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Abstract

We study a controlled, finite approximation of the Riemann zeta function ((s) in the crit-
ical strip 0 < Re(s) < 1, starting from the DRCC stability condition (DRCC: Dimensional
Reduction via Controlled Combinatorics [7]) 0 < drec(X) < dpag(X) < 0o. The naive partial
sum ZTVLVZI n~? diverges in the critical strip as the width W grows. We show that a first-
order Euler-Maclaurin correction resolves this problem and yields a genuinely convergent
width-zeta function (convergence order O(W ~%/2) observed on the critical line Re(s) = %;
elsewhere in the strip the order depends on Re(s)), which we call the DWZ method (DRCC-
Width-Zeta method; methodically: Euler-Maclaurin width reconstruction method). Through-
out this work, “width” W refers exclusively to the numerical truncation depth Wi,y of the
partial sum; an identification with the structural CPR-Width of Hesamiy [7] is not claimed
(Section 2.5). From this we derive a closed-form, empirically fitted estimate c?rec(t, g) ~
(C(t)/)?/? of the originally abstract DRCC condition. The method is numerically repro-
duced against mpmath reference values for 25 nontrivial zeros (absolute deviation 1.5-4.4 x
1079), of which 2 were found blindly (without reference knowledge), with an additional 29
zeros (#13—#41) hardened via the hybrid method, and a resulting pattern hypothesis is tested
statistically without finding a significant relationship. Nine tested gaps between neighbor-
ing zeros showed no additional zero candidates on the numerical grid used — this is not a
rigorous completeness proof. The results constitute a validity demonstration of the method,
not a contribution to the Riemann Hypothesis itself, whose statement ({(p) = 0, 0 < Re(p) <
1 = Re(p) = 1) is used here as a framing assumption, not as a proven fact. All figures in
this document are drawn directly from the underlying numerical data using pgfplots —no
external image files are required.

Keywords: Riemann zeta function, critical strip, Euler-Maclaurin summation, nontrivial ze-
ros, DRCC theory, width reconstruction, numerical verification.
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1 Introduction

1.1 Starting Point

The Riemann zeta function is defined for Re(s) > 1 by

o)

1
()= —: (1)
n
n=1
with the Euler product representation
1
C(s) = H 1_ s (2)
: p
p prime

which directly connects the analytic structure of the zeta function with the distribution of primes
[1]. The analytic continuation of {(s) to C \ {1} has, in the critical strip 0 < Re(s) < 1, the
nontrivial zeros. The Riemann Hypothesis (RH) asserts that all these zeros lie on the critical line:

¢(p) =0, 0<Re(p) <1 =5 Re(p) = 1. (3)

This is an open conjecture, not a proven theorem. The present work does not assume RH and
does not contribute to its proof: we numerically reconstruct known zeros already located on
the critical line and examine how accurately a controlled, finite width approximation repro-
duces these positions. Classical references on the analytic theory of the zeta function are Titch-

marsh [2] and Edwards [3]; the numerical verification of individual zeros goes back to Turing’s
method [4].

1.2 The DRCC Theory

DRCC stands for Dimensional Reduction via Controlled Combinatorics — a geometric-structural
framework introduced by Hesamiy [7] for controlled reconstruction in complex search spaces.
The basic idea: instead of fully treating an infinite or extremely high-dimensional structure X
(here: the zeta function with its infinite sum), it is replaced by a controlled, finite width W
— and the question of how much information is thereby lost, or how well the original can be
reconstructed from the truncated version, is captured by an explicit stability condition:

0 < dree(X) < dipag(X) < 0. (4)

At the outset of this work, diec(X) (reconstruction degree) and dg..,(X) (fragmentation de-
gree) were mere labels without numerical content. The goal of this work is to fully operational-
ize this condition for the concrete case of the zeta function — we call the resulting method the
DWZ method (DRCC-Width-Zeta method; methodically the Euler-Maclaurin width reconstruc-
tion method, Section 2). Terminological note: throughout this work, “width” W consistently
refers to the numerical truncation depth Wi,ync (the number of explicitly summed series terms).
Whether this quantity coincides with the structural CPR-Width wcpr (Controlled Partial Recon-
struction Width, Hesamiy [7]) is not assumed and is examined explicitly only in Section 2.5.

