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Notation and Symbols

This condensed manuscript uses the following notation.

Symbol Meaning

P Class of admissible problem instances.

PeP A finite problem instance.

X(P) Classical candidate space associated with P.

x € X(P) A candidate solution, state, assignment, route, coloring, or decision
option.

Xadm (P) Set of admissible candidates satisfying the constraints of P.

dfrag(P) Fragmentation dimension; dgag(P) = | X (P)].

Cp Controlled reduction map Cp : X(P) — Z(P).

Z(P) Set of reduced structural states associated with P.

¢ e Z(P) A reduced state or structural class.

Cx (<) Reduction class of all candidates mapped to .

Qp(Q) Reconstruction space associated with the reduced state (.

dyec (P, C) Reconstruction dimension; dyec(P,¢) = |2p(¢)].

R Controlled reconstruction operator.

Nciassic(P) Classical evaluation count.

Neoltapse (P) Collapse evaluation count.

NReconstruction (P, ) Reconstruction evaluation count.

Nprece (P, ¢) Total DRCC evaluation count.

TClassic(P) Classical runtime.

Torec (P, ¢) DRCC runtime.

Tconapse (P) Runtime contribution of the collapse phase.

TReconstruction(P7 C)

Runtime contribution of the reconstruction phase.

f

Reference operation rate used to convert counts into runtime.

G(P.¢)

Runtime gain of DRCC relative to classical enumeration.

W = (N, Ruw[$])

Discrete transition point, consisting of problem size n, and runtime
value R,,[s].

Ar(n) Runtime gap Ar(n) = Tolassic(n) — Toroc(n).
An(n) Count-level gap An(n) = Nciassic(n) — Nproc(n).
CDIs Collapse Depth Index in difference form.

CDliog Collapse Depth Index in logarithmic form.

dlos Logarithmic reconstruction dimension.

rec

All symbols are used in a finite combinatorial sense unless explicitly
stated otherwise. In particular, the reconstruction space
Qp(Q) is a finite set in this condensed manuscript.
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Abstract

This condensed manuscript presents a runtime-oriented formulation of Dimensional Reduction
via Controlled Combinatorics (DRCC-V2).

DRCC is a finite, discrete framework for studying reconstruction problems through con-
trolled structural reduction. The guiding principle is to preserve the information required for
admissible reconstruction and to collapse distinctions that are irrelevant to the reconstruction
task.

The manuscript defines the classical candidate space X (P), the fragmentation dimension

dfrag(P) = ‘X(P)’7
the controlled reduction map

Cp:X(P)— Z(P),
the reconstruction space

QP(C) = {33 € Xadm(P) : Cp(l‘) = C},

and the reconstruction dimension

drec(P7 C) = ’QP(<)|

The operational stability condition is

0< drec(Pa C) < dfrag(P) < Q.

The runtime model compares classical enumeration with a DRCC decomposition into col-
lapse and reconstruction:

TDRCC = TCollapse + TReconstruction-

The runtime gain is defined as

Tclassic (P
G(P, C) _ _~Class c( ) )
Toree (P C)
The transition point W = (ny, Ry[s]) marks the discrete size at which the classical and
DRCC runtime models coincide.



The manuscript applies this framework to finite case studies including housing selection,
travelling-salesman-type routing, constraint satisfaction problems, satisfiability, graph 3-coloring,
and the full adder. These examples are used to illustrate how controlled collapse, reconstruc-
tion dimension, runtime gain, and transition behavior can be computed or bounded in concrete
settings.

The work does not claim a proof of P versus NP. It does not claim a universal speedup
for graph coloring, satisfiability, constraint satisfaction, or routing problems. Its contribution
is a compact mathematical language and runtime accounting framework for identifying when
controlled structural reduction may become advantageous relative to classical enumeration.

1 Core Definitions and Runtime Framework

1.1 Purpose of the Condensed Manuscript

This condensed manuscript focuses on the runtime and structural transition aspects of Dimen-
sional Reduction via Controlled Combinatorics (DRCC).

It is not intended to replace the full DRCC-V2 monograph.

Instead, it addresses reviewer-relevant questions concerning:

1. Precise mathematical definitions of the core DRCC quantities.
2. Explicit runtime models and transition-point formulation.

3. Concrete algorithmic protocol.

4. Compact case studies with runtime evidence.

5. Cross-case comparison tables.

6. Relation to established literature.

7. Explicit limitations and non-claims.

The objective is not to claim universal computational improvement.

The objective is to provide a compact mathematical framework for analyzing when con-
trolled structural reduction and reconstruction may become advantageous relative to classical
enumeration.

1.2 Problem Instances and Candidate Spaces

Definition 1.2.1 (Problem Space). Let

P (1.1)

denote a class of admissible problem instances.
An element

PeP (1.2)

is called a problem instance.

Examples of problem instances considered in this manuscript include housing selection prob-
lems, travelling-salesman-type routing problems, constraint satisfaction problems, Boolean sat-
isfiability instances, graph coloring instances, and structured digital systems.



Definition 1.2.2 (Candidate Space). For a problem instance P € P, the candidate space is a
finite set

X(P):{IL'l,ZEQ,..-,l’N}- (13)
Each element

z € X(P) (1.4)

is a candidate solution, admissible state, assignment, route, coloring, configuration, or deci-
sion option associated with P.

In the classical exhaustive model, solving P requires evaluating all elements of X (P), unless
additional structure is used.

Definition 1.2.3 (Fragmentation Dimension). The fragmentation dimension of P is defined by

dirag(P) = [X(P)]. (1.5)

In this condensed runtime manuscript, the quantity dg..g(P) is used operationally as the size
of the pre-reduction candidate space.
This convention makes the runtime comparison explicit and measurable.

1.3 Controlled Reduction

Definition 1.3.1 (Controlled Reduction Map). Let P € P be a problem instance with candi-
date space X (P).
A controlled reduction map is a mapping

Cp: X(P) — Z(P), (1.6)

where Z(P) is the set of reduced structural states.
For a candidate x € X (P), the value

¢ = Cpla) (L.7)
is called a reduced state or structural class.

The reduction map Cp is not required to be injective.
Indeed, the purpose of DRCC is often to identify candidates that are distinct in the classical
candidate space but equivalent with respect to a structural reconstruction task.

Definition 1.3.2 (Reduction Class). For ¢ € Z(P), the reduction class associated with ( is

Cp'(¢) = {z € X(P): Cp(x) = (}. (1.8)

A reduction class contains all candidates that collapse to the same reduced structural state.

1.4 Reconstruction Spaces

Definition 1.4.1 (Admissible Candidate Space). Let

Xaam(P) € X(P) (1.9)

denote the set of candidates that satisfy the admissibility conditions of the problem instance
P.



The admissible candidate space may be equal to the full candidate space, or it may be a
proper subset determined by constraints.

Definition 1.4.2 (Reconstruction Space). Let P € P be a problem instance and let ( € Z(P)
be a reduced state.
The reconstruction space associated with ( is defined by

Qp(C) = {# € Xaam(P) : Cp(a) = C}. (1.10)

The reconstruction space contains precisely those admissible candidates that are compatible
with the reduced state (.

