2.2,
the small-instance measurements from n = 2 through n = 7 are dominated by
subprocess overhead. A first measurable separation appears at n = 8, where
the non-DRCC runtime is 0.1055 s compared with 0.0591s with DRCC, a factor
of approximately 1.8.

The measured Giime(n) for Glucose never falls below unity; the minimum is
Gtime(3) = 1.003. Consequently, no exact runtime crossing W and no discrete
crossover interval Wi, are inferred for Glucose 3 from the tested data.

Glucose 3 also reported zero branching decisions, zero conflicts, and zero
restarts in the DRCC-augmented configurations in the recorded runs. Again,
this is an empirical observation for the tested PHP family and does not consti-
tute a general claim about all Glucose instances.

3.1.5 BVE as a Preprocessing Reference

SAT preprocessing comprises a broad class of reductions intended to simplify
CNF instances before the main search procedure. Established techniques in-
clude variable elimination, clause elimination, subsumption, self-subsuming res-
olution, and related simplification procedures [4]. In particular, Bounded Vari-
able Elimination (BVE) eliminates a variable by adding the relevant resolvents
and deleting the clauses containing that variable, subject to a bound on the
resulting structural cost, commonly measured by the change in the number of
clauses [4]. Subsumption removes a clause when another clause is a subset of
its literals and therefore logically entails it [4]. These methods are established
SAT-preprocessing techniques and are not replaced by the DRCC construction
considered here.

13



Symmetry breaking is a complementary line of SAT preprocessing.
Symmetry-breaking predicates add constraints that select representatives from
symmetry classes and can be used before systematic or non-systematic search
methods [5]. More recent work has explicitly studied the interaction between
SAT preprocessing and symmetry handling rather than treating them as com-
pletely independent components [6].

The present DRCC framework is positioned as a structural reduction and
reconstruction framework that can be combined with a downstream SAT solver.
In the PHP experiments, DRCC explicitly generates a symmetry-breaking clause
set and incorporates it into the CNF representation. Thus, this concrete instan-
tiation is closely related to established symmetry-breaking approaches. The
broader DRCC framework, however, is not limited to a symmetry-breaking
predicate; it also includes the structural reduction, interface, and reconstruc-
tion components defined in this work.

BVE is used here as a preprocessing reference rather than as an empirically
benchmarked competitor. The present experiment does not evaluate BVE, al-
ternative symmetry-breaking preprocessors, clause elimination, subsumption, or
complete symmetry-aware preprocessing pipelines under the same experimental
protocol. Accordingly, the positioning is conceptual and methodological, not a
claim of empirical superiority over BVE or other preprocessing systems.

Graph-based structural methods and ordering heuristics provide a further
point of comparison because the DRCC active interface depends on the process-
ing order and on the constraint scopes retained across that order. The later Q3
experiment compares the specified DRCC-FG ordering rule with classical one-
step heuristics, but does not claim that DRCC width is identical to a standard
graph-width invariant.

3.1.6 Runtime Transition and Boundary

The runtime gain is summarized by

_ TClassic(Pn)
Chime(n) = Torece (P, Cn)

An exact runtime transition point is defined by

W = (nw7Rw[SD7 Gtime(nw) =1,
Rw - TClassic(in) - TDRCC (in ) an) (4)

When no exact integer-valued crossing is observed, a discrete crossover in-
terval is defined as

VVint = [n,anr], Gtimc(nf) <1l< Gtimc(nJr)

(used when no exact n,, is observed). (5)

Because the tested problem-size parameter n is integer-valued, an interval
such as Wip, = [4, 5] denotes a discrete runtime crossover interval and not a claim
that every real-valued n between the endpoints was tested. For the present mea-
surements, the MiniSat interval [4, 5] is retained as the formal discrete crossing,
while the observed practical onset is near n = 8. For Glucose 3, no formal
crossing is observed. For DPLL, Giime(n) > 1 already at the smallest tested
n = 2, so no exact empirical crossing is inferred.

14



The definition is consistent with the DRCC-V2 transition-point notation
in the reference document DRCC-V2-REW2, Chapter 10.6 [1], where W =
(N4, Ry[s]) is defined through Giime(ny,) = 1. The present experiment provides
an empirical instantiation of this concept for the PHP/DPLL/CDCL setting,
while retaining the distinction between a formal crossover and a practically
measurable transition.

Table 3: First-timeout matrix across tested n € {2,...,12,50}.

Configuration Largest solved n First timeout at n
DPLL 9 10
DPLL+DRCC 50 (none) -
MiniSat 2.2 11 12
MiniSat 2.24+DRCC 50 (none) -
Glucose 3 11 12
Glucose 3+DRCC 50 (none) -

The experiment evaluates the specified DRCC symmetry-breaking construc-
tion on the Pigeonhole Principle family using the stated DPLL, MiniSat 2.2, and
Glucose 3 configurations. The reported results therefore describe the observed
behavior of these configurations on the tested PHP instances.

The Pigeonhole family was selected because it exhibits permutation sym-
metries over pigeons and holes and therefore provides a controlled setting for
evaluating the specified DRCC construction. This selection does not imply that
the same behavior applies to arbitrary CNF instances or to other symmetry
structures.

The experiment does not constitute a common-protocol empirical compar-
ison against BVE or other preprocessing systems. Such a comparison would
require matched implementations, preprocessing budgets, parameter settings,
and reporting conventions. The present section therefore uses BVE as a pre-
processing reference for conceptual positioning and keeps the empirical claims
restricted to the executed DPLL, MiniSat 2.2, and Glucose 3 experiments.

4 Q3: The 56 Counterexamples — Generation
and Structure

The ordering study evaluates 1,200 generated constraint-structure instances and
records the observed boundary of the tested one-step DRCC-FG greedy ordering
rule.

4.1 Motivation

This section answers what the underlying raw data (exp27_adversarial_
frontier_stress.json) supports directly regarding Q3, and states plainly
which part of the question it does not resolve.

4.2 What the raw data establishes

The search covers 1,200 generated constraint-structure instances (fixed
seed 20260819), drawn from five named instance families: two_blocks,
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random_dense, mixed, band_chords, and hub_bridge. For each instance,
DRCC-FG’s peak frontier width is compared against the best of three classical
heuristics (Min-Fill, Min-Degree, MCS); a counterezample is any instance where
DRCC-FG’s width exceeds the best classical width (a positive gap). 56 of 1,200
instances (4.67%) are positive-gap counterexamples — independently re-verified
here by summing the reported gap distribution (Table 4), which matches the
reported count exactly.

Table 4: Distribution of gap = widthproc — Widthpegt classical across all 1,200
searched instances. Negative values mean DRCC-FG outperformed every clas-
sical heuristic tested.
gap | -8 -7 -6 -5 -4 -3 -2 -1 0o 1 2 3 4
count ‘ 1 2 9 29 69 150 259 380 245 44 9 1 2

Finding (Q3). DRCC-FG matches or beats every classical heuristic tested on
1,144 of 1,200 instances (95.3%); the gap distribution is heavily skewed toward
negative values (DRCC-FG narrower), with the positive tail — the reported
counterexamples — comprising a small minority.

Instance Selection and Tie-Breaking. The top-25 instances were selected
by ranking the observed positive gaps between the DRCC-FG width and the
best classical width. No strict tie-breaking rule had been predefined before the
experiments; instances with identical primary gaps were therefore resolved ad
hoc for this descriptive inspection.

The five instance families are represented as follows: two_blocks (9),
random_dense (8), mixed (6), band_chords (1), and hub_bridge (1).

A recorded counterexample. Instance 487 belongs to the two_blocks fam-
ily and contains 22 variables and 33 constraint scopes. The recorded DRCC-FG
ordering produces a peak frontier width of 15, whereas both Min-Degree and
MCS produce a peak width of 11, yielding a positive gap of 4. The underlying
experiment record contains the complete constraint-scope list and the variable
ordering produced by each of the four heuristics, so that the reported widths
can be independently re-derived. The available record does not provide a com-
plete per-stage B; or w; trace, nor a corresponding runtime measurement for
this individual instance. Accordingly, no stronger causal interpretation of the
width gap in terms of runtime is made here. No claim of global optimality is
made for the tested one-step DRCC-FG ordering rule.

Top-25 selection and tie-breaking. The 25 strongest counterexamples were
selected from the 56 positive-gap instances by ranking them according to the
gap criterion defined above. Where multiple instances were tied at the selection
boundary, the tie was resolved by inspection. This tie-breaking procedure was
not fixed in advance as a strict deterministic rule. The resulting Top-25 subset
should therefore be understood as a descriptive, selection-dependent subset of
the 56 counterexamples rather than as the output of a preregistered selection
procedure.
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The complete set of 56 positive-gap cases constitutes the primary result of
the adversarial search. The Top-25 subset is a focused descriptive selection of
the strongest observed gaps, introduced to support a more detailed analysis. Its
reproducibility is subject to the stated tie-breaking convention at the selection
boundary.

4.3 Scope of evidence

The EXP.20 and EXP.27 experiment records provide the documented basis for
the reported instance structures, frontier-width measurements, and ordering
comparisons. The recorded data permit direct re-derivation of the reported
counterexamples, including the complete scope and ordering information for
recorded counterexample instance 487 (confirmed exactly against the raw data).
The resulting evidence is therefore reproducible at the level of the recorded
instance data and directly supports the reported 56 positive-gap cases.

Interpretation of width gaps. The 56 positive-gap cases identify instances
for which the evaluated DRCC-FG construction has a positive gap relative to
the corresponding classical one-step construction, as defined above. These dif-
ferences are structural observations and should not be interpreted as direct
evidence of a corresponding solver-runtime disadvantage. Individual runtime
measurements were not collected for all 56 counterexamples. The available
construction-time measurements therefore provide only a partial empirical view
of the practical implications of the observed width gaps.

The generator families and their realized instances are represented in the
experiment records themselves, with the realized scopes, widths, and orderings
documented and internally consistent. Code-level re-execution of the family
generators is a separate reproducibility pathway and is not required to re-derive
the reported widths from the recorded instance data. The manuscript therefore
distinguishes the validity and traceability of the recorded experimental evidence
from the availability of external generator source code.

Ablation. The present Q3 evidence is based on the recorded instance-wise
measurements. No separate repeated-measurement ablation was used for this
ordering study; accordingly, the Q3 conclusion is restricted to the observed
width comparisons and does not rely on an extrapolated noise model.

5 Q4: Prospective Test of the Reconstruction-
Width Formalism

The reconstruction-width formalism is evaluated prospectively: the structural
quantities are derived before the corresponding runtime measurements, and the
resulting runtime hypotheses are frozen before testing.

5.1 Purpose and pre-specified prediction

n = 13 was fixed as the original pre-specified test instance before it was mea-
sured, and was not used anywhere in deriving the formulas below. Both runtime
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hypotheses in Section 5.3 were frozen prior to running that experiment. Two
further points, n = 14 and n = 15 (Section 5.4), were subsequently fixed and
measured in the same manner, against the identical frozen parameters (a, p)
— with no refitting between n = 13, 14, and 15 — turning the original single
pre-specified point into a three-point prospective series. At no stage were the
frozen hypotheses adjusted after seeing a result.

5.2 Formal structural prediction

For PHP" ! with the DRCC symmetry-breaking clause set Ssym = (p (pigeon
1 restricted to holes 1,...,min(i¢,n — 1)), processed in pigeon-block order m =
(1,2,...,n), the active interface is defined explicitly as follows: a processed
variable belongs to B;"" exactly when it still shares a constraint scope
with at least one unprocessed variable. This is the operational definition
used for the PHP-CNF in the present manuscript. It is a concrete instantiation
of the general DRCC principle that retained information is active when it can
still influence an admissible continuation or the declared output.

Transferability of this operationalization. The local-factor-scope crite-
rion is applicable to constraint-hypergraph representations: a processed variable
can continue to constrain an admissible continuation through a constraint that
it shares with an unprocessed variable. What transfers from DRCC-V3.0’s Ex-
periment 20 is this criterion, not its numerical frontier width or processing order.
Experiment 20’s reported max |frontier| = 2 is specific to that experiment’s nar-
row constraint structure. Conversely, the wprcc = ©(n?) result derived below
is specific to the present PHP constraint hypergraph and is not claimed as a
general CSP bound.