1.3 Origin and Scope

The title of this work deliberately displays its origin in the DRCC/CPR framework of Hesamiy [7].
To make this commitment verifiable rather than merely asserted, Table 1 records, for every term
carried over, what was adopted, what role it plays in this work, and whether its transfer to the
zeta case has been proven or remains open.

In short: the title names the theoretical origin, not a proven identity. What this work actually
demonstrates is a numerical case study of the DRCC/CPR starting idea applied to a concrete
analytic problem — not a proof that the abstract CPR-Width and the truncation width used here
are the same quantity.



Table 1: Traceability: DRCC/CPR terms and their role in this work.

DRCC/CPR term Role in this work Status
(Hesamiy [7])

drec(X), dfrag(X) Motivates the width idea; in- Adopted as a framing as-
(stability condition)  equality (4) as the starting point sumption
CPR-Width €,¢. (Def. Tested in Section 2.5 (Test A/B)  Ordering minimization is

2.7-29, min-max degenerate; identification
over orderings w) with Wirune is 1ot shown
Width W Operationalized as the numer- Independent quantity,

ical truncation depth Wiunc of newly defined in this work
the partial sum

1.4 Contribution of This Work

We trace the development of inequality (4) through four stages: from the abstract placeholder
condition, through the identification W = dg,s(X) and an initially still-incomplete interme-
diate form, to a closed-form expression for d,c.(t,¢) derived from numerical data (Section 2).
We verify the resulting method comprehensively (Section 3) and assess the results honestly
(Section 4).

2 Methods

2.1 The Basic Problem of the Naive Width Definition

An obvious first approach to the width-zeta function is the plain partial sum
1
W) = — o<W 5
CW(Sv ) nzl ns’ < < 00, ( )

with W := diag(X) as the first concretization of equation (4). This series converges as W — oo
only for Re(s) > 1. In the critical strip, (w(s, W) diverges as W grows (Table 2) instead of
approaching ((s) — equation (5) is therefore unsuitable as a reconstruction approach in the
critical strip.

Table 2: Divergence of the naive partial sum at s = 0.5 + 14.13:.
W l¢w (s, W) = ((s)]

10 2.47 x 1071

50 5.04 x 1071

100 7.09 x 101

500 1.58 x 10°

1000 2.24 x 10°

5000 5.00 x 10°

At this point the inequality

0 <diee(X) < W < (6)

remained incomplete: dy..(X) was still undetermined.



2.2 Variant A: Euler-Maclaurin Correction (the DWZ Method)

The Euler-Maclaurin summation formula provides a correction that makes (w convergent even
in the critical strip:

C(owz(s, W) — — (7)

with limpy 0 (pwz(s, W) = ((s) also holding for 0 < Re(s) < 1

2.3 Variant B: Eta-Based Alternative
As a comparison method, Variant B uses the Dirichlet eta function, which already converges for

Re(s) >0

w n 1 s
=Y e =GR )

2.4 Variant C: Second-Order Euler-Maclaurin Correction

Variant A (7) uses only the first correction term of the Euler-Maclaurin expansion. The next
term of the series (involving the Bernoulli number By = 1/6) yields a consistent extension:

w l—s —s

(2) 1 W s—1

— - ERUS 9
pwz( Z oy 1 5 + 12 )

We henceforth refer to equation (7) as model M; and equation (9) as model M.

2.5 Order Degeneracy and Model Dependence

In the course of the discussion about the structural CPR-Width (Controlled Partial Reconstruction
Width, Definitions 2.7-2.9 in Hesamiy [7]), two targeted tests were carried out to clarify whether
the summation order w or the reconstruction model M is the actual lever controlling the DWZ
width.