Definition 1.4.3 (Reconstruction Dimension). The reconstruction dimension associated with
the reduced state ( is defined by

drec(P,¢) = [2p(Q)]- (1.11)

In this condensed runtime manuscript, dyec(P,() is used operationally as the size of the
admissible reconstruction space after controlled reduction.

1.5 Structural Stability Condition

Definition 1.5.1 (DRCC Structural Stability). A reduced state ¢ € Z(P) is called structurally
stable if

0 < dree(P, ) < diyag(P) < 0. (1.12)

Equation [1.12]is the operational stability condition used throughout this manuscript.
It excludes three failure modes.

First,

drec(P s C) =0
means that no admissible reconstruction exists.
Second,

drec(P7 C) > dfrag(P)

would contradict the interpretation of reconstruction as a controlled substructure of the
original candidate space.
Third,

dfrag(P) =00

would move the analysis outside the finite combinatorial setting of the present manuscript.

Remark 1.5.2 (Operational Nature of the Stability Condition). The condition

0< drec(Pa C) < dfrag(P) < o0

is not a claim that every reduced problem is easy.
It states only that reconstruction remains finite, non-empty, and structurally bounded by
the original candidate space.



1.6 Classical Runtime Model

Definition 1.6.1 (Classical Evaluation Count). Let P € P be a finite problem instance.
The classical evaluation count is defined by

NClassic(P) = ‘X(P)’ ' Ceval(P)7 (113)
where ceva1(P) > 1 denotes the cost of evaluating one candidate in the classical model.
In many examples, the unit-cost model

Ceval(P) = 1 (1.14)

is used to compare growth behavior.
Under this convention,

NClassic(P) - dfrag(P)- (115)

Definition 1.6.2 (Classical Runtime). Let f > 0 denote the reference update rate, measured
in operations or state evaluations per second.
The classical runtime is

N assic P
TClassic(P) - le()

The reference rate f is introduced only to convert operation counts into wall-clock time.
The asymptotic comparison is governed by the evaluation count Ncjassic(P)-

(1.16)

1.7 DRCC Runtime Model

The DRCC runtime is decomposed into a reduction phase and a reconstruction phase.
Definition 1.7.1 (Collapse Evaluation Count). The collapse evaluation count is denoted by

NCollapse(P)- (117)

It measures the number of operations required to construct reduced states, structural classes,
fragments, or candidate groups.

Definition 1.7.2 (Reconstruction Evaluation Count). For a reduced state ¢, the reconstruction
evaluation count is

NReconstruction(Pv C) = dreC(P7 C) ’ CY@C(P7 C)? (118)

where ¢ec(P, () > 1 denotes the cost of evaluating or constructing one admissible recon-
struction.

Definition 1.7.3 (DRCC Evaluation Count). The DRCC evaluation count is

NDRCC(P7 C) = NCollapse(P> + NReconstruction(P> C) (1'19>
Definition 1.7.4 (DRCC Runtime). The DRCC runtime is
N, P,
Tbree (P, () = DRCJCC(O- (1.20)



Thus,
TDRCC(P7 C) = TCoHapse(P) + TReconstruction(Pa C)v

where

N P
TCOllapse(P) = COH?IC)SG()

and

N Reconstruction (P ) C)

TReconstruction(P7 C) = f

1.8 Runtime Gain

(1.21)

(1.22)

(1.23)

Definition 1.8.1 (Runtime Gain). The runtime gain of DRCC relative to classical enumeration

is defined by

Tclassic (P
G(P, C) _ Class c( ) )
TDRCC (P7 C)
Equivalently, since both runtimes use the same reference rate f,
Nciassic (P
G(P, C) _ Class c( ) )
Npreo(P;€)

The interpretation is:
G(P,() <1 = classical enumeration is faster under the model,
G(P,{)=1 = transition point,
and

G(P,{) >1 = DRCC is faster under the model.
Remark 1.8.2 (No Universal Speedup Claim). The condition

G(P¢)>1

is model-dependent.

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

It does not imply that DRCC is universally faster for all instances of a problem class.
It states only that, for the specified instance, reduction map, reconstruction space, and cost

model, the DRCC runtime is smaller than the corresponding classical runtime.

1.9 Transition Point

Many DRCC examples exhibit two regimes.
For small instances, the overhead of reduction may dominate.

For larger or more structured instances, controlled reduction may become advantageous.

This motivates the transition point.

10



Definition 1.9.1 (Discrete Transition Point). Let n € N denote a discrete problem-size pa-
rameter.

Let
TCIassic(”) (129)
and
Tbrec(n) (1.30)
be the corresponding runtime models.
A discrete transition point is a pair
W = (ny, Ry[s]), ny €N, (1.31)
such that
TClassic(nw) = Tprcc (nw) = Rw[s]- (1'32)
At the transition point,
G(ny) =1. (1.33)
For
n < Ny,

DRCC may be slower because reduction and reconstruction overhead may exceed the cost
of direct enumeration.
For

n > Ny,

DRCC may become advantageous if the reduced reconstruction space grows more slowly
than the classical candidate space.

1.10 Runtime Gap

Definition 1.10.1 (Runtime Gap). The runtime gap is defined by

Ar(n) = Tciassic(n) — Tproc(n). (1.34)

The sign of Ap(n) determines the runtime regime:

Ar(n) <0 = classical enumeration is faster, (1.35)
Ar(n) =0 = transition, (1.36)
Ar(n) >0 = DRCC is faster under the model. (1.37)

11



1.11 Operational Runtime Protocol
For every case study in this manuscript, the same runtime protocol is used.

Step 1. Define the classical candidate space X (P).

Step 2. Compute or estimate
dirag(P) = | X (P)].

Step 3. Define the controlled reduction map Cp.
Step 4. Determine the reduced state (.

Step 5. Construct or estimate the reconstruction space

Qp(C).
Step 6. Compute or estimate
drec (P, C).-
Step 7. Define the classical evaluation count
Notassic(P)-
Step 8. Define the DRCC evaluation count
Npree (P, ¢).
Step 9. Compute the runtime gain
G(P,Q).
Step 10. Identify the transition point
W = (nw, Ru[s)),

when applicable.

This protocol is intended to make the framework testable and comparable across examples.

1.12 Summary

This chapter introduced the core definitions used throughout the condensed manuscript.
The central quantities are:

dfrag(P) = ‘X(P)L
drec(Pa C) = ‘QP(C)’ﬂ

0< drec(Pa C) S dfrag(P) < 00,

TDRCC = TCollapse + TReconstructiona

12

(1.38)

(1.39)

(1.40)

(1.41)



G(P, C) o TClassic(P)

~ Torec(P,¢)’ )

and

W = (ny, Ry[s]). (1.43)

These definitions provide the common mathematical language for the case studies developed
in later chapters.

2 Laplace-Domain View of Runtime Growth

2.1 Purpose of the Chapter

The purpose of this chapter is to introduce an analytical viewpoint on runtime growth within
the DRCC framework.

The Laplace transform is not used here to solve a combinatorial problem.