What transfers from Experiment 20 is level (2), the criterion itself — not
any numeric result. Experiment 20’s own frontier width (max |frontier| = 2)
is specific to its narrow, chain-like constraint structure and is not claimed to
hold for PHP or any other problem; conversely, wprcc = ©(n?) for PHP+Ssym
(proven below) is not claimed to generalize back to Experiment 20’s problem or
to CSPs in general. Nor does Experiment 20’s specific processing order transfer
— the pigeon-block order used here is independently justified by matching PHP’s
own symmetry-breaking structure. The justified claim is therefore narrow: the
same general, encoding-independent criterion for identifying the active inter-
face, already used and verified in DRCC-V3.0, was applied here to a different
constraint system, and its consequences for that system (closed-form wprec,
Nirea"h, Wpree) are derived independently below, not inherited from Experi-
ment 20’s own numbers.

Under this realization, the following proposition gives the exact closed form,
not merely an empirical value.

Proposition. For 1 <i<n—1,

BIT| =Y min(k,n—1)=Y k=
k=1 k=1

Proof. A processed variable zj ; (k < i) is active iff it shares a
constraint scope with an unprocessed variable. Two factor types
contain xy ;:
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(a)  Pigeon-k  factor  (“at least one hole”),  scope
{Zr1, o Zhmin(en—1)}.  For k < i this scope is entirely pro-
cessed (pigeon-block order), so it contributes no activity.

(b) Hole-j factor (“at most one pigeon”), connecting xj ; to Zp ;
for every pigeon k’ that can also use hole j, i.e. every k' with j <
min(k’,n—1), equivalently k' > j. Pigeon n satisfies min(n,n—1) =
n—12> j for every j < n — 1, so pigeon n can contest every hole.
Hence, for any ¢ < n, pigeon n is an unprocessed pigeon sharing a
hole-j factor with every already-processed xj ; (k < i) — so every
processed variable remains active as long as ¢ < n.

Consequently |B;""| equals the total number of variables processed
through stage i: >, _, min(k,n—1). Fori <n—1, min(k,n—1) = k
for every k <14, giving > ,_, k=1i(i+1)/2. &

Taking the maximum over ¢ (attained at ¢ = n — 1, the last stage before
pigeon n’s factors are fully processed and all interface variables discharge at
once):

(n—1)n

=By = e @(”2)' (7)

wprec(P,m,7) = Jnax |B"

This closed form was independently verified against a direct computational
enumeration of the factor-scope graph for n € {4,6,8,10} (giving 6,15, 28,45
respectively, matching (n — 1)n/2 exactly in every case) before being used for
the n = 13 prediction below.

The reachable-state count is defined here only over valid partial reconstruc-
tions. Thus N{eaCh denotes the number of valid reconstruction states that can
actually be reached after stage ¢ under the fixed pair (7, 7ppp). A failed ex-
tension test at the final stage is an infeasibility event and is not counted as an
additional reachable state. This convention fixes the counting domain before
the work measure is formed and excludes the alternative n + 1 convention in
which the final failed test is counted as a state.

Separately, a direct induction on the forced hole assignment (pigeon k —
hole k for k < n; pigeon n forced infeasible) shows exactly one reachable state
exists at every stage:

Nireach:{éa Z:iow-wn_la (8)
, i=n.

Because the final pigeon cannot be assigned to any of the n — 1 holes, the
final stage contributes no reachable reconstruction state. The uniqueness claim
Nreach = 1 relies on a deterministic reconstruction choice; it does not follow
from the domain restriction j < min(é,n — 1) alone. For the concrete rule used
here,

Tk =1, rry=1 (J#k 1<j<k). 9)
Therefore .
Woree(P,m,7) = Y Nf*" = n = ©(n). (10)
1=0
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For n = 13 specifically:

13-12
wpree(13) = T = 8,
Nreach — 1 vi=0,...,12, (11)
N{gach =0

Wprcc(13) = 13.

5.3 Two frozen runtime hypotheses

Two competing numeric predictions for Tprcc(13) (the reference-DPLL-with-
DRCC wall-clock time) were fixed before measurement.

Why the theory-pure model is a genuine hypothesis, not a straw-
man. Wpgrce = ©(n) is formally derived (Section 5.2), and the implementation
under test executes exactly the reconstruction process that Wprce counts: at
each of the n pigeon-processing stages, one reconstruction step is performed.
A runtime hypothesis proportional to Wpgrce is therefore the most direct,
structure-first prediction available — not one selected to under-perform. Its
rejection is itself informative: it isolates a real, additional cost (per-step clause-
rescanning in this from-scratch implementation) that the width formalism does
not and is not meant to capture, rather than indicating the hypothesis was
chosen to fail.

e Theory-pure: assuming wall-clock time scales proportionally with
Wpree alone, extrapolating the ratio Tprcoc(n)/Wprece(n) observed at
n==6,...,12 gives Tiheory(13) =~ 0.000552s.

o Empirical: a power-law fit

T(n) =an? (12)
to the same seven data points (n = 6,...,12), by ordinary least squares
on log T vs. logn, with no reference to Wpgrcc at all, gives the parameter

estimates

a=5.056 x 1078,
p = 4.0002 £+ 0.0720 (std. error),
R? = 0.9984.

with 5 degrees of freedom and a 95% confidence interval for the exponent
of [3.815,4.185]. Propagating this uncertainty in p (holding a fixed) gives
a point prediction Tempirical(13) &~ 0.001445s with a sensitivity range of
[0.000899, 0.002323] s obtained by propagating only the uncertainty in p
while holding a fixed.

Both are stated here as predictions about this Python implementation’s wall-

clock time, not as claims about DRCC’s structural complexity, which Section 5.2
already establishes independently as Wprce = O(n).
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5.4 Prospective test series: n = 13,14,15

Two further, previously untested points (n = 14, 15) were measured after n = 13,
using the frozen fit parameters (a = 5.056 x 1078, p = 4.0002) from Section 5.3
without any refitting. This converts the original single-point test into a small
prospective series.

Table 5: DPLL+DRCC results across the full prospective test series (n =
13,14,15), T = mean over 3 runs, s = sample standard deviation, 95% CI
via t-distribution (df = 2). Temp is the frozen power-law prediction an?, com-
puted before each respective measurement and never adjusted afterward. All
three baseline configurations (DPLL, MiniSat 2.2, Glucose 3, without DRCC)
reached the 120s timeout in all 3 runs at every n in this table.

n T (s) s (s) % 95% CI (s)  Temp (5) A

13 0.001321 0.000102 7.72%  [0.001068, 0.001575]  0.001445 —8.6%

14 0.001801 0.000076 4.24% [0.001611, 0.001991] 0.001943 —7.3%
15 0.002363 0.000105 4.43%  [0.002103, 0.002623] 0.002561 —7.7%

At every one of the three points, Tem,, falls inside the measured 95% confi-
dence interval. The reported interval is a confidence interval for the measured
mean, not a full prediction interval for a future run. The three relative de-
viations (—8.6%, —7.3%, —7.7%) are of consistent sign and similar magnitude,
with no outlier — the measured values sit systematically slightly below the frozen
power-law prediction, but by a stable margin rather than an erratic one.

For MiniSat 2.24+DRCC and Glucose 3+DRCC at n = 14, 15: 0 decisions, 0
conflicts throughout (propagations 176-209), consistent with N2l = 1 at these
points as well, though these two solvers’ wall-clock times remain dominated by
fixed subprocess overhead (as established in Section 3) and were not the target
of the T'(n) = an? hypothesis, which concerns Tpprr+prCC Specifically.

5.5 Prediction assessment

At n = 13: the theory-pure runtime prediction is 0.000552 s, which lies outside
the measured 95% confidence interval ([0.001068,0.001575]s) and is therefore
inconsistent with the measured mean under the pre-specified interval-
inclusion criterion. The empirical prediction (0.0014455s) lies inside the in-
terval and is therefore consistent with the measurement. The same empir-
ical model, applied without refitting at n = 14 and n = 15, is again consistent
with the respective intervals (Table 5). These results do not constitute a formal
statistical confirmation of the model; they report agreement with the measured
intervals under the pre-specified comparison. At all three prospective points,
the recorded runs were consistent with Nl = 1: the DRCC-augmented con-
figurations reported zero decisions throughout.

This is stated as three prospective test points, not as a general proof that the
empirical power law holds for all n; three consistent points support the model
but do not establish it asymptotically. The formal proof that Wprcc = O(n)
(Section 5.2) is a separate, general result, established by induction for all n, and
does not depend on how many points the empirical implementation-runtime
model has been tested against.
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5.6 Structural Work versus Implementation-Level Empir-
ical Runtime

Structure: WDRCC = @(nz) active-interface capacity (proven)
Reconstruction: Wpbrce = ©(n)  structural work (proven)
Implementation: Tieasured () empirical runtime scaling (= n* over the tested range)

The measured runtime overhead is consistent with an empirical approxi-
mately n* scaling over the evaluated interval. This approximately fourth-power
behavior is a phenomenological description of the present implementation over
that interval, not a proven asymptotic complexity bound or a general DRCC
runtime law. The likely proximate cause is that unit_propagate rescans all
O(n?) clauses at each of the O(n) reconstruction steps — a property of this
from-scratch implementation, not of the reduction itself. A watched-literal im-
plementation could change this implementation-level runtime behavior, but that
possibility was not evaluated in the present study.

5.7 Prediction assessment summary

The purpose of the prospective test is not exact prediction of a specific millisec-
ond value. Instead, the structural quantities defined in Section 5.2 and the two
runtime hypotheses of Section 5.3 were fixed before measurement. Three pre-
viously untested cases (n = 13,14, 15) were then measured against those frozen
hypotheses without post-hoc adjustment or refitting. The theory-pure predic-
tion was not supported at n = 13 because it lies outside the measured 95%
confidence interval, whereas the empirical prediction was consistent with the
interval at all three points. The observed deviations (—8.6%, —7.3%, —7.7%)
have the same sign and similar magnitude. This is a small prospective test
series, not a proof that the empirical power law holds asymptotically.

6 DRCC: Finite Mathematics and Algorithmic
Core

6.0 Introduction and Motivation

Many practically relevant SAT instances exhibit substantial structural regular-
ities, such as symmetries, repeated substructures, or task-specific constraints
that are not fully exploited by generic SAT solvers. Standard DPLL- and
CDCL-based solvers operate directly on the original CNF formula and may
explore exponentially large search trees, even when the underlying structure
admits a much simpler representation.

DRCC (Dimensional Reduction via Controlled Combinatorics) addresses this
gap by introducing a structural pre-processing phase that precedes the solver’s
branching search. The central idea is to transform the input formula F' into a
reduced formula FRreq that can expose contradictions or satisfying assignments
more directly. Satisfiability preservation is required only when the concrete
reduction satisfies the condition stated in Section 6.2; it is not assumed for an
arbitrary reconstruction rule. Formally:

DRCCRea (7,7)
R

F Frea ~2Y5 {SAT, UNSAT}. (13)

The DRCC reduction is parameterized by:
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e a processing order w, which determines the sequence in which variables or
structural units are processed,

e a reconstruction rule 7, which encodes task-specific structural constraints
(e.g., symmetry-breaking conditions, ordering constraints, or domain re-
strictions).

By fixing (m,7) before the reduction starts, DRCC performs a controlled, de-
terministic transformation of the problem structure.

Two quantitative measures are introduced to characterize the DRCC reduc-
tion:

« DRCC width:
= BT 14
WDRCC 112?§q| S (14)
where B]'" is the active interface after processing step i. This measures
the peak structural capacity required during reduction.

« DRCC work: .

Woreo = » Ni#, (15)
i=0
where NF¢ah is the number of reachable reconstruction states at stage i.
This measures the total number of distinct partial reconstructions that
are reachable across all stages. This is a structural-combinatorial work
measure, not a machine-level operation count or a wall-clock runtime.

A key insight is that these two quantities can behave very differently: a
large interface (wprcc) does not necessarily imply large reconstruction work
(Wprec) if the reconstruction rule 7 is sufficiently restrictive.

The pigeonhole principle PHP:‘;l serves as a canonical example. For
a specific DRCC reconstruction rule 7pypp, we obtain wprcc = ©(n?) but
Wproe = O(n), demonstrating that DRCC can reduce the effective search
space even when the active structural interface is large.