Test A — Order invariance. The same 500 terms n™° (s = 0.5 + 1001.34957) were summed in
ascending, descending, and mixed order (even indices first, then odd). In exact arithmetic, a
finite sum is permutation-invariant due to commutativity and associativity; at 30-digit floating-
point precision, the observed ordering effects remained at rounding level, 5.6 x 10731, and did
not change any of the tested width thresholds. For a fixed model M that presupposes the com-
plete, contiguous index set {1, ..., W}, minimization over admissible orderings w is therefore
degenerate: every ordering yields the same width. The summation order is not the effective
optimization variable.

Test B — Model comparison. For a fixed accuracy target ¢ = 1074, the minimally required
width

Wnin(M; s,€) :== min{W € N : | (s, W) — ((s)| < €},

10
provided this set is nonempty;otherwise Wy,in (M s,€) := (10)

was determined for M; and M at five zeros distributed across the tested range using a grid
search (step size 10 resp. 200, see scripts) (Table 3). The table values are thus the smallest
width found on the grid used, Wicst, not necessarily the exact minimum over every W € N.



Table 3: Smallest width found on the grid used for ¢ = 104, model M; (Variant A) vs. Mo
(Variant C).

Zero # t Whin(M1)  Whnin(M2)  Factor

650 1001,3495 9000 810 11,11

675 1031,8332 9200 830 11,08

700 1062,9154 9400 850 11,06

725 1093,4409 9600 870 11,03

749 1122,4586 9600 890 10,79
1 071 C T T T ]
—— M, (Variant A, 1st order) | |
) - —=— My (Variant C, 2nd order) | |
= 107
o B i
~ 107
= i ]
& 104 L |
= 10 B 7
~r r i
1070 F

| | | | |
102.4 102.6 102.8 103 103.2 103.4
w

Figure 1: Convergence of M; and M, towards ((s) at zero #650 (real computed data).



In the five tested cases, the reduction factor ranged between 10.79 and 11.11 (Table 3); no
general asymptotic constant is derived from this. What is reproducibly demonstrated for these
five points is:

Wnin(Ma; s,e) < Wiin(My; s, €), concretely 810 < 9000. (11)
The model optimization
min(8,€) == min  Wpin(M;s,¢) (12)

Meg-nadm

is therefore the nontrivial quantity for DWZ — in contrast to the ordering minimization from
Test A.

Conceptual caveat. The identification W := dfg,,(X) introduced in Section 2 (equation (5))
denotes a numerical truncation depth: the number of explicitly summed series terms. This is
not automatically the same as the structural CPR-Width wcpr from Hesamiy [7], which counts
the number of components that must be simultaneously kept active at an intermediate stage. In
a streaming-style evaluation S; = S;—1 + 7%, a single running accumulator suffices per step —
the active interface size would then remain constant, regardless of how large W becomes. The
identification wcpr = Wirunc therefore holds only if the declared reconstruction model explicitly
requires all W components to remain simultaneously available; this is not shown here. What is
defensible at this point is exclusively the numerically demonstrated statement (11): a stronger
analytic reconstruction model reduces the required DWZ truncation width by more than a factor
of ten. The relationship of this truncation width to the active CPR-Width remains a separate,
model-dependent question.

2.6 Operationalizing d,..(s, ¢)

We denote by p; = § + it), the k-th reference zero (mp.zetazero(k)) and by s,(CM) (W) the zero

numerically determined by model M and width W that is assigned to py; the corresponding
position error is eLM)(W) = ‘SLM)(W) — pg| (to distinguish it from the function-value er-
ror E¢(s, W) = [Cum(s, W) — ((s)|, used in Table 2 and Figure 1). The numerical measure-
ment of zero convergence (Section 3, model M) yielded the empirical power law e,(ch) (W) ~
C(ty) WP with p =~ 1.500-1.502 (determined numerically, not proven exactly as 3/2). The

actual minimal truncation depth is thus defined as an integer minimum,

(M)

drec(t,e) :==min{ W € N:e, /(W) < e}, (13)
for which the power law provides only an estimate:
R 2/3

drec(t,€) = {(@) —‘ ~ drec(t,€), (14)

with C(t) ~ 0.0218¢ + 1.136 (linear fit, n = 8). Equation (13) is a definition; equation (14)
is a derived, empirical estimator — the two are deliberately not treated here as exactly identical.
This turns the originally abstract inequality (4) into a closed-form, interpretable formula: W >
drec(t, ) means, approximately, "W is large enough that the zero at given ¢ is determined to
within €". This quantity is a model-dependent truncation depth for M, not the original, abstract
DRCC reconstruction degree dr..(X ) from Section 2 — the reuse of the notation marks a concrete

interpretation for the zeta case, not a proven identity.