It is used only as an auxiliary mathematical tool for comparing growth regimes of runtime
functions.

The central objects are the classical runtime

TClassic
and the DRCC runtime

Tbrcc-

The main question is:

How do the runtime functions behave as the problem size increases, and when can
a transition point between classical search and DRCC occur?

This chapter studies this question by considering continuous analytical approximations of
discrete runtime functions.
The discrete model remains primary.

The analytical model is introduced only for growth comparison, transformability analysis,
and interpretation of runtime transition.

2.2 Runtime Functions as Analytical Objects

Let

neN

denote a discrete problem size parameter.
Examples include:

n = number of apartments,
n = number of cities,

n = number of variables,

13



or

n = number of graph vertices.

In a discrete runtime model, the classical and DRCC runtimes are functions

Tcrassic + N — Rzo

and

TDRCC N — Rzo.

For analytical comparison, one may introduce a continuous scale parameter

:EERZU

and continuous runtime approximations

TCrassic (a7 )

and

Torec ().

The continuous parameter x is not a replacement for n.
It is an analytical approximation used to study growth behavior.

2.3 Runtime Gap and Transition

The runtime gap is defined by

AT (.%‘) = TClassic (33) - TDRCC (.CL‘)

The transition condition is

AT (.Z‘w) =0.
Equivalently,

TClassic (xw) - TDRCC (ww)

In the discrete DRCC model this transition is recorded as

W = (ny, Ry[s]), Ny € N.

(2.1)

(2.2)

(2.3)

(2.4)

(2.9)

Here n,, denotes the discrete problem size at which the modeled runtime comparison changes

regime, and Ry [s| denotes the corresponding runtime level.
The runtime gain is

o TClassic (55)

Gla) = Tprec(z)

The transition condition can therefore also be written as

G(zy) = 1.

14

(2.10)

(2.11)



2.4 Laplace Transform of Runtime Functions

Assume that Topassic(€) and Tprec(x) are locally integrable and satisfy suitable growth condi-
tions.
The Laplace-domain representation of the classical runtime is

7Ejlassic(s) = E{TCIassic(x)}(S) = /0 e_smTClassic(x) dz. (2-12>

Similarly, the Laplace-domain representation of the DRCC runtime is

Torce(s) = L{Torcc(@)}s) = [~ e Tonco(a) dz. (2.13)
The Laplace transform of the runtime gap is

Dr(s) = L{Ap(x)}(s). (2.14)
If both transforms in Equations and exist on a common half-plane, then by linearity

Dr(s) = Tctassic(s) — Torec(s)- (2.15)

2.5 Transformability Condition

The Laplace transform is not defined for arbitrary growth functions.
A sufficient condition for transformability is that the runtime function grows at most expo-
nentially.

Definition 2.5.1 (Laplace-Transformable Runtime Approximation). A continuous runtime ap-
proximation

T: Rzo — Rzo

is called Laplace-transformable if there exist constants

M >0, vyeR
such that

T(z) < Me™ for all sufficiently large x. (2.16)

Under this condition, the Laplace integral

/ e T (x)dx
0

converges for

Re(s) > 7. (2.17)

Remark 2.5.2 (Conditional Nature of the Transform View). The Laplace-domain runtime view
is conditional.

If the runtime approximation is not Laplace-transformable, the transform-domain represen-
tation is not used.

In that case, the non-transformability itself indicates that the chosen continuous approxi-
mation grows too rapidly for this analytical representation.

15



2.6 Polynomial Runtime Growth

Polynomial runtime growth is Laplace-transformable.
Let

T(x) =2™, m € No. (2.18)
Then

o0 !
L{z™}(s) = /0 ST o — SZLT.I’ Re(s) > 0. (2.19)

Thus polynomial runtime functions belong to a well-controlled Laplace-transformable growth
class.

In DRCC case studies, polynomial or near-polynomial DRCC runtimes are therefore ana-
lytically more controlled than exponential or factorial classical enumeration models.

2.7 Exponential Runtime Growth

Exponential runtime growth is also Laplace-transformable, but only on a shifted half-plane.
Let

T(z) =a® =¢8> 1. (2.20)
Then
L{g" ® e (loga)x 1
= - de = —— 2.21
(@) = [ el = (221)
provided that
Re(s) > loga. (2.22)
For Boolean enumeration, the classical candidate count is
2", (2.23)
Its continuous approximation is
27 — o)z, (2.24)
Therefore,
L{2}(s) = —— Re(s) > log2. (2.25)
s —log2

This shows that exponential classical growth is still analytically representable, but its con-
vergence half-plane is shifted according to the exponential growth rate.

2.8 Factorial Runtime Growth

Factorial runtime growth behaves differently.
For travelling-salesman-type enumeration, the classical candidate count has the form

(n—1)!
5

A natural continuous approximation is given by the Gamma function,

TClassic(n) ~ (226)

16



(n—1)! ~ I(z). (2.27)
Using Stirling-type growth,

Iz +1) ~V2rx (a:) as r — oo. (2.28)

e

This growth is faster than
et

for every fixed v € R.
Consequently, the factorial approximation is not bounded by a fixed exponential function.
Therefore it does not satisfy the transformability condition in Equation [2.16]

Proposition 2.8.1 (Factorial Growth Exceeds Fixed Exponential Bounds). Let
F(z) =T(x+1).
Then for every fixed v € R,
F(z)

e

— 00 as r — 00. (2.29)

Proof. By Stirling-type growth,

e
Therefore,
F(z+1) r \*
T ~ 27['.T <6’Y+1)
Since
x
e’Yﬁ — o0

as r — 00, the expression diverges to infinity.
O

Corollary 2.8.2 (Non-Transformability of Factorial Runtime Approximation). The factorial
runtime approximation

I(z+1)
does not satisfy the sufficient exponential-growth condition for the Laplace transform.

Proof. The result follows directly from Proposition and the transformability condition in
Equation [2.16
O

17



2.9 Interpretation for DRCC

The purpose of the preceding analysis is not to claim that Laplace transforms solve combinatorial
search problems.

The purpose is to classify runtime growth regimes.

Polynomial runtime models are Laplace-transformable on a right half-plane beginning at
Zero.

Exponential runtime models are Laplace-transformable on a shifted right half-plane.

Factorial runtime models exceed every fixed exponential bound and do not satisfy the suf-
ficient transformability condition used in this chapter.

This distinction is useful for DRCC because many classical enumeration models grow expo-
nentially or factorially, while DRCC attempts to replace full enumeration by controlled reduction
and reconstruction.

The intended comparison is therefore:

Tclassic  governed by full enumeration, (2.30)

whereas

Tproc = TCollapse + TReconstruction (2'31)

is governed by structural collapse and the size of the admissible reconstruction space.
The runtime transition point

W = (ny, Ry[s])

marks the instance size at which the model predicts that controlled reconstruction becomes
competitive with or advantageous over classical enumeration.

2.10 Examples of Growth Classes

The case studies later in this manuscript use the following growth classes.

Problem Type Classical Growth Analytical Interpreta-
tion

Housing selection O(nm) Polynomial or near-
polynomial comparison.