This chapter develops the finite-mathematical foundation of DRCC, defines
the key quantities wprcc and Wprcc, and establishes the algorithmic step chain
that connects the input formula F' to the reduced formula Freq and ultimately
to the solver’s output.

6.1 Basic objects and notation

In this section we fix the basic mathematical objects on which the entire DRCC
framework is built. All structures are finite and combinatorial; no analytic or
continuous notions are required.

6.1.1 CNF structure

Let
F=(V,0) (16)

be a finite CNF (conjunctive normal form) structure with
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« a finite set of Boolean variables

V ={x1,29,...,2n}, (17)
« a finite set of clauses

C={C,Cs,...,Cn}, (18)

where each clause Cj is a finite disjunction of literals over V.

A literal is either a variable x; or its negation —x;. We identify each clause with
the set of its literals and the CNF formula F' with the set of its clauses. Thus,
F' can be viewed equivalently as:

e a propositional formula in CNF,

o a finite set of finite sets of literals.

6.1.2 Processing order

DRCC operates with a discrete processing order
m, (19)

which specifies the sequence in which variables or structural units are processed.
Typical instances of 7 include:

 a permutation of the index set {1,..., N}, inducing an order on the vari-
ables (mﬂ'(l)v Tr(2)y s x‘n'(N))a

o a more general schedule over structural units (e.g., blocks of variables,
clause groups, or circuit components).

The order 7 is fixed before the DRCC reduction starts and remains constant
throughout the reduction phase.

6.1.3 Reconstruction rule

In addition to the processing order, DRCC uses a declared task or reconstruction
rule
T, (20)

which determines which structural constraints are enforced during the reduction.
The rule 7 may specify, for example:

o domain restrictions for variables (e.g., pigeon i may only use holes
1,...,min(é,» — 1) in the pigeonhole principle),

o symmetry-breaking constraints that select canonical representatives from
equivalence classes of assignments,

o task-specific structural conditions that encode semantic properties of the
problem (e.g., ordering constraints, monotonicity conditions, or interface
restrictions).

Like 7, the rule 7 is fixed before the reduction starts and remains constant
throughout the DRCC phase.
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6.1.4 Parameter pair

The pair
(m,7) (21)

fully determines the DRCC reduction strategy for a given CNF structure F.
Different choices of (w,7) lead to different reduced structures Fgreq, different
active interfaces B, and different values of wprcc and Wprcc.

In the remainder of this chapter, (m,7) is treated as fixed unless explicitly
stated otherwise.

6.2 DRCC Reduction as a Structural Projection

The central DRCC operation is a structural projection that transforms the input
CNF structure F into a reduced structure Freq. To make the algorithmic struc-
ture explicit, we distinguish between individual DRCC steps and the overall
reduction map.

For the generic algorithm, let ¢ := |7| denote the number of processing units
in the chosen schedule. In the variable-by-variable case with n variables, ¢ = n.
All generic stage indices below therefore run from 1 to ¢; the PHP specialization
later sets ¢ = n explicitly.
6.2.1 Elementary DRCC Step

For each processing step i = 1,...,q, DRCC applies an elementary reduction
map to the complete DRCC state. Define

SOZF, SiZ'R',l'(sl‘,l;7T',7'>7 i:17...,q. (22)

Here S; denotes the complete DRCC state after processing stage 4; it may con-
tain the current CNF structure together with auxiliary reconstruction informa-
tion. The parameters (m,7) are fixed throughout the reduction and determine:

o which structural unit (variable, clause group, or other unit) is processed
at step ¢ (via ),

o which structural constraints are enforced during this step (via 7).
6.2.2 Overall DRCC Reduction Map
The complete DRCC reduction is the composition of all elementary steps:
Rpree(5m,7) = RgoRg-—10---0Ry. (23)
Applied to the input formula F = Sy, the final DRCC state is
Sy = Rorec(F;m,7), Frea = CNF(S,). (24)

We emphasize the distinction:

DRCC step R; vs. overall reduction Rprcc. ‘ (25)

The elementary maps R; describe the local transformation at each processing
stage, while Rprcc describes the global transformation from F' to FRreq.
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6.2.3 Iterative Reduction Sequence

Tteratively, DRCC defines a sequence of complete intermediate states:
So = F, (26)
Si =Ri(Si—1;m,T), i=1,...,q, (27)
with the solver-facing CNF component extracted as
Frea = CNF(S,). (28)

This stepwise formulation will be essential in Section 6.3 for defining the
active interface B]"" and the DRCC width wprcc, and in Section 6.4 for defining
the reachable states N*® and the DRCC work Wpgrcc-

6.3 Active Interface and DRCC Width

This section introduces the active interface B”" and the DRCC width wprcc,
building on the objects from Section 6.1 and the reduction map from Section 6.2.

6.3.1 Active Interface
After each processing step i, DRCC defines an active interface
BT, (29)

which captures the structural information that remains connected to the unpro-
cessed part of the problem after the first ¢ processing steps.

Formally, B]"" can be viewed as the set of boundary variables, constraints,
or reconstruction states that interface between the processed prefix and the
remaining suffix under (7, 7). The precise nature of B;”" depends on the specific
DRCC reduction rule and problem structure; the definition is intentionally kept
general to remain applicable across different problem classes.

For the PHP construction used in this manuscript, the interface is special-
ized unambiguously to processed variables. A processed variable xj, ; belongs to
B" if and only if k < 7 and it shares a constraint scope with at least one unpro-
cessed variable. Thus, B]"" is the set of already processed variables that remain
structurally connected to the unprocessed suffix. The closed-form calculation
below is specific to the stated PHP encoding, processing order m = (1,...,n),
and reconstruction rule Tpyp; it is not asserted as a general formula for arbitrary
SAT instances or arbitrary DRCC rules.

The active interface evolves as DRCC proceeds. Starting from

So = F, (30)
the iterative reduction sequence is given by
Si:Ri(Si_l;ﬂ',T), 7;:1,...,117 (31>

where R; is the elementary DRCC step at stage i, as defined in Section 6.2.
The final reduced structure is

Frea = CNF(S,). (32)

At each stage 4, the interface B]"" quantifies how much structural informa-
tion must be carried forward to correctly process the remaining suffix of the
problem.
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6.3.2 DRCC Width

The DRCC width is defined as the maximal active interface size over all pro-
cessing steps:

WDRCC = g%JBf’T f (33)

This quantity measures the peak structural capacity required during the
DRCC reduction. It depends on the input formula F', the processing order
7, and the reconstruction rule 7; different choices of (m,7) can yield different
widths for the same F'.

6.3.3 Graph-Theoretic Interpretation

In graph-theoretic terms, wprcc is analogous to classical width parameters such
as treewidth, pathwidth, or cutwidth. However, unlike these classical parame-
ters, wprcc is task-aware: it reflects not only the underlying constraint graph
but also the specific reconstruction rule 7 and processing order m imposed by
DRCC.

It is important to note that wprcc is not claimed to be equal to any classical
width invariant (e.g., wprec # treewidth(G) in general). Instead, it should be
understood as a task-aware structural width adapted to the DRCC reconstruc-
tion process.

6.3.4 Relation to DRCC Work

A key distinction is that DRCC width and DRCC work measure different aspects
of the reconstruction process:

e wWprec = Maxi<;<q |B] | quantifies the peak active structural capacity
required during reduction.

e Wprce = g:o N{eaCh quantifies the total reachable reconstruction work
over all stages.

These two quantities can behave very differently. For the Pigeonhole Prin-
ciple family PHP?;1 under a suitable DRCC reconstruction rule 7pgp, one
obtains

wpree = O(n?), Wpreoe = O(n). (34)

This illustrates that a large structural interface does not necessarily imply
large reconstruction work when the reconstruction rule 7 is sufficiently restric-
tive.

6.3.5 Relation to Solver Complexity

The DRCC width wprcc does not directly bound the solver’s search tree size
or runtime. While a smaller wprcc may indicate a more compact structural
representation, the actual solver performance depends on additional factors,
including the solver’s heuristics, clause learning mechanism, and the specific
structure of FRreq.

The separation between wprce (a structural measure of the DRCC reduc-
tion) and Tsolver (the solver’s runtime) is intentional: DRCC changes the prob-
lem structure before the solver begins its branching search, but does not pre-
scribe or bound the solver’s internal behavior.
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6.4 Reachable States and DRCC Work

This section introduces the number of reachable reconstruction states Nfeach
and the total DRCC work Wpgrcc, building on the objects from Section 6.1, the
reduction map from Section 6.2, and the active interface from Section 6.3.

6.4.1 Reachable Reconstruction States

For each processing step i, let Q;(F,m,7) denote the set of admissible partial
reconstructions obtained from S; after the reconstruction rule 7 has been applied
through stage ¢, with processing order w. The reachable-state count is then
defined by

Nyeah = | (F,m, 7). (35)

Formally, a partial reconstruction at stage i is valid if it satisfies the following
conditions:

e it is consistent with the reduced structure S;,

e it respects the structural constraints imposed by the reconstruction rule
T’

e it is compatible with the processing order 7 up to step i.

Equivalently, Q;(F,m, 7) is the set of valid partial reconstructions compatible
with §; and (m,7). The ordering is important: the count refers to states after
the constraints specified by 7 have been applied through stage i.

6.4.2 Iterative Reduction Sequence

Starting from
So=F, (36)

the iterative reduction sequence is given by
Si:Ri(Si—l;TraT)v izl)"'a‘b (37)

where R; is the elementary DRCC step at stage i, as defined in Section 6.2.
The final reduced structure is

Frea = CNF(S,). (38)

At each stage i, the set of reachable states depends on the structure S;, the
reconstruction rule 7, and the processing order 7.

6.4.3 Separation of Interface Size and Reachable States

A key distinction is between the interface size |B] " | and the number of reachable
states NFeach:

o |B""| measures the structural capacity of the active interface at stage i.

o Nreah measures the actually reachable reconstruction states compatible
with S; and (m, 7).
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In many cases, the reconstruction rule 7 restricts the set of valid partial
reconstructions so that
Nk < lBT 7, (39)

when the active-interface state is represented by |B]"" | binary components. This
is a representational upper bound, not a universal DRCC-specific complexity
claim. A substantially smaller value may occur for restrictive reconstruction
rules, but that stronger separation is problem-dependent and must be estab-
lished for the concrete construction.

6.4.4 Total DRCC Work

The total DRCC work is defined as the sum of reachable states over all recon-
struction stages:

q
Wpreo = »  Njooh, (40)
i=0

This quantity measures the total number of distinct partial reconstructions
that are reachable across all stages of the DRCC reduction. It serves as a
structural-combinatorial work measure, not a machine-level operation count or
a wall-clock runtime.

Together with the DRCC width from Section 6.3, we now have two central
quantities:

e WprCcc = maxi<;<q |B]""| (peak structural capacity),

e Wprce = ;1:0 Nfe“h (total reconstruction work).

6.4.5 Example: Pigeonhole Principle

For the Pigeonhole Principle family PHPZ_1 under a suitable DRCC recon-
struction rule 7pyp, one obtains

wpree = O(n?), Wprce = O(n). (41)

This illustrates that a large structural interface (©(n?)) does not necessarily
imply large reconstruction work (©(n)) when the reconstruction rule 7 is suffi-
ciently restrictive. A detailed construction of the PHP reduction will be given
in Section 6.7.

6.4.6 Relation to Solver Search Effort
It is important to distinguish DRCC work from the solver’s search effort:

e Wpree is a combinatorial work measure that counts reachable partial
reconstructions during the DRCC reduction.

e The solver’s search effort (e.g., number of branching decisions, learned
clauses, or runtime) depends on the structure of Freq and the solver’s
internal heuristics.
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The two stages have different units and therefore are not added directly as
an exact numerical equation. A unit-consistent conceptual decomposition is
obtained by introducing cost maps Cprcc and Cyolver:

Eiotal = C'DRCC(DVDRCC) + Csolver(Ssolver)7 (42)

where Sgolver denotes a separately defined solver-effort measure. No universal
form for either cost map is assumed. In particular, Wprcc is a structural-
combinatorial quantity and does not directly translate into seconds or CPU time.
The equation is therefore a conceptual decomposition of cost, not a claimed
runtime law.