2.7 Verification Strategies

We use four methodologically distinct tests:

1. Known start: Newton refinement of equation (7) starting from the known reference po-
sition (23 of the 25 zeros in Table 10, all except #9 and #11).

2. Blind search: scanning |(pwz| over a t-range without reference knowledge, Newton re-
finement of the best candidate (zeros #9, #11).

3. Hybrid search: analytic estimate (Riemann-von Mangoldt formula, Eq. 15) as the scan
center, with a reduced window (zero #12, hardening #13—#41).

4. Gap verification: fine-grained scan between two known zeros to rule out additional, un-
detected zeros.

Conceptually, three objects must be distinguished: the scan minimum (starting candidate from

the one-dimensional scan along Re(s) = 3), the zero of the approximation s,(CM) (W) (result of the

complex Newton iteration in the two-dimensional search space), and the reference zero pj, of ¢
itself. A scan minimum alone is not yet a found zero — it merely provides the starting point
for Newton refinement. For the hybrid search, the Riemann-von Mangoldt counting function is

used: T T T o7

As an external numerical reference, the zero values produced by mpmath (40 decimal digits of
precision) were used, i.e. generated independently of the DWZ computation —not necessarily in-
dependent of established zeta algorithms in the sense of a second, independently implemented
piece of software or a certified zero count. For the first zeros, these values agree with published
tables such as [4, 5].

2.8 Detailed Worked Example: Determination of Zero #1

To make the method fully verifiable by third parties, we document here every single compu-
tational step for determining a specific zero — with all intermediate values. The first nontrivial
zero p1 = 0.5 + 14.1347251417 . .. i serves as the example. All numerical values in this section
were generated with mpmath at 30 decimal digits of precision and are exactly reproducible with
any standard mpmath installation.

Figure 2 shows the complete chain of steps at a glance, before the individual steps are doc-
umented in detail with numerical values below.

Step 1- Choice of parameters. We choose the width W = 2000 and use {(pwz(s, W) according
to equation (7). A coarse interval ¢ € [13.0, 15.0] on the critical line Re(s) = 0.5 serves as the
starting range of the search — a range that can be chosen plausibly without any prior knowledge
of the exact zero position, based solely on the rough location of the first zero in the literature.

Step 2 — Coarse scan. We evaluate |(pwz (0.5 + it, 2000)| in steps of At = 0.2 (Table 4). The
minimum lies at ¢ = 14.20.

Step 3 — Fine scan. To refine the coarse scan, we sample the interval ¢ € [14.00, 14.30] in steps
of At = 0.02 (Table 5). The minimum now lies at ¢ = 14.14, with |(pwz| = 0.004177 — already
an order of magnitude smaller than in the coarse scan.



Step 1 — Choose parameters: W = 2000, starting interval ¢ €
[13.0, 15.0] on Re(s) = 0.5

\ J

Step 2 — Coarse scan (At = 0.2): minimum of |(pwz| at t =
14.20

\ J

Step 3 - Fine scan (At = 0.02): minimum at ¢t = 14.14, |(pwz| =
0.004177

s N

Step 4 — Newton’s method: from sy = 0.5+ 14.144 in 3 iterations
to
s* = 0.500012 + 14.1347374 (|f(s*)| < 10~2Y)

\. J

Step 5 — Comparison with reference: |s* — p;| = 1.66 x 1077 -
agrees with C(t)/W?

\ J

Figure 2: The chain of steps in DWZ zero determination, illustrated for p;: each arrow represents
a fully documented computational step (details and all intermediate values below).