TSG / TSP routing (";1)! Factorial ~ growth; not

Laplace-transformable  un-
der the exponential-bound

condition.

CSP q" Exponential growth with
rate logq.

SAT 2n Exponential growth with
rate log 2.

Graph coloring ElVI Exponential growth for fixed

number of colors k.

Full Adder network local state enumeration Structured local collapse
may reduce the effective
reconstruction space.
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2.11 What the Laplace View Does Not Claim

The Laplace-domain runtime view is limited.

It does not claim that a discrete runtime function must be continuous.

It does not claim that every runtime function is Laplace-transformable.

It does not claim that non-transformability is a proof of hardness.

It does not claim that DRCC solves SAT, TSP, CSP, or graph coloring in the general worst-
case sense.

It provides only an analytical language for discussing growth behavior, runtime gap, and
transition.

The discrete runtime model and the explicit evaluation counts remain the primary basis of
comparison.

2.12 Summary

This chapter introduced a Laplace-domain viewpoint on runtime growth.
The core quantities are:

Tclassic(x),  Tpreo(), (2.32)
Ar(z) = Tclassic(z) — Toreo(@), (2.33)
Terassic(s) = L{Tc1assic(7) }, (2.34)
Torce(s) = L{Tporcc ()}, (2.35)
and
Dr(s) = L{Ar(2)}. (2.36)

Polynomial and exponential runtime approximations are Laplace-transformable under suit-
able half-plane conditions.

Factorial runtime approximations exceed every fixed exponential bound and do not satisfy
the sufficient transformability condition used in this chapter.

For DRCC, the main role of this viewpoint is to support the analysis of runtime growth,
runtime gap, and transition behavior without replacing the underlying discrete model.

3 Algorithmic Protocol and Empirical Setup

3.1 Purpose of the Chapter

The purpose of this chapter is to make the DRCC runtime framework operational.
The previous chapters introduced the core quantities

dfrag ) drec ) TClassic ) TDRCC ) G, W.

This chapter explains how these quantities are computed or estimated in a reproducible
algorithmic setting.

The objective is not to present an optimized software implementation.

The objective is to define a concrete protocol that can be applied consistently across the
case studies in this manuscript.

The protocol separates three layers:
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1. Classical enumeration.
2. DRCC reduction and reconstruction.
3. Runtime comparison and transition detection.

This separation is important because DRCC is not compared against an undefined notion
of computation.

It is compared against a specified classical baseline and a specified DRCC reconstruction
procedure.

3.2 Input Data

Let

PeP

be a finite problem instance.
The algorithmic protocol assumes the following input data:

Pa X(P)7 CP, -Aadrm f

Here:
P is the problem instance.
X (P) is the classical candidate space.
Cp is the controlled reduction map.
Aadm is the admissibility rule set.
f is the reference evaluation rate used to convert counts into wall-clock time.

The reference rate f is measured in evaluations per second.
Unless otherwise stated, count-level comparisons are independent of the particular choice of
f, because the runtime gain satisfies

o NClassic(P)
Gh¢) = Npree (P, )

3.3 Output Data

The protocol returns the following quantities:

dtrag(P), ¢, Qp(¢), drec (P, C),
Nctassic(P),  Npree(P, €),
Teussic(P),  Tpbroc(PC),
G(P, (), W = (ny, Ry[s]).
The transition point W is returned only when a parameterized family of instances is avail-

able.

For a single instance, the protocol reports the runtime gain but does not infer a transition
point.
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3.4 Algorithm 1: Classical Enumeration Baseline

The classical baseline evaluates every candidate in the candidate space.

Input
P, X(P), Aadm, f
Output
NClassic(P)7 TClaSSiC(P)'
Protocol

Step 1. Construct or define the candidate space

X(P).

Step 2. Compute
dfrag(P) = |X(P)’

Step 3. For each candidate x € X (P), apply the classical admissibility or objective evaluation.

Step 4. Count the number of evaluations:

NClassic(P) = |X(P)’ : Ceval(P)-

Step 5. Convert count into runtime:

Ncassic (P
TClassic(P) = as;c().

In the unit-cost model,

ceval(P) =1,

and therefore

NClassic(P) = dfrag(P)'

3.5 Algorithm 2: DRCC Reduction and Reconstruction

The DRCC protocol first reduces the candidate space and then reconstructs admissible candi-
dates from the reduced representation.

Input
Pu X(P)7 CP7 -Aadm> f

Output
¢, Qp(C), Nprce(P, (), Tpree (P, Q).
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Protocol

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Step 7.

Step 8.

Step 9.

Apply the controlled reduction map
Cp: X(P)— Z(P).
Determine the reduced state or structural class
¢ e Z(P).
Construct the reconstruction space
Qp(¢) = {7 € Xaam(P) : Cp(z) = (}.
Compute the reconstruction dimension

drec<P7 C) - ‘QP(C)’

Compute the collapse count
NCollapse(P)'

Compute the reconstruction count
NReconstruction(Pa C) = drec(Pv C)Crec(Pa C)
Compute the total DRCC count

NDRCC(P) C) = NCollapse(P) + NReconstruction(P’ C)

Convert count into runtime:

Nproc(P; Q)

Tprec(P,C) = 7

Verify structural admissibility:

0< drec(P7 C) < dfrag<P) < Q.

The final step is not optional.
If the admissibility condition fails, the reduced state is not accepted as a stable DRCC
reconstruction state.

3.6 Algorithm 3: Runtime Gain and Transition Detection

For a parameterized family of problem instances

(Pn)nEN’

the runtime gain is computed at each problem size n.

Input

(Pn)zgfmm ) CPn ) Aadma f
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Output
G(n), Ar(n), W = (ny, Ryls])-

Protocol

Step 1. For each n, compute
TClassic (n) .

Step 2. For each n, compute
Torec(n).

Step 3. Compute the runtime gap
AT(”) = TClassic(n) - TDRCC(”)-
Step 4. Compute the runtime gain

_ TClassic(n)

Gn) = Tprec(n)

Step 5. Identify the first transition index n,, such that

G(ny)>1

and

G(n) <1 for at least one smaller tested value n < n,.

Step 6. Define
R, [5] = TClassic (nw) = Tprcc (nw)

if exact equality occurs.

If exact equality does not occur in the discrete sample, report the nearest crossing interval

[n—v n-l-]

with
G(n-) <1 and  G(ng) > 1.

In numerical experiments, exact equality is not always expected.
For this reason, transition behavior may be reported either as a point

W = (ny, Ry[s])

or as a crossing interval

Wing = [n—an—i-]'
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3.7 Count-Level Validation

The first validation layer is count-level validation.

This level does not depend on implementation language, processor speed, memory hierarchy,
or compiler optimizations.

It compares the number of required candidate evaluations.

The following quantities must be reported:

|X (P) ’ ’ ’QP (C) | ) NCoHapse7 NReconstructionv NDRCC .
The count-level runtime gain is

NClassic(P)
count (P, = X D
Ceount(F ) Nprec (P, ¢)

This is the primary validation level used in the case studies.
It is transparent and reproducible.