6.5 Algorithmic Steps of DRCC

This section details the concrete algorithmic steps performed by DRCC and
shows how they lead to the finite-mathematical core quantities wprcc and
Wproc defined in Sections 6.3 and 6.4.

6.5.1 Input and Initialization

DRCC starts from a finite CNF structure
F=(V,0), V={x1,...,an}, C={Cy,....,Cn}, (43)
together with:

« a processing order 7 (e.g., a permutation of {1,...,n} or a schedule over
structural units),

e a reconstruction rule 7 that specifies which structural constraints are en-
forced during reduction.

The initial state is set to
So:=F. (44)

6.5.2 TIterative Reduction Loop

Let g := |n| denote the number of processing units specified by the chosen
processing schedule. DRCC proceeds in ¢ steps i = 1,...,¢; for the common
variable-by-variable case with n variables, ¢ = n. In each step i, the following
operations are performed:

1. Select next structural unit. According to 7, choose the next variable,
clause group, or structural unit to be processed. Denote this unit by u;.
The sequence (u1, ..., uq) is determined by the processing order m applied
to F.

2. Apply reconstruction rule. Using 7, determine which constraints are
imposed on u; given the already processed prefix S;_;. This may include:

o fixing certain literals or variable relations,
¢ eliminating symmetric or equivalent configurations,

¢ adding structural constraints that encode the task semantics.
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The role of w is to specify the processing order, while 7 specifies the
reconstruction rule (e.g., symmetry-breaking for PHP, monotonicity con-
straints, or interface conditions).

3. Update structure. Construct the reduced structure
Si:Ri(Si_l;’/T,T), (45)
by:

e removing clauses that are already satisfied by the imposed con-
straints,

« simplifying clauses that contain fixed literals,

¢ possibly adding new clauses that encode the DRCC constraints de-
rived from 7.

The result is a new complete DRCC state S; representing the reduced
problem state after applying the constraints determined by 7. Correctness
requires that the reduction preserve the intended solution semantics, as
specified in Section 6.2.

4. Determine active interface. Compute the active interface

B7T77'

i (46)
which, for SAT/CNF instances in this manuscript, is the set of processed
variables that still share a clause (constraint scope) with at least one un-
processed variable. This declared object type makes |B]""| a well-defined
structural capacity measure. Other DRCC applications may use a dif-
ferent declared object type, but variables, constraints, and reconstruction

states are not mixed in one cardinality without an explicit encoding.

5. Count reachable states. Determine the number of reachable recon-
struction states at stage i:

Nreach .— |{valid partial reconstructions compatible with S; and (m,7)}|.
(47)
This counts the distinct partial reconstructions that are compatible with
the reduced structure S; and the constraints imposed by DRCC up to
step i. For specific problem families (e.g., PHP under a suitable mpyp), it
may hold that Nfe“h = 1 for the relevant reconstruction stages; this is a
property of the specific construction, not a universal feature of DRCC.

After ¢ processing steps, the final reduced structure is

FRed = CNF(Sq) (48)

6.5.3 Derivation of DRCC Width
From the sequence of active interfaces {B;""}{_,, the DRCC width is defined as

i=1s
= BT, 49
WDRCC 1%1?§><q| 7 (49)
This quantity captures the maximal structural capacity that must be main-
tained during the reduction. In graph-theoretic terms, wprcc is analogous to
a width parameter (such as treewidth or pathwidth) adapted to the DRCC
reconstruction process.
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6.5.4 Derivation of DRCC Work

From the sequence of reachable-state counts { Ny¢ah}9 . the total DRCC work

is defined as .

Wpree = ZNfeaCh~ (50)

i=0
This sum quantifies the total number of distinct partial reconstructions that
are reachable across all stages of the DRCC reduction. It is a structural-

combinatorial work measure, not a machine-level operation count or a wall-clock
runtime.

6.5.5 Summary of the Step Chain
The algorithmic steps of DRCC can be summarized as follows:
e Select: Choose u; according to .
e Apply: Impose constraints on u; via 7.
o Update: Construct S; = R;(S;—1;7,7).
« Interface: Compute B]"".
« Count: Compute Nyeach,

After ¢ processing steps, the quantities

q
WDRCC = 1n<1a<x |BZT’T‘ and WDRCC = E Nireach (51)
S1xq 3
1=0

are fully determined. These form the finite-mathematical core on which all
subsequent DRCC reduction rules, interface analyses, and runtime predictions
are built.

6.6 Combined DRCC—Solver Pipeline

This section describes how the DRCC reduction integrates with a downstream
SAT solver to form a complete satisfiability-solving pipeline. The presentation
emphasizes the separation of roles between DRCC (structural reduction) and the
solver (branching search), and clarifies the conditions under which the combined
pipeline preserves satisfiability.

6.6.1 Two-Stage Pipeline

Only after the DRCC reduction is complete is the remaining search space handed
to a downstream SAT solver:

DRCCRed (7\',7’)
e,

F Frea =25 {SAT, UNSAT}. (52)

Here, DRCCRged(m, 7) denotes the overall DRCC reduction map defined in
Section 6.2:
DRCCRed(-;m,7) = Rqg0oRg—10---0Ryq, (53)

32



where each R; is an elementary DRCC step as specified in Section 6.5.
Equivalently, the combined algorithm can be written as

DRCC-Solver(F;m,7) = Solver (DRCCRed (F;m, 7')) . (54)

The role separation is thus mathematically explicit:
. F — Fred ;
—_———
DRCC: structural reduction

. FRreq — search tree

Solver: remaining branching search

DRCC does not attempt to emulate or replace the solver; it changes the
effective structural representation of the problem before the solver begins its
branching search.

6.6.2 Formal DPLL Composition

For a CNF formula F = (V,C), a fixed processing order 7, and a reconstruction
rule 7, the DRCC transformation is written as

FRea = Rgﬂcc(F)' (55)
With the elementary transformations
So = F, S; =R (Si—1), i=1,...,q, (56)
the complete transformation is
Rigoc = Ry o---o R, FRea = S5 (57)

DPLL is then applied to the resulting representation. For a partial assign-
ment «, let F' [ « denote the corresponding restricted formula. Unit propagation
is performed before recursive branching. After propagation, DPLL returns UN-
SAT if an empty clause is obtained, returns SAT if the reduced formula is empty,
and otherwise branches on an unassigned variable x:

DPLL(F’, o) = DPLL(F', o0’ U{z = 1}) VDPLL(F', o’ U{x = 0}).  (58)
The combined DRCC-DPLL procedure is therefore
DPLL-DRCC(F) = DPLL (Rzcc(F),0), (59)

so that the complete pipeline is

T, T

Boroo UP/DPLL
r FRed

{SAT, UNSAT}. (60)

This composition makes the division of roles explicit: DRCC performs the
specified structural reduction and reconstruction, whereas DPLL subsequently
performs unit propagation and recursive branching search. DRCC is therefore
not a replacement for DPLL, and DPLL is not a replacement for the DRCC
construction.
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For the PHP family, the concrete reconstruction fixes the canonical assign-

ments z11,22,2,...,%n—1,n—1. Lhe final pigeon has the clause
Ay =xp1 Vo VTyn_1, (61)
while the preceding assignments induce -z, 1,..., 2y ,—1. Consequently,
Apla=0, (62)

and the reduced instance exposes the contradiction before extensive DPLL
branching is required:

Frip 2295 Frea 2 {0} 2255 UNSAT. (63)

The structural and solver components are kept conceptually separate. The
corresponding runtime decomposition is

Tiotal(F) = Torcc(F) + TopLL (FRred)- (64)

This is a conceptual decomposition: Wprce measures structural reconstruction
work and is not itself a wall-clock runtime measure.

6.6.3 Satisfiability Preservation

For the combined pipeline to be correct, the DRCC reduction must satisfy a
separately established correctness condition. This requirement is named the
Satisfiability- Preservation Condition. When the concrete construction satisfies
the Satisfiability-Preservation Condition, one has

[SAT(F) <= SAT(Fyea)] (65)

This condition must be established separately for each construction. This re-
quirement is construction-specific. The present manuscript does not claim that
an arbitrary choice of (7, 7) preserves satisfiability for an arbitrary SAT formula.
In particular, the closed-form PHP results for wprcc, N{eaCh7 and Wprcc apply
to the specified PHP encoding and 7pyp. Extension to other SAT families or
other reconstruction rules requires a separate correctness argument and, where
relevant, a separate derivation of the corresponding structural measures.

In particular, if Freq = F' A is formed by adding symmetry- breaking con-
straints, the nontrivial direction for a satisfiable input is that every satisfiable or-
bit contains at least one assignment satisfying (. That canonical-representative
property is not established here in general.

This condition ensures that the solver’s output on Freq is valid for the
original formula F":

o If FRreq is satisfiable, then F' is satisfiable.
e If FRreq is unsatisfiable, then F is unsatisfiable.

Thus, the combined pipeline is sound and complete for the original satisfi-
ability problem, provided that the DRCC reduction satisfies the satisfiability-
preservation condition stated above.

The concrete mechanism by which satisfiability is preserved depends on the
specific reconstruction rule 7 and is discussed in Section 6.2.
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6.6.4 Solver Independence

The DRCC framework can be combined with different SAT solvers, provided
that the reduced representation Fgreq is accepted by the solver and the DRCC
reduction preserves the intended solution semantics.

For example, the following instantiations are possible:

DRCC-DPLL, DRCC—MiniSat, DRCC— Glucose. (66)

The framework does not prescribe a specific solver; instead, it provides a
structural preprocessing phase that can be paired with various backtracking- or
CDCL-based solvers.

6.6.5 Example: Pigeonhole Principle

For the Pigeonhole Principle family PHPZ_1 under a suitable DRCC recon-
struction rule 7pgp, the pipeline operates as follows:

e DRCC reduces PHPZ_1 to a structurally simplified formula Freq with
WDRCC — @(TLQ) and WDRCC = @(n)

e The downstream solver then processes FRreq, potentially benefiting from
the reduced structural complexity.

Experimental measurements (see Section 3) indicate that DRCC-based pre-
processing can substantially reduce solver runtime on PHP instances compared
to solving the original formula directly. The exact speedup factors depend on
the solver, the implementation, and the specific instance parameters.

6.6.6 Summary

The combined DRCC-solver pipeline can be summarized as:

R u”wRq ver
F Frea —2%s {SAT,UNSATY}, (67)
with the two central structural measures:
q
_ ™, T _ reach
WDRCC = 1IIgllE}LSXq |Bz | and WDRCC = ZO Nz . (68)

DRCC changes the effective structural representation of the problem by:
e eliminating symmetric or equivalent configurations via 7,
o restricting the search space to a canonical subset of reconstructions,

o reducing the relevant structural degrees of freedom before the solver begins
its branching search.

The solver then operates on the reduced structure Fgreq, which may admit
a more efficient satisfiability decision than the original formula F'.
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6.7 Example: Pigeonhole Principle

This section demonstrates the DRCC quantities wprce and Wpree on the Pi-
geonhole Principle family PHPZﬁl. We first define the CNF encoding, then
specify the DRCC reconstruction rule 7pgp, and finally derive the active inter-
face size and reachable-state counts.

6.7.1 CNF Encoding of PHP! ™!

The Pigeonhole Principle formula PHP271 encodes the statement that n pigeons
cannot be placed into n — 1 holes without collision. It uses Boolean variables

Ti g 1<i<n, 1<j7<n-1, (69)

where x; ; is true iff pigeon 4 is placed in hole j.
The clause set consists of:

e At-least-one constraints: For each pigeon i,
A, = i1t V&gV VIin_1. (70)
Each pigeon must be placed in at least one hole.

e At-most-one constraints: For each pair of distinct pigeons ¢ # k and
each hole j,
Mi,k,j = T V Tk, ;. (71)

No two pigeons may occupy the same hole.
The total number of variables is |[V| = n(n — 1). For n > 2, the formula
PHP” ! is unsatisfiable.
6.7.2 DRCC Reconstruction Rule mpyp

We consider a DRCC reconstruction rule 7pyp that processes pigeons in order
i=1,...,n and restricts each pigeon i to holes

Jj < min(i,n —1). (72)
For the concrete deterministic reconstruction rule, the selected assignment is
Tk =1, vy =1L (#Fk 1<j<k). (73)
That is:
e Pigeon 1 may only occupy hole 1.
e Pigeon 2 may occupy holes 1 or 2.
e Pigeon n — 1 may occupy holes 1,...,n — 1.
o Pigeon n is restricted to holes 1,...,n — 1 (all holes).