Table 4: Coarse scan, step size 0.2.
t  |¢pwz(0.5 4 it,2000)|

13.00 0.791151
13.20 0.669990
13.40 0.540293
13.60 0.402573
13.80 0.257453
14.00 0.105639
14.20 0.052042
14.40 0.214601
14.60 0.380919
14.80 0.549793
15.00 0.719932




Table 5: Fine scan, step size 0.02.
t KDWZ(O-5 + it 2000)’

14.000 0.105639
14.020 0.090120
14.040 0.074543
14.060 0.058909
14.080 0.043219
14.100 0.027474
14.120 0.011675
14.140 0.004177
14.160 0.020081
14.180 0.036036
14.200 0.052042
14.220 0.068096
14.240 0.084198
14.260 0.100346
14.280 0.116540
14.300 0.132779

Step 4 - Newton’s method. Starting from the best candidate of the fine scan, so = 0.5+ 14.147,
we refine the zero using Newton’s method for complex functions:

f(sn)

Sn+1 = Sp — fI(S )
n

, f(s) := (pwz(s, 2000), (16)

where f'(s;,) is approximated via a central difference with step size h = 1075: f'(s,) =~ (f(sp+h)—
f(sn—h))/(2h). Table 6 shows the complete iteration sequence.

Table 6: Newton iteration starting from so = 0.5 + 14.14 .

n sp [/ (sn)]

0.500000000 + 14.1400000004 4.18 x 1073
0.500023320 + 14.1347388764 9.09 x 10~°
0.500012099 + 14.1347365264 4.32 x 10~
0.500012099 + 14.1347365264 9.77 x 10722

W N = O

Already after two iterations, | f(s,,)| has fallen to 10~!1; from n = 3 onward, s,, changes only
in decimal places far beyond any practical relevance — the method has converged quadratically
to the zero of (pwz(+, 2000).

Step 5 — Comparison with the reference. The point found,
s* = 0.500012099 + 14.134736526 1,

is compared with the independently computed reference p; = 0.5+14.134725142 (mp . zetazero (1),
30 decimal digits):
|s* — p1] = 1.66 x 107°. (17)

This residual deviation is not an error of Newton’s method (which found exactly the zero of the
width-2000 approximation), but the expected discretization deviation of (pwz(s,2000) from
((s) at finite WW. It agrees with the empirical power law derived in Section 2: with C'(14.13) ~

10



1.499 and p ~ 1.501, the approximation (14) predicts an error of C/WP = 1.499/2000*5! ~
1.68 x 1079 — practically identical to the actually observed value 1.66 x 10~°. Increasing W to
10* (as used in Table 10 for all 25 zeros) correspondingly reduces the deviation to ~ 1.5 x 1076.

Reproducibility. The complete computational procedure thus consists of exactly five steps:
(1) fix the width W and starting interval, (2) coarse scan of |(pwz| on the critical line, (3) fine
scan around the coarse-scan minimum, (4) Newton refinement with numerical derivative, (5)
comparison with an independent reference or with the theoretical error bound C(t)/WP. Every
step is directly reproducible using the numerical values given here, formula (7), and a standard
mpmath installation.

3 Results

3.1 Comparison of the Repair Variants

Table 7: Error |(w (s, W) — ((s)| for s = 0.5 + 14.13i: Variant A vs. Variant B.
W Variant A (DWZ) Variant B (Eta)

10 3.85 x 1072 8.24 x 1072
50 3.34 x 1073 2.99 x 102
100 1.18 x 1073 2.11 x 1072
500 1.05 x 1074 9.42 x 1073
1000 3.73 x 107° 6.66 x 1073
5000 3.33 x 1076 2.98 x 1073

1071 g

= 102} .\—\—\’\.\_ 7
< B E
/L 1073 E
= g 1
S 1074 E
5 10-5 ; —e— Variant A (DWZ) ;
- | —=— Variant B (Eta) |

I ——— 1 1 T Ll Ll

10! 102 103
w

Figure 3: Variant A (DWZ) converges by orders of magnitude faster than Variant B, shown here
at s = 0.5 4 14.13i (order O(W~3/2) observed on the critical line for Variant A; Variant B scales
as O(W~Re())). Elsewhere in the critical strip, the exponent for Variant A depends on Re(s).