3.8 Wall-Clock Validation

The second validation layer is wall-clock validation.
Here one measures actual runtime on a concrete machine.
For wall-clock validation, the following data must be reported:

Field Required Information

Processor CPU or hardware platform used for the experi-
ment.

Memory Available memory and relevant memory limits.

Programming language Implementation language and version.

Instance generator How the problem instances were generated.

Classical implementation Description of the baseline enumeration.

DRCC implementation Description of the reduction and reconstruction
procedure.

Measured quantities Runtime, candidate counts, reconstruction
counts, and gain.

Repetition protocol Number of runs and averaging method.

Wall-clock validation is important, but it must be interpreted with care.

A poorly optimized implementation may hide the structural gain of DRCC.

Conversely, an optimized implementation may overstate practical improvement if the clas-
sical baseline is not implemented fairly.

Therefore, wall-clock experiments must always be accompanied by count-level validation.

3.9 Fair Comparison Conditions

A runtime comparison between classical enumeration and DRCC is accepted only if the following
fairness conditions are satisfied.

F1. Same instance. Both methods must be applied to the same problem instance P.
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F2. Same admissibility target. Both methods must aim at the same admissibility or solu-
tion criterion.

F3. Explicit baseline. The classical candidate space X (P) must be explicitly defined.
F4. Explicit reduction map. The DRCC reduction map Cp must be explicitly defined.

F5. Explicit reconstruction space. The reconstruction space Qp(¢) must be explicitly de-
fined or constructively computable.

F6. No hidden oracle. DRCC may not use information unavailable to the classical model
unless that information is explicitly counted as part of the reduction cost.

F7. Counted overhead. The collapse cost Ncolapse must be included in Nproc.

F'8. Reproducibility. The parameters and instance-generation procedure must be stated.

These conditions are included to prevent overinterpretation of runtime gain.

3.10 Empirical Evidence Table Template

Each case study in the manuscript will use a table of the following form.

Instance

N Classic

NCollapse

NReC

Nprcce

Py

Py

Py -

The placeholders are replaced in the case-study chapters by the corresponding instance-
specific counts.

3.11 Minimal Pseudocode
For completeness, the core DRCC runtime procedure may be written in compact pseudocode.

Input: P, X(P), Cp, Aadm, f
Output: TClassic, Ibrec, G, W

drag(P) < [X(P)]

Neiassic(P) < dfrag (P)cCeval (P)

¢ + Cp(X(P))

Qp(C) + {z € Xaam(P) : Cp(z) = (}
drec (P, ¢) <= [©2p(C)]

Npree < Neollapse + drec(P; C)crec( P, €)
TClassic < Nclassic/ f

Tpree < Nprece/ f

G+ TClassic/TDRCC
accept only if 0 < drec(P, () < dipag(P) < 00.

© XN oo WD

—_
=

This pseudocode is intentionally abstract.
Each case study specifies how X (P), Cp, and Qp(() are instantiated.
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3.12 Interpretation

The algorithmic protocol clarifies the meaning of empirical evidence in this manuscript.
DRCC is not evaluated by intuition alone.
It is evaluated by:

NCIassic; NDRCC7 G7 w.

The key comparison is not between two verbal descriptions.
It is between two counted procedures:

classical enumeration

and

controlled reduction plus admissible reconstruction.

This is the basis for the case studies developed in the following chapters.

3.13 Summary

This chapter introduced the algorithmic protocol used throughout the condensed manuscript.
The protocol defines:

1. a classical enumeration baseline;
2. a DRCC reduction and reconstruction procedure;

a runtime-gain calculation;

-~ W

a transition-detection method;
5. count-level and wall-clock validation layers;

6. fairness conditions for runtime comparison.

The next chapters apply this protocol to representative case studies.
Each case study reports the same core quantities:

dfraga drec: NClassi07 NDRCC7 G, w.

4 Housing Problem

4.1 Problem Definition

The housing problem is a multi-criteria selection problem.
A user is given a finite set of apartments

H = {hi,hg,... hn}. (4.1)

Each apartment is described by a finite list of attributes such as budget, location, size, public
transport access, energy efficiency, parking, and availability.
Let

meN (4.2)
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denote the number of structural criteria used for the first selection stage.

The task is to identify apartments that are compatible with the user’s requirements and
then select one or more admissible candidates.

The housing problem is used in this manuscript as a reviewer-oriented runtime example
because it has a transparent candidate space, a natural filtering structure, and a measurable
reduction from all available apartments to a smaller candidate set.

4.2 Classical Runtime Model

In the classical baseline, every apartment is evaluated against all criteria.
The classical candidate space is

XHousing(P) = H. (4.3)
Thus,
dfrag(P) =|H| =n. (4.4)
Let
Ccrit (45)

denote the cost of checking one criterion for one apartment.
Then the structural screening cost per apartment is
Cscreen — T Cerit - (4-6)

If the classical procedure also performs detailed inspection for every apartment, let

Cdetail (4 7)

denote the cost of detailed inspection per apartment.
The classical evaluation count is then

NClassic =N (Cscreen + cdetail) . (48)
The corresponding runtime is

Nciassi
TClassic - ;SSIC . (49)

Remark 4.2.1. If the detailed inspection cost is absent, that is if

Cetail = 0,

then the housing problem is only a basic filtering task.

In that case, DRCC does not automatically provide a runtime advantage.

A runtime advantage appears only when the reduction prevents expensive detail operations
from being applied to all apartments.
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4.3 DRCC Reduction Model

The DRCC reduction model separates the housing task into two phases.
The first phase performs structural filtering.
The second phase performs detailed reconstruction or selection only inside the reduced
candidate set.
Let
C'Housing cH — ZHousing (410)

be a reduction map that assigns each apartment to a structural compatibility state.

For example, an apartment may be classified according to whether it passes the budget
filter, location filter, energy filter, and availability filter.

Let

C € ZHousing (411)

denote the reduced state corresponding to apartments that pass the structural filters.
The reduced candidate set is

Ce= {heH: CHousing(h) =(}. (4.12)
Let

Cc|l=¢ (4.13)

be the number of remaining candidates after structural reduction.
In the housing example, ¢ is expected to be much smaller than n.

4.4 Candidate Collapse

The candidate collapse is the reduction

n— c. (4.14)
The collapse ratio is
n
PHousing = E (415)
If
PHousing > 17 (416)

then the reduction is nontrivial.

However, a nontrivial reduction alone does not imply runtime gain.