This rule restricts the reconstruction to a canonical subset of configurations.
For the unsatisfiable PHP family considered here, this restriction exposes a
contradiction along the specified reconstruction path.

36



6.7.3 Active Interface and DRCC Width

For the PHP reduction, B]'" is the same active-interface set used above: it
consists of the processed variables that still share a constraint scope with an
unprocessed variable. Under pigeon-block order, the at-least-one factor of a
processed pigeon is fully processed and therefore does not keep a variable active.
The at-most-one hole factors connect each processed zy ; to later pigeons that
can also use hole j. Because pigeon n can use every hole 1,...,n — 1, every
variable processed through stage ¢ < n remains active. Thus the interface is
exactly

BIT ={mp; i 1<k<i, 1<j<k}, 1<i<n—1 (74)
Consequently,
Ny, it 1) .
| B; |:k§_:1k: o 1<i<n-l (75)

6.7.4 Reachable States and DRCC Work

We now analyze the number of reachable reconstruction states N/°*h at each
stage 1.

For stages ¢ = 0,1,...,n — 1, the DRCC reconstruction rule 7pgp admits
exactly one valid partial reconstruction at each stage. The uniqueness of this
reconstruction follows inductively. At stage k, the rule 7pyp permits holes
1,...,k. The preceding pigeons occupy holes 1,...,k — 1, and the at-most-
one constraints therefore exclude these k — 1 choices. Hence pigeon k must be
assigned to hole k. Consequently, exactly one valid partial reconstruction exists
at every stage ¢t <n — 1:

Nreah — 1 =0,1,...,n—1. (76)

This corresponds to the canonical assignment in which pigeon k is placed in
hole k for k =1,...,1.

At stage i = n, however, all n — 1 holes are already occupied by pigeons
1,...,n — 1. Pigeon n cannot be placed in any hole without violating the at-
most-one constraints. Therefore, there is no valid partial reconstruction at the
final stage:

N = 0. (77)

For this specific PHP construction and the reconstruction rule 7pgp, the
total DRCC work is thus
n n—1
Wpree = ZNfcaCh = Zl + 0 =n= 0O(n). (78)
i=0

=0

6.7.5 Final Contradiction

The DRCC reduction exposes the unsatisfiability of PHP” ! as follows. After
processing pigeons 1,...,n—1 under 7pyp, the canonical reconstruction assigns:

xl,l = T7 x2,2 = T7 ceey xnfl,nfl = T (79)
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All holes 1,...,n — 1 are now occupied. For pigeon n, the at-least-one
constraint requires

An = Tn,1 V Tn,2 VeV Tn,n—1- (80)
However, the at-most-one constraints imply
Ty, j=1...,n—1, (81)

since hole j is already occupied by pigeon j. Therefore, A,, reduces to the empty
clause:

A, — O (82)

The reconstruction assignments are incorporated into the reduced represen-
tation, so that the resulting unit consequences expose the empty clause. The
reduced formula Freq thus contains an explicit contradiction. A downstream
SAT solver can therefore determine unsatisfiability by unit propagation, without
requiring branching on the reduced instance.

6.7.6 Summary

For the Pigeonhole Principle family PHP” ! under the DRCC reconstruction
rule 7pgp, with the final infeasible stage excluded from the reachable-state
count, we obtain:

o DRCC width: WDRCC = @(n2)
« DRCC work: WDRCC = G(n)
e For n =13: wprec(13) = 78 and Wprece(13) = 13.

This illustrates the key DRCC effect: a large structural interface (©(n?))
does not imply large reconstruction work (©(n)) when the reconstruction rule 7
is sufficiently restrictive. The DRCC reduction exposes the contradiction along a
canonical path, allowing the downstream solver to detect unsatisfiability without
extensive branching.

6.8 Resolution vs. DPLL

This section relates the DRCC framework to classical results on resolution proof
complexity and DPLL-style backtracking search. The goal is to clarify how
DRCC interacts with known lower bounds for the Pigeonhole Principle and
why the DRCC reduction does not contradict these classical results.

6.8.1 Resolution Lower Bounds for PHP

For standard CNF encodings of the Pigeonhole Principle, exponential resolution
lower bounds are known; the precise statement depends on the encoding, the
proof system, and the proof-size measure. Haken’s result provides a classical
source for this line of lower bounds [2].

For standard formulations of the PHP family, stronger tree-like resolution
lower bounds are also known. Their precise form depends on the encoding
and on whether proof size, search-tree size, or another measure is used; see
Beyersdorff et al. [3].
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These lower bounds concern resolution refutations of the specified original
encoding. They do not automatically apply to every algorithm that changes the
representation before solving, adds structural constraints, or uses a different
proof system.

6.8.2 DRCC Constraints and Equisatisfiability

The DRCC framework introduces additional structural constraints Sprcc de-
rived from the reconstruction rule 7. The reduced formula can be written as

Frea = Roprec(F;m,7), (83)

where Rprcc applies the constraints imposed by 7 and simplifies the structure
accordingly.

For the PHP family under the rule 7pgp defined in Section 6.7, the reduced
formula Freq contains the original PHP constraints together with the structural
restrictions induced by Tpyp.

For a general DRCC reduction, satisfiability preservation is a required cor-
rectness condition rather than a theorem that follows merely from adding struc-
tural constraints. The condition is

SAT(F) <= SAT(Freq). (84)

For the present PHP benchmark, both F = PHP" ™! and Freq = F A (, are
unsatisfiable: F' is the classical Pigeonhole Principle formula, and adding con-
straints cannot turn an unsatisfiable formula into a satisfiable one. Hence the
equivalence holds for this benchmark family at the level of the SAT/UNSAT
answer. This does not prove satisfiability preservation for arbitrary satisfiable
inputs or for arbitrary reconstruction rules 7. For such a general claim, an
additional canonical-representative/orbit-completeness proof is required.

6.8.3 Relation to Tree-like Resolution and DPLL

These results establish lower bounds for the relevant standard resolution and
tree-like-resolution proof systems, and therefore for the corresponding DPLL-
style procedures operating directly on the original PHP representation. They
do not establish an absolute lower bound for every possible resolution variant,
preprocessing method, or transformed representation. The DRCC procedure
is not claimed to violate these bounds, because it changes the representation
before the downstream solver is invoked.

Tree-like resolution proofs correspond to the execution of a DPLL-style back-
tracking solver without clause learning on the original formula. The exponential
lower bounds for tree-like resolution on PHP therefore concern such procedures
operating directly on the original PHP representation.

The DRCC framework does not refute these classical lower bounds. Instead,
DRCC changes the representation on which the subsequent solver operates:

DRCCRea (m,7)
_—

Fpup Frea —2¥U (SAT, UNSATY}. (85)

The solver then operates on the reduced formula Freq, which may admit
a more efficient satisfiability decision than the original formula Fpgp. The
classical lower bounds apply to Fpgp, not to FRreq-
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6.8.4 Empirical Observations on PHP Instances

Experimental measurements on PHP instances indicate that DRCC-based pre-
processing can substantially reduce solver runtime compared to solving the orig-
inal formula directly. The exact speedup factors depend on the solver, the
implementation, and the specific instance parameters.

For the DRCC reduction defined in Section 6.7, the reduced formula FRreq
contains an explicit contradiction that can be detected by unit propagation. A
downstream SAT solver can therefore determine unsatisfiability without requir-
ing branching decisions on the reduced instance.

These observations are consistent with the theoretical analysis: the DRCC
reduction exposes the contradiction along a canonical path, allowing the solver
to detect unsatisfiability through unit propagation rather than extensive branch-
ing search.

6.8.5 Summary

The relationship between DRCC and classical resolution/DPLL lower bounds
can be summarized as follows:

o Classical resolution lower bounds (e.g., 29(n) for PHPZ_I) apply to the
original formula Fpyp and direct procedures whose proof system falls
within the scope of the corresponding theorem.

e DRCC does not refute these lower bounds; it changes the representation on
which the subsequent solver operates, subject to the stated satisfiability-
preservation condition.

e The reduced formula Freq may admit a more efficient satisfiability decision
than Fpyp, as illustrated by the PHP example in Section 6.7.

e« The DRCC structural construction is solver-agnostic at the interface
level, while runtime and search behavior remain solver- and configuration-
dependent. It can be combined with different SAT solvers (DPLL, Min-
iSat, Glucose), provided that the reduced representation is accepted and
the satisfiability-preservation condition holds.

Thus, DRCC should be understood as a structural preprocessing framework
that transforms the input formula before the solver begins its branching search,
not as a refutation of classical complexity lower bounds for the original problem
representation.

6.9 Core Finite-Mathematical Summary

This section consolidates the finite-mathematical foundation of DRCC devel-
oped in Sections 6.1-6.8. The core definitions, algorithmic steps, and structural
measures are summarized in a unified framework.

6.9.1 Basic Objects and Parameters
DRCC operates on a finite CNF structure

F=(V,C), V=A{z1,...,2n}, C={Cy,...,Cn}, (86)
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together with two fixed parameters:

o 7 a processing order of variables or structural units (e.g., a permutation
of {1,...,n} or a more general schedule),

e T: a reconstruction rule that specifies which structural constraints are
enforced during reduction.

Both 7 and 7 are fixed before the reduction starts and remain constant
throughout the DRCC phase.
6.9.2 DRCC Reduction Map

The DRCC reduction is defined as the composition of elementary reduction
steps. With ¢ := |r| denoting the number of processing units in the chosen
schedule,

Rprec(m,7) = RgoRg—10---0Ry, (87)

where each R; is an elementary DRCC step as specified in Section 6.5.
Applied to the input formula F', the reduction generates the complete DRCC
state
SOZF, SiZRi(Si_l;ﬂ',T), izl,...,q, (88)

and the solver-facing CNF component is extracted as
Frea = CNF(S,). (89)

The reduction is required to preserve satisfiability under the condition stated
in Section 6.2; this is a correctness condition for the concrete reduction, not an
unconditional theorem for arbitrary 7:

F is satisfiable <=  FReq is satisfiable. (90)

6.9.3 Algorithmic Step Chain

The generic DRCC algorithm proceeds in ¢ steps i = 1,...,q, where ¢ = |7|.
In the variable-by-variable case, ¢ = n. At each step i, the following operations
are performed:

1. Select: Choose the next structural unit u; according to 7.
2. Apply: Impose constraints on u; via 7.

3. Update: Construct
Si:Ri(Sifl;ﬂ',T). (91)

4. Interface: Compute the active interface B .
5. Count: Compute the number of reachable states Nyeach,

The step chain starts from So = F and applies S; = R;i(S;—1;7,7) for
i=1,...,q, yielding the solver-facing CNF component Freq = CNF(S,).
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6.9.4 Structural Measures
Two central quantities characterize the DRCC reduction:

« DRCC width:
WDRCC ‘= 112%){Q|Bi’ ‘ (92)

This measures the peak structural capacity required during the reduction.
« DRCC work: .
WDRCC = Z NircaCh. (93)
i=0
This measures the total number of distinct partial reconstructions that
are reachable across all stages.

These quantities can behave very differently. For the Pigeonhole Principle
family PHP” " under the rule 7pgp, we obtained (Section 6.7):

wpree = O(n?), Wprcc = O(n). (94)

This illustrates that a large structural interface does not necessarily imply
large reconstruction work when the reconstruction rule 7 is sufficiently restric-
tive.

6.9.5 Combined DRCC—-Solver Pipeline

In the strict two-stage formulation, the pipeline consists of two stages. Imple-
mentations may alternatively integrate DRCC reconstruction with propagation
or search.

p PRCOranD) g SO (GAT UNSATY). (95)
Equivalently:
DRCC-Solver(F;m,7) = Solver (DRCCRed (F;m, 7')) i (96)

The role separation is explicit:
. F — FReq ;
—_———
DRCC: structural reduction

. FRreq — search tree

Solver: remaining branching search

DRCC does not attempt to emulate or replace the solver; it changes the
effective structural representation of the problem before the solver begins its
branching search.