3.2 dieel(t,e)
3.3 Blind and Hybrid Zero Search

A direct Newton start from the analytic estimate (Eq. 15) for zero #12 (17" ~ 57.55) diverged
completely (values > 10'? after a few steps). The hybrid strategy (estimate as scan center,
window +4), by contrast, worked and required only 61 instead of 220 scan points, at the same
absolute deviation (2.0 x 1079).

11
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Figure 4: Left: convergence of the zeta error A-(W) = |(pwz(s, W) — ((s)| for s = 0.5 4 14.134.
Right: convergence of the zero stability Ai (W) = |si(W) — p| for zero #1 — both decreasing as

W grows.

Table 8: Fitted C(t) and exponent p per zero — preliminary fit based on the currently available
eight samples (n = 8); the functional form of C(t) is considered preliminary, not conclusively
proven (see Conclusion).

t 1413 21.02 25.01 3042 3294 3759 4092 43.33

C(t) 1499 1538 1.533 1.968 2.008 1.619 2299 1.985
p 1501 1500 1.501 1.502 1.501 1500 1.501 1.501
® 106 | ‘E =103 |
e=10"96
92| N o e=10""7
X N3 -
O g 10% 1 y
<
1.5 - [ I I A
| | | 102 [ | | | | i
10 20 30 40 20 40 60 80
t t

Figure 5: Left: fitted C'(¢) values (points) with linear trend (line). Right: the resulting estimator
function dyec(t, €) (Eq. 14) for three tolerance levels.

|sk(W) — pl
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T T 11717 T
——numerical (Newton)
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103 104
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Figure 6: Error curve |s; (W) — p| for the first zero, with power-law fit (C' = 1.499, p = 1.501).
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S
0, |

| | |
13.6 13.7 13.8 139 14 141 142 143 144 145 14.6 14.7
t

Figure 7: |(pwz(0.5 + it)| in Cartesian coordinates near ¢ = 14.1347 (dashed line): at small
W the minimum remains imprecise; as W grows, the location of the minimum approaches the
reference ordinate ¢; without reaching it exactly at finite 1.

Table 9: Zeros found blindly (without reference knowledge).

Zero Found Reference Difference

#9 0.5000025 + 48.00515117 0.5 + 48.0051508812i  2.55 x 1076
#11  0.4999983 + 52.9703208; 0.5 + 52.9703214777i 1.82 x 1076

0.1

|Cowz(0.5 + it, 2000)|

0, -

| | | |
47.85 479  47.95 48 48.05 48.1 48.15

Figure 8: Scan of |(pwz (0.5 + it)| at W = 2000: the candidate for zero #9 lies exactly at the
minimum found, at ¢t ~ 48.005.
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3.4 Hardening and Pattern Hypothesis

The hybrid method was repeated for #13—#41 (29 cases): in all 29 cases, the point found agreed,
within the numerical tolerance, with a known reference zero, but only in 10 cases with the exact
one targeted — the remaining cases hit a neighboring zero, caused by the zero spacing shrinking
with ¢ (on average 27/ In(t/2m)).

I I I I I I I I I I
° x e Targeted zero hit
5 < Neighbor hit
= > X
8 10_5‘5 - X L] x g -
: X
2 x
4
O X °
] X
—~
Q. x
1076 [ x * |
| | | | | |

| | | |
08 1 12 14 16 18 2 22 24 26
local zero spacing

Figure 9: 20 of 29 hardening runs (the remaining 9 followed an identical pattern and are not
shown individually for space reasons; the correlation below was computed over all 29): no
discernible linear relationship between local zero spacing and hit rate (r = 0.055 over all 29).

A hypothesis derived from this ("smaller spacing = more confusions") was tested against
this sample (n = 29). The binary outcome (targeted zero hit vs. neighbor hit) was checked
here, as a simplification, against the Pearson coefficient (r = 0.055); a point-biserial correlation
or logistic regression would be methodologically more appropriate. In the sample examined,
no discernible linear relationship was found; given the limited sample size and in the absence
of a reported p-value, no general exclusion of a relationship is derived from this — only that this
sample provides no evidence for one.