Runtime gain depends on the cost of the collapse phase, the cost of reconstruction, and the
cost avoided by not applying detailed inspection to all apartments.
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4.5 Reconstruction Space
The admissible reconstruction space for the housing problem is

QHousing(C) = {h € Hadm : CHousing(h) = Q} (417)

Here,

Hpqm € H (4.18)

denotes the set of apartments that satisfy the admissibility requirements.
The reconstruction dimension is

drec(Pv C) = ’QHousing(<)|- (4'19)

In the simplest case,

drec(P, ) = c. (4.20)

The structural stability condition is

0 < dree(P, ) < diyag(P) < 0. (4.21)

Substituting the housing quantities gives

0<c<n<oo. (4.22)

4.6 DRCC Runtime Model

The DRCC evaluation count is decomposed into collapse cost and reconstruction cost.
The collapse cost is

NCollapse = TN Cscreen- (423)
The reconstruction cost is
NReconstruction = CCdetail - (424)
Therefore,
NDRCC = N Cscreen + C Cdetail - (425)
The DRCC runtime is
Nprce
Tprce = T (4-26)

4.7 Runtime Comparison

The classical count is

NClassic =n (Cscreen + cdetail) . (427)
The DRCC count is

NDRCC = N Cscreen + € Cdetail - (428>
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Subtracting gives the runtime-count gap

AN = NClassic - NDRCC (429)
=n (Cscreen + Cdetail) - (n Cscreen + C Cdetail) (430)
= (n - C)CdetaiL (4.31)
Therefore,
Ay >0 <= n>c and cgetail > 0. (4.32)

This equation expresses the main runtime principle of the housing case.
DRCC becomes advantageous only when the reduced candidate set is smaller than the
original set and when detailed evaluation has nonzero cost.

4.8 Runtime Gain

The runtime gain is

NClassic
GHousing = . 4.33
ousing NDRCC ( )
Using Equations and one obtains
n (Cscreen + Cdetail)
GHousing = . 4.34
ousime N Cscreen T C Cdetail ( )
If
Cdetail > Cscreen
and
cLn,
then
GHousing
can be significantly larger than one.
If
Cetail = 0,
then
GHousing =1 (435)

Thus, DRCC does not claim automatic speedup for ordinary filtering.
The gain appears when structural reduction avoids expensive detailed inspection of candi-
dates that are already eliminated by admissibility constraints.
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4.9 Numerical Count-Level Example

Consider the following count-level example.

Let
n = 1200, m="7, c=25. (4.36)
Assume unit criterion cost
Cerit = 1. (4.37)
Then
Cscreen = MCerit = 1. (438)

Assume that detailed inspection costs

Cdetail = 1000 (439)
operation units per apartment.
The classical count is
Nciassic = 1200(7 4+ 1000) (4.40)
=1, 208, 400. (4.41)
The DRCC count is
Nprcc = 1200 - 7 4+ 25 - 1000 (4.42)
= 8,400 + 25,000 (4.43)
= 33, 400. (4.44)
The runtime gain is
1,208, 400
e = ————— ~ 36.18. 4.4
GHous g 337 400 36.18 ( 5)

This number should not be interpreted as a universal housing speedup.
It is a count-level result under the stated cost model.
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4.10 Evidence Table

Quantity Value Interpretation

n 1200 Number of available apart-
ments.

m 7 Number of structural crite-
ria.

c 25 Candidates after collapse.

dfrag 1200 Initial candidate size.

drec 25 Reconstruction candidate
size.

NClassic 1,208,400 Classical count under
stated cost model.

Nprce 33,400 DRCC count under stated
cost model.

G ~ 36.18 Count-level runtime gain.

4.11 Transition Point

For the housing model, suppose that the reduced candidate count is approximately constant,

c(n) = co.

The classical count is

NClassic(n) == n(cscreen + Cdetail)a

and the DRCC count is

Nprcco (TL) = NCscreen + COCdetail-

The transition condition is

Nciassic (nw> = Nprcc (nw> (446)

Substituting the two runtime models gives

nw(cscreen + Cdetail) = NwCscreen + CoCdetail - (447)
If
Cetail > 0,
then
nw = Co, (448)

Thus, in the idealized constant-candidate model, DRCC becomes advantageous once the
number of available apartments exceeds the expected reduced candidate count.
If an additional fixed overhead

h >0
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is introduced, then

NDRCC (n) =h+ NCscreen T COCdetail -

The transition point becomes

Ny = Co + .
Cdetail

This expression makes explicit that overhead delays the transition.

4.12 Laplace-Style Runtime Interpretation

For analytical comparison, introduce a continuous approximation

.’EGRZQ

of the number of apartments.
In the constant-candidate model, the runtime-count functions are

NClassic (.’B) = x(cscreen + Cdetail)

and

Nprece () = Tesereen + CoCdetail-

Both functions are affine functions of z.
Therefore, both are Laplace-transformable on the half-plane

Re(s) > 0.

One obtains

L{Nciassic(7)} = Cscr%j;cdetaﬂ‘

Similarly,

E{NDRCC (Qj)} — CS(;“;QH + COCietail )

The runtime gap is

AN (x) = Nclassic(z) — Nprece(z) = (x — ¢o)Cdetail -

Thus,

L{AN(2)} = Caetan (12 _ CO) .

S

The zero of the runtime gap occurs at

Tr = Co,

which agrees with the discrete transition point in Equation

33
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4.13 Interpretation

The housing case shows a practical form of DRCC.
The classical method evaluates every apartment in detail.

The DRCC method first applies structural filters, then performs detailed inspection only

inside the reduced reconstruction space.
The key condition for runtime gain is

c<n

together with

Cdetail = 0.
Thus, the housing example supports the following limited claim:
For multi-stage selection problems with expensive detailed evaluation, controlled

reduction can reduce runtime by restricting detailed inspection to an admissible
reconstruction space.

It does not support the stronger claim that DRCC automatically improves all filtering

problems.

4.14 Summary
For the housing problem, the core quantities are:

dfrag =n, drec = C.

The structural stability condition is

O0<cec<n<oo.

The runtime models are

NClassic = n(cscreen + Cdetail)

and

NDRCC = NCscreen + CCetail -

The runtime gain is

n(Cscreen + Cdetail)

NCscreen + CCdetail
The transition point in the constant-candidate model is

GHousing =

Ny = C.

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

The housing case therefore provides a clear example of DRCC as controlled candidate col-

lapse followed by admissible reconstruction.

5 TSG / TSP Routing Problem

5.1 Problem Definition

Let
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G=(V.E w)
be a complete weighted graph with

V| = n.

The vertices represent locations, and the edge-weight function

w:FE — Rzo
assigns a non-negative travel cost to every edge.

A tour is a Hamiltonian cycle visiting every vertex exactly once and returning to the starting

vertex.
Let

Tn (5.1)

denote the set of symmetric tours, where tours are identified up to cyclic rotation and
reversal.
The objective of the classical Travelling Salesman Problem is to find

7" = arg 71'161179 w(T), (5.2)

where

w(r) = Zw(e). (5.3)

ecT
In this manuscript, the TSG / TSP example is used to study runtime growth and structural
reduction.
It is not used to claim a general solution of the TSP.

5.2 Classical Tour Enumeration

For the symmetric TSP on n labeled vertices, the number of distinct Hamiltonian cycles is

n—1)!
TARUEL (54)
Thus, the classical candidate space is
X1sp(P) = Ta, (5.5)
and the fragmentation dimension is
n—1)!
dag(P) = 1T = 50 (5:6)
Under the unit-cost model, the classical evaluation count is
n—1)!
NClassic(n) - (2) (57)
The corresponding runtime at reference evaluation rate f is
n—1)!
TClassic(n) = (2]8) (58)

This factorial growth is the main reason why exhaustive enumeration quickly becomes in-
feasible.
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5.3 DRCC Structural Fragment

DRCC replaces direct enumeration of all tours by a structural reduction step followed by con-
trolled reconstruction.
Let

Fe = (V,ER) (5.9)

be a sparse structural fragment of the graph.