The DRCC structural construction is solver-agnostic at the interface level,
while runtime and search behavior remain solver- and configuration-dependent.
It can be combined with different SAT solvers (e.g., DPLL, MiniSat, Glucose),
provided that the reduced representation is accepted by the solver and the
satisfiability-preservation condition holds.
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6.9.6 Relation to Classical Lower Bounds

Classical resolution and tree-like resolution lower bounds (e.g., 29 for
PHPZﬁl) apply to the original formula Fpyp and direct procedures whose proof
system falls within the scope of the corresponding theorem.

The shorter refutations that may be obtained after DRCC reduction do
not contradict these classical exponential lower bounds. DRCC changes the
representation on which the subsequent solver operates, subject to the stated
satisfiability-preservation condition. The reduced formula Fgreq may admit a
more efficient satisfiability decision than Fpyp.

6.9.7 Outlook

The DRCC pre-processor can be combined with established CDCL solvers, po-
tentially improving performance on structured instances such as PHP, while
leaving the classical lower bounds for the original, unreduced formula un-
changed. The present experiments evaluate only MiniSat 2.2 and Glucose 3; no
claim of state-of-the-art solver performance is made. The exact benefits depend
on the problem class, the reconstruction rule 7, and the solver implementation.

6.9.8 Unified Summary
The mathematical core of DRCC can be summarized as:

SO = F7
Si:Ri(Sifl;ﬂ',T), izl,...,q,
Frea = CNF(S,),

wpree = max | B
1<i<q ' ¢ " (97)

q
Wpreo = Y | Nj*,
i=0

Freq 22X {SAT, UNSATY}.

All subsequent DRCC reduction rules, interface analyses, and runtime pre-
dictions are built on this finite-mathematical foundation.

Appendix DRCC: Dictionary of DRCC Equations

Purpose and Scope

This appendix provides a consolidated dictionary of equations that belong
specifically to the DRCC (Dimensional Reduction via Controlled Combina-
torics) framework developed in this manuscript.

The dictionary is restricted to equations that define, construct, characterize,
or establish correctness conditions for the DRCC framework. Solver-specific
runtime measurements and empirical timing models are not classified as core
DRCC equations.

The runtime quantities Gime, W, and Wiy, are defined for the PHP runtime-
comparison experiment. Their use in the full-adder experiment is an application-
level comparison and does not redefine the DRCC quantities themselves.
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Core DRCC Equations
DRCC-E01 — DRCC Input Structure.

F=(V,0), V={x1,...,2n}, C={Cy,...,Cp}. (98)
DRCC-E02 — Processing Order.
m=(r(1),...,7(q),  q=|=l|. (99)
DRCC-E03 — Reconstruction Rule.
T. (100)
DRCC-E04 — DRCC Parameter Pair.
(m, 7). (101)
DRCC-E05 — Initial DRCC State.
So = F. (102)
DRCC-E06 — Elementary DRCC Reduction Step.
Si =Ri(Si—1;m,7), i=1,...,q. (103)
DRCC-E07 — Complete DRCC Reduction Map.
Rproc(5m,7) = RgoRg-10-- 0 Ry. (104)
DRCC-E08 — Final DRCC State.
Sy = Rorce(Fim, 7). (105)
DRCC-E09 — Solver-Facing Reduced Formula.
Frea = CNF(S,). (106)

DRCC-E10 — Active Interface.

BT (107)
DRCC-E11 — DRCC Width.
WDRCC 1= f;l%xqw{ [} (108)

DRCC-E12 — Reachable Reconstruction States.

Nreach . —1Q,(F, m, 7). (109)
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DRCC-E13 — Reachable-State Upper Bound.

Nreach 2\B7WT|
i < .

DRCC-E14 — DRCC Work.

q
Wpreo = »_ Ny |
=0

DRCC-E15 — DRCC—-Solver Pipeline.

F DRCCRea(7,7)

Freq —2s {SAT, UNSAT?}.

DRCC-E16 — DRCC—-Solver Composition.

DRCC-Solver(F';m, 7) = Solver (DRCCReq(F; 7, 7))

DRCC-E17 — Satisfiability-Preservation Condition.

[SAT(F) <= SAT(Fiea)|

PHP-Specific DRCC Equations
DRCC-E18 — DRCC-Extended PHP Instance.

PPRCC .— P A G|

(110)

(111)

(112)

(113)

(114)

(115)

This is a DRCC-specific instance definition. The symbol (,, denotes the

DRCC structural constraint set used by the PHP construction.
DRCC-E19 — PHP Reconstruction Restriction.
Jj < min(i,n —1).
DRCC-E20 — Canonical PHP Reconstruction.
Tk =1, rryj=1 (J#k 1<j<k).

DRCC-E21 — PHP Active Interface.

BT ={z;:1<k<i 1<j<k}, 1<i<n-1.

DRCC-E22 — PHP Interface Cardinality.

o i(i+1) :
BV = k= 1<i<n-—1.
1B ]; 5 <i<n
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DRCC-E23 — PHP DRCC Width.

wprec (P, 7, 7) = @ =0(n?) |

For n = 13,
12-13

78.
2

wprec(13) =

DRCC-E24 — PHP Reachable-State Count.

Nyeach — 1) i=0,1,...,n—1|

At the final infeasible stage,

NTrLeach =0l

DRCC-E25 — PHP DRCC Work.

n
reach
Wprce = E N;
1=0

n—1
=> 1+0
i=0

=n=0(n).

DRCC-E26 — Canonical PHP Assignments.

z10=T, Xa2=T, ..., Tp_1p-1=1T.

DRCC-E27 — Final PHP At-Least-One Clause.
Apn=2p1VTpaV- - VZyp1.
DRCC-E28 — PHP Forced Negations.
Ty, j, j=1...,n—1.
DRCC-E29 — DRCC-Exposed Empty Clause.
A, — O}

DRCC-E30 — PHP DRCC Contradiction Path.

Solver

Fpup m) FRreq 2 {D} ——— UNSAT |

DRCC-E31 — PHP Satisfiability Condition.

[SAT(F) <= SAT(Fiea)|
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Consolidated DRCC Results
DRCC-E32 — PHP Structural Result.

wpree = O(n?), Wpbree = O(n) |. (131)

The two quantities measure different structural properties: wprcc measures
peak active-interface capacity, whereas Wprcco measures the total number of
reachable partial reconstructions.

DRCC-E33 — Unified DRCC Mathematical Core.

Sy = F,
SiZRi(Si_l;ﬂ',T), i=1,...,q,
Frea = CNF(S,),
worce = max 1B, . (132)
Nierh = |Qi(F,m, 7)),
q

Wpreo = Y Ny,
i=0

DRCC-E34 — Structural Separation.

DRCC structure # solver behavior # implementation runtime.‘ (133)

This separation is fundamental to the interpretation of the DRCC frame-

work. The dictionary therefore does not classify empirical runtime equations as
definitions of DRCC itself.

Appendix A: Experimental Execution Record
and Reproducibility Limitations

Script. All results in Section 3 were produced by a single script,
exp_cdcl_php.py, which implements: the PHP” ™" CNF generator; the DRCC
symmetry-breaking clause generator; a from-scratch reference DPLL solver (unit
propagation and chronological backtracking only, no clause learning); and a
subprocess-isolated wrapper around MiniSat 2.2 / Glucose 3 via python-sat,
used specifically because a direct in-process call to these solvers cannot be ex-
ternally interrupted on timeout.

Execution environment. Python 3.14.7 (Clang 21.0.0), macOS 26.5.2,
arm64 (Apple Silicon), python-sat version 1.9.dev15. All n values reported
in Table 2 were executed on this same machine and environment, in three sepa-
rate script invocations (n € {6,9,10,11,12}; n € {2,3,4,5,7,50}; n = 8), each
writing its own JSON output file with per-run raw timing and, for MiniSat
2.2/Glucose 3, solver-reported statistics (decisions, conflicts, restarts, propaga-
tions).
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Disclosed gap: seed usage. A fixed seed (20260819, matching the conven-
tion used elsewhere in the DRCC record) is logged in each run’s output for
consistency, but is not actually consumed by any of the six solver configurations
reported here: the reference DPLL solver is fully deterministic given its fixed
variable ordering, and MiniSat 2.2/Glucose 3 are invoked through python-sat
without an explicit seed parameter, so their internal (deterministic, in the ver-
sions used) default behavior governs run-to-run reproducibility. This is disclosed
rather than implied, since the presence of a logged seed value could otherwise
suggest randomized behavior that is not actually present in this experiment.

Disclosed gap: output file management. The three script invocations
described above wrote to output filenames that were not consistently distinct
across runs, and one intermediate result file was inadvertently overwritten dur-
ing the course of running this experiment before all values were transcribed into
this manuscript. No data referenced in Table 2 or Table 3 was affected — all val-
ues were recorded from their respective run’s terminal output and independently
cross-checked (e.g. the n = 8 reference-DPLL decision count, 32780, matches a
value independently computed earlier against the same solver implementation)
— but the raw JSON files for n € {2,3,4,5,7,50} specifically no longer exist as
a standalone artifact and cannot be re-deposited verbatim in an accompanying
data repository. This is disclosed as a reproducibility limitation rather than
silently omitted.

Timeout convention. A value of 120.00s in Table 2, marked with *, always
denotes that all three repetitions of that configuration were terminated by the
120-second timeout without returning a result. It is a ceiling, not a measure-
ment; the true runtime for that configuration and n is unknown beyond “at
least 120 seconds.”

Data and code availability. The experimental record is contained in the
manuscript together with the execution environment, configuration, numerical
tables, and the documented raw-data basis used for the reported analyses. The
remaining terminal records and tabulated values constitute the available ev-
idence basis for the reported results, but the missing standalone JSON files
cannot be reproduced verbatim from the present artifact. No placeholder, in-
vented, or reused repository identifier is used.

Appendix B: Symbol and Equation Register

This appendix collects the principal notation and equations used throughout the
main sections of this manuscript, in the same spirit as the symbol register of the
reference document DRCC-V2-REW2, Chapter 10.6 [1], to keep this document’s
quantities traceable against that manuscript’s general framework.
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Table 6: Register of nine selected principal equations used for the structural,
experimental, and predictive analyses in this manuscript.

Eq. No. Main equation Section Use in
(1) TpRrCC,total (V) = §2.1 Q1: total verifica-
Tcertiﬁcate(N) + tion cost
Tstructural check(N)
(3) Gtime(n) = §3.1.6 Runtime compari-
TClassiC(Pn)/TDRCC (Pn7 C’ﬂ) son
4 W = §3.1.6 Formal runtime
(nw, Rwls]), Gtime(nw) =1 transition
(5) Wint = [n—,n4] §3.1.6 Transition interval
(6) Bl | =i(i+1)/2, 1<i< §5.2 Active-interface
n—1 cardinality
(7) wpree = (n— 1)n/2 =0(n2) §5.2 Maximum  recon-
struction width
(8) Nfc‘“h =1for:t=0,...,n—1; §5.2 Reachable-state
N;LeaCh =0 count
9) Tpp = T, xp; = L (J # §5.2 Deterministic  as-
k, 1<j<k) signment rule
(10)  Wprcc =n=0(n) §5.2 Structural  recon-
struction work
(12) T(n)=anP §5.3 Empirical runtime
prediction
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Table 7: Symbol table for the experimental and prospective reconstruction-
width analysis. The complete symbol register is kept in one continuous table.

Symbol Meaning

N General number of Boolean variables in a CNF instance.

F General CNF instance, F = (V,C).

\%4 Variable set, V = {z1,...,zn}.

C Clause set, C = {C1,...,Cn}.

m Number of clauses in the general CNF instance.

S; Full DRCC state after processing stage ¢, with So = F.

Ri DRCC reduction/transformation operator at stage .

F; CNF component extracted from the full DRCC state S;.

FRed Solver-facing reduced CNF component, Freqa = CNF(S).

o Solver configuration, including the concrete solver/version and rel-
evant settings.

n Problem-size parameter: number of pigeons in the PHP instance;
there are n — 1 holes.

PHPZ’1 Pigeonhole Principle instance with n pigeons and n — 1 holes.

P, Shorthand for PHP?~1.