3.5 Numerical Reproduction and Reference Check for 25 Zeros

1076

T T T T T T

|DWZ-Ergebnis — py|
[N}
[
|

0 ) 10 15 20 25
k

Figure 10: Absolute position deviation e,(CMl)(W:104) for all 25 zeros: consistently between

1.5 x 1079 and 4.4 x 1076, with no trend as k increases.
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Table 10: DWZ method: deviation from the reference position for k =1, ..., 25.

k t = Im(py) |IDWZ result — py|
1 14.1347 1.49 x 1076
2 21.0220 1.54 x 1076
3 25.0109 1.52 x 1076
4 30.4249 1.95 x 1076
5 32.9351 1.99 x 106
6 37.5862 1.62 x 1076
7 40.9187 2.29 x 1076
8 43.3271 1.97 x 1076
9 48.0052 2.55 x 1076
10 49.7738 2.92 x 106
11 52.9703 1.82 x 1076
12 56.4462 1.99 x 106
13 59.3470 3.55 x 1076
14 60.8318 3.07 x 1076
15 65.1125 2.37 x 1076
16 67.0798 3.13 x 1076
17 69.5464 2.65 x 1076
18 72.0672 2.03 x 1076
19 75.7047 3.55 x 106
20 77.1448 4.41 x 1076
21 79.3374 2.51 x 106
22 82.9104 2.63 x 1076
23 84.7355 3.27 x 106
24 87.4253 4.05 x 1076
25 88.8091 3.40 x 1076

Minimum / mean / maximum 1.49 / 2.57 / 4.41 (x1079)
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Figure 11: Critical strip 0 < Re(s) < 1 (gray) with all 25 zeros numerically reproduced by the
DWZ method (Table 10): blue = used as the known reference position for Newton refinement
(23), red = found blindly, without prior knowledge of the exact position (2, #9 and #11) -8 %
of the total. For all 25, the result agrees with the reference to within 1.5-4.4 x 1079, regardless
of the method used to find it (no point is unaccounted for). The additional hardening on 29

Critical strip: which zeros were found?
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further zeros (#13—#41, Section 3) is not shown here.
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3.6 Gap Verification

For nine neighboring pairs of zeros, [(pwz (5 + it, W=2000)| was sampled finely between the
known positions (Table 11). In none of the nine intervals was an additional candidate with
a sufficiently small {(pwz magnitude observed on the chosen grid. This numerical check only
shows that, on the critical line and within the grid used, no further candidate became visible
— it is not a rigorous completeness proof: a zero between two grid points, a minimum shifted
by finite W, or zeros away from the critical line are not thereby ruled out. Such a proof would
require, for instance, an argument-principle count or a certified Turing-style zero count.

Table 11: Tested gaps between neighboring zeros.

Pair Spacing Result
#1-#2 6.89 no additional zero
#2#3 3.99 no additional zero
#3—#4 5.41 no additional zero
#4-4#5 251 no additional zero
#5-#6 4.65 no additional zero
#o—#7 3.33 no additional zero
#7-4#8 241 no additional zero
#22-#23 1.83 no additional zero
#2324 2.69 no additional zero
2| 1 1 |
~ ~
= =
S 1r ] G 05} i
O B | | | | | 0 B | | | | |
14 16 18 20 83 83.5 84 84.5
t t

Figure 12: Two examples: largest tested spacing (#1-#2, left, spacing 6.89) and narrowest tested
spacing (#22—#23, right, spacing 1.83) — in both cases only a single hump with one minimum at
each edge, no hidden zero.

4 Discussion

The numerical reproduction of known zeros is a validity demonstration of the method, not a con-
tribution to the Riemann Hypothesis itself. The reference values come from mpmath (Section 2);
the DWZ method confirms that a controlled, finite width reconstruction is able to reproduce
these positions with high, consistent accuracy — even where zeros lie close together.