A typical choice is a connected reference graph such as a minimum spanning tree or another
admissible structural skeleton.

For the present runtime model, assume that

|Ep|=n— 1. (5.10)

The fragment Fg does not itself solve the TSP.
It supplies a structural reference against which tours are classified.

5.4 DRCC Structural Classes

For a tour
T € Tn,
define its fragment signature by
Cr(t)=E(T)N Ep. (5.11)
Thus,
Cr(7)

records which fragment edges occur in the tour.
The controlled reduction map is

Cr:Tn— Zp, (5.12)
where
Zr CP(EF) (5.13)
is the set of feasible fragment signatures.
Since
|EF‘ =n— 1,
one has the upper bound
|Zp| <2771 (5.14)
The reduction is therefore
- 1!
(n > P zp <o, (5.15)

This does not by itself solve the optimization problem.
It partitions the tour space into structural reconstruction classes.
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5.5 Reconstruction Spaces
For a fragment signature

¢ € Zp,

the corresponding reconstruction space is

Qp(Q) ={r € Tn: Cp(r) =} (5.16)

The reconstruction dimension is

drec (P, ¢) = |27 (¢)]- (5.17)

The structural stability condition becomes

0<Qr Q)| < |Tn] < 0. (5.18)

This condition states that a signature is admissible only if it admits at least one tour and
remains a finite subspace of the full tour space.

5.6 Controlled Reconstruction of Tours

A reconstruction procedure assigns to each feasible signature ¢ one or more candidate tours.
Let

Rr(C) € Qr(Q) (5.19)
be the set of tours reconstructed from (.
Let

r(¢) = Rr(¢)] (5.20)

denote the reconstruction budget for the class .
The total reconstruction count is

NReconstruction = Z T(C) (521)
(EZR
If
7(¢) < Tmax (5.22)

for every feasible signature, then

NReconstruction < ’ZF’ Tmax < 2n_17"max- (523)

5.7 Objective-Preserving Reconstruction

For optimization problems, a reduction must preserve enough information to recover an optimal
solution.
This motivates the following condition.
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Definition 5.7.1 (Objective-Preserving Reconstruction). A reconstruction procedure is called
objective-preserving if for every non-empty reconstruction space Qp((), it returns a tour

7 € Qr(C) (5.24)

satisfying
= i . 5.25
w(7e) Tergg%c)w(f) (5.25)

Proposition 5.7.2 (Classwise Optimality Implies Global Optimality). Assume that the feasible
reconstruction spaces Qp(() partition 7,.

If for every non-empty class Qp(¢) the reconstruction procedure returns a class-optimal
representative 7, then

loin w(Te) = min w(T). (5.26)

Proof. Since the reconstruction spaces partition 7,, every tour belongs to exactly one non-empty
class Qr(Q).
For each such class, 7 is assumed to minimize the tour weight inside that class.
Therefore, minimizing over all class representatives is equivalent to minimizing over all tours
in the union of the classes.
Since this union is 7,, the equality follows.
O

Remark 5.7.3. This proposition does not state that classwise optimal reconstruction is always
easy.

It states only that if classwise optimal reconstruction is achieved, then global optimality is
preserved.

In the runtime model, the cost of classwise reconstruction must be counted explicitly.

5.8 DRCC Runtime Model

Let

NFragment (’I’L) (527)

denote the cost of constructing the structural fragment Fg.
For a dense graph, a simple count-level model is

NFragment (n) = 7’L2. (528)
The DRCC count is

Nprcc (n) = NFragment (n) + NReconstruction(n)- (5-29)

Using the bounded reconstruction model,

Npree(n) < n? + 2" rpax. (5.30)
The corresponding runtime is
Nprcec(n
Tbree(n) = DRf()- (5.31)
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5.9 Runtime Gain

The runtime gain is

NClassic(n)
G n)= ————. 5.32
tsp(n) Npree(n) (5:52)
Using the classical count and the bounded DRCC count gives the model
(n—1)!
Grsp(n) > 42— (5.33)

n? + 2nilrmax ‘
This expression shows the structural runtime mechanism.
The classical numerator grows factorially.
The DRCC denominator grows according to fragment construction and controlled recon-
struction.
If rpax remains bounded or grows slowly, then the DRCC count grows much more slowly
than classical enumeration.

5.10 Count-Level Example
The following example uses

Pmax = 3 (5.34)

as an illustrative reconstruction budget.
The DRCC count model is

Npree(n) =n? +3-277L, (5.35)
The classical count is
—1)!
Netassio(n) = (n . ) (5.36)
n Nciassic Nprece G
60 132 0.45
2520 448 5.63
10 181440 1636 110.90
12 19958400 6288 3173.41

This table is not a claim of universal TSP speedup.
It illustrates the count-level effect of replacing factorial tour enumeration by structural
classes and bounded reconstruction.

5.11 Transition Point
In the illustrative model, the transition occurs when

(n—1)!
2

=n?43.2"7L (5.37)

The table shows that
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and

Thus the discrete crossing interval is

In this model, DRCC overhead dominates at n = 6, but structural reduction becomes
advantageous by n = 8.

5.12 Factorial Growth and Analytical Limits

The classical TSP enumeration count grows factorially:

n—1)!
NClassiC(n) = ( 9 ) . (539)
A continuous approximation uses the Gamma function:
(n—1)! ~ I'(z). (5.40)

By Stirling-type growth,

I(z+1)
exceeds every fixed exponential bound.
Therefore, this factorial approximation does not satisfy the exponential growth condition
used for the Laplace-runtime view in Chapter
The DRCC bound
n? + 2" ax (5.41)
is at most exponential when 7, is bounded or grows polynomially.

Thus, the analytical runtime view separates the two growth regimes:

classical enumeration: factorial,
DRCC bounded reconstruction model: at most exponential.

5.13 Interpretation

The TSG / TSP case demonstrates the strongest form of runtime contrast in this condensed
manuscript.

The classical method enumerates tours.

DRCC classifies tours by structural signatures and reconstructs admissible tours inside re-
construction spaces.

The essential reduction is

Tr — Zp — Qp(C). (5.42)

The runtime advantage depends on three conditions:
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1. the number of structural classes must be much smaller than the number of tours;
2. the reconstruction budget per class must remain controlled;

3. if optimality is claimed, reconstruction must preserve classwise optima.

Without the third condition, DRCC yields admissible reconstructed tours but not necessarily
the globally optimal TSP tour.

5.14 Summary

For the TSG / TSP case, the classical candidate count is

n—1)!
Nciassic(n) = ( 5 ) . (5.43)
A DRCC structural-signature model satisfies
|Zp| <2771 (5.44)
With bounded reconstruction budget ryax,
Npree(n) < n” + 2" rpay. (5.45)
The runtime gain is
N Classic(n)
Grsp(n) = —/———=. 5.46
msp(n) Nprec(n) (5:46)
In the illustrative example with r,.« = 3, the transition interval is
Wint = [6, 8]. (5.47)

The TSG / TSP case therefore provides a reviewer-relevant example of how DRCC can
convert factorial enumeration into a controlled reconstruction model, under explicit structural
assumptions and without claiming a general solution of the TSP.