7 Pigeon index, 1 < i < n.

7 Hole index, 1 < j < n—1.

i Boolean variable indicating whether pigeon i is assigned to hole j.

Cn Instance-specific DRCC symmetry-breaking clause set added to P,

Tcrassic(Pn)

TDRCC (Pn ) Cn)

(Section 3.1.1).

Measured wall-clock time of the corresponding non-DRCC solver
configuration.

Measured wall-clock time of the corresponding solver configuration
with DRCC.

Gtime(n) Runtime ratio Tciassic(Pn)/Tbrcc (P, Cn)-

w Formal runtime-transition point; distinct from Wprcc, the struc-
tural DRCC work measure.

TNy Instance size at the formal runtime transition.

Ry, Common wall-clock runtime at the transition, measured in seconds;

the [s] in W denotes this unit, not a separate variable.
Transition interval used when no exact tested n,,

(Eq. (5))-

is observed

n_ Lower tested instance size satisfying Gime(n—) < 1.

n4 Upper tested instance size satisfying Gime(n4) > 1.

* Timeout marker in Table 2; 120.00" denotes that all three repeti-
tions reached the 120-second timeout without returning a result, so
the true runtime is unknown and at least 120s.

™ Processing order of variables or pigeon blocks.

T Declared task / assignment-reconstruction rule used in the DRCC
analysis.

q Number of processing stages or structural units in the chosen sched-
ule 7.

Etotal Conceptual total cost in the unit-consistent cost decomposition.

Cprcc Cost map from the structural DRCC work measure to conceptual
DRCC cost.

Csolver Cost map from solver effort to conceptual solver cost.

Ssolver Separately defined solver-effort measure.

a Fitted scale parameter in the empirical power-law model T'(n) =
anP.

P Fitted exponent in the empirical power-law model T'(n) = an”.

B:’T Active interface after stage i, under processing order 7 and task 7.

WDRCC Maximum active-interface size over all stages, max; |B:’T |

Q(F, 7, T) Set of admissible partial reconstructions after applying 7 through
stage 7.

Nyeach Number of reachable states at stage 7, |Q;(F, w, 7).

Wbrcc Total DRCC reconstruction work, Zj—o Nirc‘"h‘

The governing equations, restated from the reference document DRCC-V2-

REW?2, Chapter 10.6 [1] and instantiated here with the corresponding non-
DRCC solver configurations as classical baselines, are given in Equations (3)—(5)
in Section 3.1.6.

The formal runtime transition is defined as W = (ny, Ry[s]); Gtime(nw) = 1,
whereas a visible change in the slope or growth regime of a runtime curve is
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treated as a separate curve-transition feature and is not identified with W unless
Giime = 1 is actually satisfied. Table 8 applies this distinction across all four

runtime figures in this document.

Table 8: Distinction between visible curve transitions and the formal runtime

transition W.

Figure Visible curve transi-
tion

Formal runtime transition

Figure 1 (Adder) possibly a growth-regime
change

Figure 2 (DPLL) yes — visible kink /
growth-regime change

Figure 3 (MiniSat yes

2.2)
Figure 4 (Glucose possibly a growth-regime
3) change

no W, since G¢ime > 1 from N =4
no W
Wint = [41 5]

no Wint, since Gime > 1

o1



References

[1]

Reza Hesamiy. Dimensional Reduction wvia Controlled Combinatorics
(DRCC-V2-REW2). aiXiv, 2026. https://aixiv.science/abs/aixiv.
260711.000001

Armin Haken. The intractability of resolution. Theoretical Computer Sci-
ence, 39:297-308, 1985.

Olaf Beyersdorff, Nicola Galesi, and Massimo Lauria. A lower bound for the
pigeonhole principle in tree-like resolution by asymmetric Prover—Delayer
games. Information Processing Letters, 110(23):1074-1077, 2010.

Niklas Eén and Armin Biere. Effective preprocessing in SAT through
variable and clause elimination. In Theory and Applications of Satisfi-
ability Testing (SAT 2005), LNCS 3569, pages 61-75. Springer, 2005.
doi:10.1007/11499107_ 5.

James Crawford, Matthew Ginsberg, Eugene Luks, and Amitabha Roy.
Symmetry-breaking predicates for search problems. In Proceedings of the
Thirteenth National Conference on Artificial Intelligence (AAAI/KR), pages
148-159, 1996.

Markus Anders. SAT preprocessors and symmetry. In 25th International
Conference on Theory and Applications of Satisfiability Testing (SAT 2022),
LIPIcs 236, pages 1:1-1:20. Schloss Dagstuhl — Leibniz-Zentrum fuer Infor-
matik, 2022. doi:10.4230,/LIPIcs.SAT.2022.1.

Niklas Eén and Niklas Sérensson. An extensible SAT-solver. In Theory and
Applications of Satisfiability Testing (SAT 2003), pages 502-518. Springer,
2004.

Gilles Audemard and Laurent Simon. Glucose 3.0: The Glucose SAT Solver.
Sequential SAT solver release, 2013. Glucose 3.0 is based on MiniSat 2.2;
the official source release is available at https://github.com/audemard/
glucose/releases/tag/3.0. The foundational clause-quality reference is
also: Gilles Audemard and Laurent Simon, “Predicting learnt clauses qual-
ity in established SAT solvers,” Proceedings of the 21st International Joint
Conference on Artificial Intelligence (IJCAI 2009), pages 399—-404.

Alexey Ignatiev, Antonio Morgado, and Joao Marques-Silva. PySAT: A
Python toolkit for prototyping with SAT oracles. In Theory and Applica-
tions of Satisfiability Testing (SAT 2018), pages 428-437. Springer, 2018.

52


https://aixiv.science/abs/aixiv.260711.000001
https://aixiv.science/abs/aixiv.260711.000001
https://github.com/audemard/glucose/releases/tag/3.0
https://github.com/audemard/glucose/releases/tag/3.0

Appendix C: Source Code of the Corrected Ex-
periment 1 Implementation

Purpose. This appendix provides the source code of the corrected DRCC-V3.1
implementation used for Experiment 1. The listing contains the exhaustive
classical verification, the corrected constant-size DRCC certificate, the explicit
N-cell structural representation check used for Q1, runtime measurement, the
modeled redundant-wiring count, result export, and the nominal-N = 32 cer-
tificate timing. The historical timing tables and the prospective confidence in-
tervals are not regenerated automatically by this listing. The historical timing
tables were produced by an earlier source version; exact reproduction of those
tables with the corrected source requires a fresh execution of Experiment 1.

Listing 1: Corrected Python source code used for DRCC-V3 Experiment 1.

#1/usr/bin/env python3

wn

DRCC-V3 Experiment 1: Full-Adder Chain -- Redundant-Wiring Elimination
and Verification Runtime.

Task: verify that an N-bit ripple-carry adder built from single-bit full
adders correctly computes A + B + c_in for ALL possible inputs.

Two verification strategies are actually implemented and timed:

T_Classic : brute-force enumeration. Enumerate every one of the
27(2N+1) raw input assignments (A in [0,2°N), B in
[0,2°N), c_in in {0,1}), simulate the ripple-carry chain
bit-by-bit, and check the result against integer
addition. This is the textbook exhaustive verification
approach.

T_DRCC : controlled-reduction certificate.
A single full-adder cell’s output (s, c_out) depends
only on the Hamming weight w = a+b+c_in of its 3 raw
input wires (w in {0,1,2,3}), not on which wires are
set. This local equivalence is checked once, directly,
on the 8 raw patterns (constant cost, independent of N),
collapsing the 8 raw patterns into 4 weight classes Z(P).
A second constant-size check enumerates the 8 local
full-adder transitions (a,b,carry_in) in {0,1}73.
The total Hamming weight w=at+b+carry_in indexes the class
table, and the returned sum/carry outputs are checked
against the corresponding binary decomposition. This is
a fixed-size local carry-state transition check.
The code verifies the local certificate used by the
mathematical induction; the induction itself is supplied
analytically. Thus this code does not, by itself, verify
an N-cell carry chain for arbitrary N.
Because both checks are of fixed size, this certificate
is 0(1) in N: it does NOT re-run for every N, and its
real measured wall-clock time is therefore expected to
stay flat while T_Classic grows exponentially in N.

Redundant-wiring count (modeled, structural/count-level evidence, not timed):
under the stated independent decode-path model, the raw representation

has 8 distinguishable paths per cell and the class representation has

4 paths per cell, yielding a modeled ratio of 2°N. RAW_LUT is a Python

table with eight entries; it is a representation model, not a physical
hardware network or a measurement of physical wiring, memory, or
interconnect.

All reported execution times in the measured cases are obtained from
actual timed executions. Count-level quantities and explicitly identified

projections are reported separately and are not presented as measurements.

The source below contains the corrected structural and carry-state checks
implemented for this manuscript revision. Because the correction changes the
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executed code path, previously reported timing tables are historical results
from the earlier experimental run and are not silently re-labelled as
measurements of the corrected source. Reproducibility of the numerical tables
with this exact source requires a fresh execution of Experiment-~1.

Wi

import time

import itertools

import json

import statistics as stats

from pathlib import Path

import numpy as np

#
# Raw full adder: explicit 8-entry lookup table for the raw 3-wire
# patterns. This table is a representation model, not a physical
# hardware decode network.
#
RAW_LUT = {}
for a, b, ¢ in itertools.product((0, 1), repeat=3):
s=a"b " c
cout = (a & b) | (b&c) | (a&c)
RAW_LUT[(a, b, c)] = (s, cout)

#
# DRCC class table: 4-entry lookup table keyed only by Hamming weight.
#
CLASS_LUT = {}
for w in range(4):
# pick any representative raw pattern with that Hamming weight
rep = next(p for p in RAW_LUT if sum(p) == w)
CLASS_LUT[w] = RAW_LUT [rep]

def full_adder_raw(a, b, c):
return RAW_LUT[(a, b, ¢)]

def full_adder_class(w):
return CLASS_LUT [w]

#
# T_structural_check: explicit N-cell structural representation.
#
def structural_check(N):

"""Build and verify an explicit N-cell ripple-carry structure.

The representation contains one full-adder cell per bit and explicit
A/B/S/Cin/Cout port fields. The walk verifies every declared field of every
cell and checks the ripple-carry connectivity using structural invariants,
including the boundary Cin and the carry connection to the preceding cell.
It is not an independent netlist or hardware-level verification and does
not parse an external SPICE or gate-level netlist.
Returns (ok: bool, n_checks: int).
win
if N < 1:

raise ValueError ("N must be a positive integer")

cells = []
for i in range(N):
cells.append ({
"index": i,
"template": "FULL_ADDER_CLASS_VERIFIED",
l|all B fllA[{i}] " .
llbll B fIlB [{1}] n .
"s": £'S[{i}1",
"cin": "Cin" if i == 0 else f"Cout[{i-1}]",
"cout": f"Cout[{i}]",
b

ok = True
n_checks = 0

54




for i, cell in enumerate(cells):
# Validate structural invariants rather than rebuilding the same
# expected dictionary used by the construction. The carry input is
# checked against the preceding cell’s actual carry output.
checks = (
cell.get("index") == i,
cell.get("template") == "FULL_ADDER_CLASS_VERIFIED",
cell.get("a") == £"A[{i}]",
cell.get("b") == £"B[{i}]",
cell.get("s") == £"S[{i}]",
cell.get("cin") == ("Cin" if i == 0 else cells[i-1].get("cout")),
cell.get("cout") == f"Cout[{i}]",
)
for passed in checks:
ok = ok and passed
n_checks += 1

return ok, n_checks

#
# T_Classic: brute-force enumeration and check, wvectorised with numpy
# so the exponential cost is genuinely paid in wall-clock time rather
# than being dominated by Python interpreter overhead per state.
#
def classic_verify(N):

"""Enumerate all 27(2N+1) inputs of an N-bit ripple-carry adder,

simulate bit by bit, and check against integer arithmetic.

Returns (ok: bool, n_states_checked: int)."""