Of the 25 zeros treated in Table 10, 2 (#9, #11) were found blindly, without prior knowledge
of the exact position (8% of the total); the remaining 23 were refined by Newton’s method
starting from the known reference position. The separate hardening on 29 further zeros (#13-
#41) via the hybrid method at the same time reveals a real limitation of the simple hybrid search:
as the zero spacing shrinks, the risk increases of hitting a neighboring zero instead of the one

17



targeted. This limitation concerns index assignment, not the existence of the zeros found — all 29
hits agreed, within the stated numerical tolerance, with known reference zeros.

5 Conclusion and Outlook

The original naive definition is disproven in the critical strip (divergent). The DWZ method
(Euler-Maclaurin correction) demonstrably resolves this problem, and does so considerably
more efficiently than the eta-based alternative. The DRCC inequality 0 < dyec(X) < W < 00
was developed from an abstract condition into a concrete, data-supported formula. Open points
for future work:

e A more robust fit of C'(t) over 50-100 zeros, to clarify the functional form (linear vs. sublin-
ear/logarithmic); it should also be examined whether the scaling observed here (Table 8,
n = 8) also holds outside the tested numerical range (¢ < 90 resp. ¢ ~ 1000-1123).

e Adaptive scan window width (proportional to 27/ In(¢/27)), to avoid the index confusion
observed during hardening.

e Connecting d,cc(t, €) to the Riemann-Siegel formula for very large Im(s).

e A stricter analytic error bound for E, (W) via the remainder terms of the explicit formula.
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Appendix A: List of Symbols

Symbol Meaning First Use

5 complex variable, s = o + it §1.1

t imaginary part of s (“height”) §1.1

o real part of s, o = Re(s) §1.1

¢(s) Riemann zeta function Eq. (1)

Pr Pk nontrivial zero resp. k-th reference zero, p, = Eq. (3),8§2.6
% + ity (mp.zetazero(k))

RH Riemann Hypothesis (open conjecture, not Eq. (3)
proven here)

X abstract DRCC object (here: the zeta function §1.2
with its infinite sum)

drec(X), dirag(X) reconstruction resp. fragmentation degree of Eq. (4)
the abstract DRCC stability condition [7]

W, Wirune width resp. numerical truncation depth §1.2,Eq. (5)
(number of summed series terms)

Cw(s, W) naive partial sum /", n = Eq. (5)

Cowz(s, W) DWZ function, Variant A, model M; (1st- Eq. (7)
order Euler-Maclaurin)

nw(s, W), G (s, W) Dirichlet eta partial sum resp. Variant B §2.3

](32\3\,2(3, W) Variant C, model M; (2nd-order Euler- Eq. (9)

Maclaurin)

By Bernoulli number, By = 1/6 §2.4

M, My, M reconstruction model in general resp. Variant §2.4-2.5
A / Variant C

w summation order (Test A, order invariance)  §2.5

WCPR CPR-Width (Controlled Partial Reconstruction §1.3,8§2.5
Width, Hesamiy [7], external, not identified
with Wtrunc)

Erec CPR-Width tolerance parameter Table 1
(Hesamiy [7], external)

€ accuracy/tolerance threshold Eq. (10)

Wnin (M s,€) smallest width (found on the grid) that Eq. (10)
achieves ¢ for model M

W (s,¢€) minimum of Wy,in(M;s,e) over admissible Eq. (12)
models Myqm

dyec(t,€) exact, integer reconstruction width (defini- Eq. (13)
tion)

C/i\rec(tv €) empirical estimator for dye.(t, €) Eq. (14)

C(t), p fit coefficient resp. exponent of the empirical Eq. (14), Table 8
power law ey, (W) ~ C(t)W P

s,(CM) (W) zero numerically determined by model M §2.6
and width W, assigned to py,

e,(cM)(W) position error \s,E:M)(W) — Pk §2.6

E¢(s,W) function-value error [(yr(s, W) — ((s)| §2.6

N(T) Riemann-von Mangoldt counting function Eq. (15)

(analytic height estimate)

Continued on next page
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Appendix A: List of Symbols (continued)

Symbol Meaning First Use
r Pearson correlation coefficient (pattern- §3.4
hypothesis test, hardening)
E,(W) prime-related reconstruction error (men- §5
tioned in the outlook, not formally derived in
this work)
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