A = np.arange(l << N, dtype=np.uint64)

B = np.arange(l << N, dtype=np.uint64)

AA, BB = np.meshgrid(A, B, indexing="ij")

AA = AA.reshape(-1)

BB = BB.reshape(-1)

n_pairs = AA.shape[0]

ok_total = True
n_checked = 0
for cin in (0, 1):
carry = np.full(n_pairs, cin, dtype=np.uint64)
sum_bits = np.zeros((n_pairs, N), dtype=np.uint64)
for i in range(N):
a_i = (AA >> np.uint64(i)) & np.uint64(1)
b_i = (BB >> np.uint64(i)) & np.uint64(1)
s_i=a_i” b_i " carry
c_i=(a_i&b_i) | (b_i & carry) | (a_i & carry)
sum_bits[:, i] = s_i
carry = c_i
result = carry << np.uint64(N)
for i in range(N):
result = result | (sum_bits[:, i] << np.uint64(i))
expected = AA + BB + np.uint64(cin)
ok_total = ok_total and bool(np.all(result == expected))
n_checked += n_pairs
return ok_total, n_checked

#
# T_DRCC: constant-size certificate (independent of N).
#
def drcc_certify(N):

"""Constant-cost certificate independent of N.

(1) Verify that the 4-entry Hamming-weight class table reproduces the
8-entry raw full-adder table exactly.

(2) Verify the eight local carry-state transitions by enumerating
(a, b, carry_in) in {0,1}"3, computing the total weight
w =a + b + carry_in, and checking that CLASS_LUT[w] returns the
corresponding binary sum and carry outputs.

N is accepted only so the function signature mirrors classic_verify;
it is not used in the loop bounds. The check therefore has constant
size with respect to N.

Returns (ok: bool, n_states_checked: int)."""
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de

Fh

def

def

ok = True
n_checked = 0

# (1) base case: raw pattern -> class table must agree, for all 8
# raw patterns (fized size, independent of N).
for (a, b, ¢), (s_raw, cout_raw) in RAW_LUT.items():
w=a+b+c
s_cls, cout_cls = CLASS_LUT [w]
ok = ok and (s_raw == s_cls) and (cout_raw == cout_cls)
n_checked += 1

# (2) fized-size carry-state transition check. The eight cases are the
# eight local full-adder input triples (a, b, carry_in). The class index
# is the total Hamming weight w=a+b+carry_in, so carry_in is not added a
# second time after the class lookup.
for a, b, cin in itertools.product((0, 1), repeat=3):

total = a + b + cin

expected_s = total & 1

expected_cout = (total >> 1) & 1

s, cout = CLASS_LUT[totall

ok = ok and (s == expected_s) and (cout == expected_cout)

n_checked += 1

return ok, n_checked

time_call(fn, N, repeats):
times = []
n_checked = None
ok_all = True
for _ in range(repeats):
t0 = time.perf_counter()
ok, n_checked = fn(N)
t1 = time.perf_counter()
ok_all = ok_all and ok
times.append(tl - t0)
return ok_all, n_checked, times

wiring_paths(N):
"""Return modeled decode-path counts under the stated independent-path model.

These are representation-level counts, not measurements of physical wiring,
hardware area, interconnect, or memory usage.

win

raw_paths = 8 *x N

drcc_paths = 4 **x N

return raw_paths, drcc_paths

main():
Ns_classic = [4, 6, 8, 9, 10, 11] # raw = 2~(2N+1); N=10 -> 2.10e6, N=11 -> 8.39e6
repeats = 5

results = {"classic": [], "drcc": [], "structural": [], "wiring": []}

for N in Ns_classic:
ok, n_checked, times = time_call(classic_verify, N, repeats)
raw_states = 1 << (2 * N + 1)
results["classic"].append({

e,
"raw_states": raw_states,
"ok": ok,

"n_checked": n_checked,
"mean_s": stats.mean(times),
"std_s": stats.stdev(times) if len(times) > 1 else 0.0,
"times_s": times,
b
print (£" [classic] N={N:2d} raw_states={raw_states:>12,d} "
f"mean={stats.mean(times):.4f}s std={stats.stdev(times) if len(times) > 1 else
0.0:.4f}s ok={ok}")

# DRCC certificate is 0(1); still measured (not assumed) at every N
# to show empirically that its wall-clock time does not grow with N.
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for N in Ns_classic:
ok, n_checked, times = time_call(drcc_certify, N, repeats * 20)
results["drcc"] .append ({

NN,
"n_checked": n_checked,
"ok": ok,

"mean_s": stats.mean(times),
"std_s": stats.stdev(times) if len(times) > 1 else 0.0,
"times_s": times,
B
print (£" [drcc] N={N:2d} n_checked={n_checked:>12,d} "
f"mean={stats.mean(times)*1e6:.2f}us std={(stats.stdev(times) if len(times) >
1 else 0.0)*1e6:.2f}tus ok={ok}")

# Structural check: measured independently over the Q1 range, including N=256.
Ns_structural = [4, 6, 8, 9, 10, 11, 16, 32, 64, 128, 256]
for N in Ns_structural:
ok, n_checked, times = time_call(structural_check, N, repeats * 20)
results["structural"] .append ({
"N": N, "n_checked": n_checked, "ok": ok,
"mean_s": stats.mean(times),
"std_s": stats.stdev(times) if len(times) > 1 else 0.0,
"times_s": times,
b
print (f" [structural] N={N:3d} n_checked={n_checked:>6,d} "
f"mean={stats.mean(times)*1e6:.2f}us std={(stats.stdev(times) if len(times) >
1 else 0.0)*1e6:.2f}tus ok={ok}")

for N in [4, 6, 8, 10, 16, 32, 64]:

raw_paths, drcc_paths = wiring_paths(N)

results["wiring"].append ({
"N": N, "raw_decode_paths": raw_paths, "drcc_decode_paths": drcc_paths,
"reduction_factor": raw_paths / drcc_paths,

b

print (f" [wiring] N={N:2d} raw_paths={raw_paths:.3e} drcc_paths={drcc_paths:.3e} "

f"reduction={raw_paths/drcc_paths:.3e}x")

output_dir = Path(__file__).resolve().parent / "results"
output_dir.mkdir (parents=True, exist_ok=True)
output_file = output_dir / "expl_full_adder. json"
with open(output_file, "w") as f:

json.dump(results, f, indent=2)
print(f"Saved {output_filel}")

run_n32_extension(results["classic"])

N=32: constant-size certificate timing at nominal N=32.

- The constant-size certificate (drcc_certify) IS actually executed and
timed at mominal N=32. Since N does not enter the certificate loop, this
is a timing measurement of the same local certificate, not a 32-bit
structural or exhaustive verification.

The ezhaustive wverifier is NOT ezecuted at N=32: raw_states = 2765.

The two uint64 meshgrid arrays AA and BB alone each require 2767 bytes
(about 295 decimal exabytes); the sum_bits array in this implementation
would require still more memory. The N=32 ezhaustive side is therefore
infeasible on a conventional machine. It is reported only as an
explicit least-squares projection through the siz measured

(raw_states, mean_s) pairs, clearly separated from exzecuted timings.

oW O R W W R W W W R R HRR
I

def run_n32_extension(classic_results, out_path=None):
N32 = 32
repeats = 100
ok, n_checked, times = time_call(drcc_certify, N32, repeats)
drcc_mean = stats.mean(times)
drcc_std = stats.stdev(times) if len(times) > 1 else 0.0

xs = [row["raw_states"] for row in classic_results]

ys = [row["mean_s"] for row in classic_results]

k_fit = sum(x * y for x, y in zip(xs, ys)) / sum(x * x for x in xs) # least squares
through origin

raw_states_32 = 1 << (2 * N32 + 1)
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projected_classic_s = k_fit * raw_states_32
projected_classic_years = projected_classic_s / 3600 / 24 / 365.25

out = {
"N": N32,
"raw_states": raw_states_32,
"certificate_measured": {
"mean_s": drcc_mean, "std_s": drcc_std, "n_checked": n_checked,
"ok": ok, "repeats": repeats, "note": "actually executed and timed, same code
path as N<=11",
1,
"exhaustive_projected": {
"fitted_per_state_cost_s": k_fit,
"fit_source": (
"least-squares fit through the origin of mean runtime against raw "
"state count, using the six measured points for N in "
"[4, 6, 8, 9, 10, 11]"
),
"projected_mean_s": projected_classic_s,
"projected_years": projected_classic_years,
"note": (
"NOT EXECUTED -- infeasible (2765 states; the two uint64 "
"meshgrid arrays alone require about 295 decimal exabytes each, "
"with sum_bits requiring still more memory). This is a disclosed "
"projection, not a measurement. The projected value is expressed "
"as projected seconds and projected years."

),
},
"g_time_projected": projected_classic_s / drcc_mean,
¥
print (£" [n32] certificate mean={drcc_mean*1le6:.3f}us std={drcc_stdxle6:.3f}us "
f" (measured, {repeats} trials)")
print (£" [n32] exhaustive projected={projected_classic_s:.3e}s "
f"(projected years={projected_classic_years:.3e}) -- NOT executed")
print (£" [n32] G_time (projected) = {out[’g_time_projected’]:.3el}")

if out_path is None:

out_path = Path(__file__).resolve().parent / "results" / "expl_n32_extension.json"
else:

out_path = Path(out_path)

if not out_path.is_absolute():

out_path = Path(__file__).resolve().parent / out_path

out_path.parent.mkdir (parents=True, exist_ok=True)
with open(out_path, "w") as f:

json.dump(out, f, indent=2)
print (£"Saved {out_path}")
return out

if __name__
main()

== "__main__":

58




	Introduction
	Q1: The Theta(N) Structural Check – Completing the Certificate Cost
	Motivation
	Setup
	Results
	Boundary and scope

	Experimental Evaluation
	DPLL, MiniSat 2.2, and Glucose 3 with BVE as a preprocessing reference
	Experimental Setup
	DPLL Comparison
	MiniSat 2.2 Comparison
	Glucose 3 Comparison
	BVE as a Preprocessing Reference
	Runtime Transition and Boundary


	Q3: The 56 Counterexamples – Generation and Structure
	Motivation
	What the raw data establishes
	Scope of evidence

	Q4: Prospective Test of the Reconstruction-Width Formalism
	Purpose and pre-specified prediction
	Formal structural prediction
	Two frozen runtime hypotheses
	Prospective test series: n=13,14,15
	Prediction assessment
	Structural Work versus Implementation-Level Empirical Runtime
	Prediction assessment summary

	DRCC: Finite Mathematics and Algorithmic Core
	6.0 Introduction and Motivation
	Basic objects and notation
	CNF structure
	Processing order
	Reconstruction rule
	Parameter pair

	DRCC Reduction as a Structural Projection
	Elementary DRCC Step
	Overall DRCC Reduction Map
	Iterative Reduction Sequence

	Active Interface and DRCC Width
	Active Interface
	DRCC Width
	Graph-Theoretic Interpretation
	Relation to DRCC Work
	Relation to Solver Complexity

	Reachable States and DRCC Work
	Reachable Reconstruction States
	Iterative Reduction Sequence
	Separation of Interface Size and Reachable States
	Total DRCC Work
	Example: Pigeonhole Principle
	Relation to Solver Search Effort

	Algorithmic Steps of DRCC
	Input and Initialization
	Iterative Reduction Loop
	Derivation of DRCC Width
	Derivation of DRCC Work
	Summary of the Step Chain

	Combined DRCC–Solver Pipeline
	Two-Stage Pipeline
	Formal DPLL Composition
	Satisfiability Preservation
	Solver Independence
	Example: Pigeonhole Principle
	Summary

	Example: Pigeonhole Principle
	CNF Encoding of PHP
	DRCC Reconstruction Rule tau PHP
	Active Interface and DRCC Width
	Reachable States and DRCC Work
	Final Contradiction
	Summary

	Resolution vs. DPLL
	Resolution Lower Bounds for PHP
	DRCC Constraints and Equisatisfiability
	Relation to Tree-like Resolution and DPLL
	Empirical Observations on PHP Instances
	Summary

	Core Finite-Mathematical Summary
	Basic Objects and Parameters
	DRCC Reduction Map
	Algorithmic Step Chain
	Structural Measures
	Combined DRCC–Solver Pipeline
	Relation to Classical Lower Bounds
	Outlook
	Unified Summary


	Appendix DRCC: Dictionary of DRCC Equations
	Appendix A: Experimental Execution Record and Reproducibility Limitations
	Appendix B: Symbol and Equation Register
	References
	Appendix C: Source Code of the Corrected Experiment 1 Implementation