6 Constraint Satisfaction Problems

6.1 Problem Definition

A finite constraint satisfaction problem is a tuple

P=WV,D,0). (6.1)
Here
V={x1,x2,...,Zn} (6.2)
is a finite set of variables.
Each variable x; has a finite domain
D;. (6.3)

For simplicity, assume in the uniform case that
|D;| = q for all i=1,...,n. (6.4)
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The set

C={C1,Cs,...,Cn} (6.5)

is a finite set of constraints.
Each constraint C; acts on a scope

S; C V. (6.6)
The arity of the constraint is
[5j- (6.7)
Let
r= max |5l (6.8)
be the maximum constraint arity.
The objective is to find an assignment
n
a:V—|]JD; (6.9)
i=1
such that
a(zi) € D; (6.10)

and every constraint in C is satisfied.

6.2 Classical Search Space

The classical candidate space consists of all complete assignments.
In the uniform-domain case,

XCSP(P) = D1 X D2 X oo X Dn. (6.11)
Therefore,

divag(P) = | Xcsp (P)| = . (6.12)

If each complete assignment is checked against all m constraints, then the classical evaluation
count is

NClassic(P) = mqn- (613)
The corresponding runtime is
mq"
TClassic(P) = f (6.14)

This is the exponential baseline for the CSP case study.
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6.3 Constraint-Induced Collapse

DRCC does not begin by enumerating all complete assignments.
Instead, it first constructs local admissible fragments induced by the constraints.
For each constraint C}, define the local admissible table

Aj={ue [] Di:Cj(u)=1}. (6.15)
xiESj
The table A; contains all local assignments on the scope S; that satisfy the constraint Cj.
Since
’Sj| <

one has
A < q". (6.16)
The DRCC reduction object is the family of local admissible tables
C=(A1,A9,...,An). (6.17)
This gives the collapse
qn — (A17A27...,Am). (618)
The cost of constructing the local tables is bounded by

NCollapse(P) < mqr' (619)

This is the first DRCC reduction step.
It is local and depends on the maximum constraint arity », not on the full number of complete
assignments ¢".

6.4 Reconstruction Space

The DRCC reconstruction space consists of all complete assignments compatible with all local
admissible tables.
Let

s, (a)

denote the restriction of the complete assignment a to the scope S;.
The reconstruction space is

Qosp(C) = {a € Xosp(P) : 7, (a) € A; forall j =1,...,m}. (6.20)

This is exactly the set of assignments that satisfy all constraints.
The reconstruction dimension is

drec(P,¢) = |Qcsp(C)]- (6.21)
The DRCC structural stability condition becomes

0 < [Qcsp(Q)] < ¢" < oo, (6.22)
If
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[Qcsp(¢)] =0,

then the CSP instance has no admissible reconstruction under the constraint system.
In that case, DRCC correctly reports an empty reconstruction space rather than a valid
solution.

6.5 Controlled Reconstruction by Structural Width

To make the reconstruction phase explicit, assume that the constraint hypergraph admits a
reconstruction ordering of width

w(P). (6.23)

The width w(P) measures the largest number of simultaneously active variables required
during controlled reconstruction.

This quantity is not assumed to be small for all CSP instances.

It is an instance-dependent structural parameter.

Under a bounded-width reconstruction ordering, the number of partial states maintained
during reconstruction is bounded by

D+ (6.24)
Let
b(P) (6.25)

denote the number of reconstruction steps.
Then a count-level reconstruction bound is

NReconstruction(Pa C) < b(P>qw(P)+1- (626)

This bound is conditional.
It applies only when such a bounded-width reconstruction ordering is available.

Proposition 6.5.1 (Controlled-Width DRCC Runtime Bound). Assume that a CSP instance
P has maximum constraint arity r and admits a reconstruction ordering of width w(P).
Then the DRCC evaluation count satisfies

Noreo(P,¢) < mg” + b(P)g* . (6.27)
Proof. By Equation the cost of constructing all local constraint tables is at most
mq’.
By Equation the reconstruction cost under a bounded-width ordering is at most
b(P)g T,

The DRCC evaluation count is the sum of collapse and reconstruction costs.
Therefore,

Nprec(P,¢) < mq" + b(P)g?P)+1,
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6.6 Runtime Model

The classical evaluation count is

NClassic(P) = mqn- (628)
The DRCC evaluation count is bounded by

Noroo(P,¢) < mg” +b(P)g!V+, (6.29)
The corresponding runtimes are

n

m
TClassic(P) = q (630)
f
and
N P,
Three(P,C) = DRC}’(C) (6.31)
6.7 Runtime Gain
The runtime gain satisfies
Gesp(P,¢) = DNotsmioP) (6.32)
Nprec (P, €)
Using the runtime bound, one obtains the lower estimate
m n
Gesp(P,C) > d (6.33)

mq" + b(P)qw(P)+1 :

This expression shows the central structural condition.
DRCC becomes advantageous when

w(P)+1
and
r
remain much smaller than
n.

If the structural width grows with n in an uncontrolled way, then the DRCC gain may
disappear.

6.8 Numerical Count-Level Example

Consider an illustrative CSP instance family with

qg=3, n = 20, m = 30, r=3, w(P) = 4, b(P) = 30. (6.34)

The classical count is
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NClassic = mqn

(6.35)

=30-3% (6.36)
= 104, 603, 532, 030. (6.37)
The collapse count is
NCoHapse = mqr (6-38>
=30-3° (6.39)
= 810. (6.40)
The reconstruction count is bounded by
NReconstruction < b(P)qw(P)+l (641)
=30-3° (6.42)
=7,290. (6.43)
Therefore,
Npree < 810+ 7,290 6.44)
= §, 100. 6.45)
The resulting count-level gain is
104, 603, 532,030
> T T 1,294 107, 4
Gcsp > 8,100 9-10 (6.46)
This example is conditional on the stated width model.
It is not a universal CSP speedup claim.
6.9 Evidence Table
Quantity Value Interpretation
q 3 Uniform domain size.
n 20 Number of variables.
m 30 Number of constraints.
r Maximum constraint arity.
w(P) Assumed reconstruction
width.
NClassic 104, 603, 532, 030 Classical full-assignment
count.
NpRrcC < 8,100 DRCC count under width
assumption.
G >1.29-107 Conditional count-level gain.

46



6.10 Transition Behavior

Assume for simplicity that

m = b(P)
and that ¢, r, and w(P) remain fixed.
The transition condition is
mq™ = mq" + mg“ ")+ (6.47)
If m > 0, this reduces to
Thus,
ny = log, (qr + q“’(P)“) : (6.49)

In the numerical example,

Therefore,

ny = logy (3% + 37) = logy(270) ~ 5.10. (6.50)

The nearest discrete transition occurs between

n=>~5

and

n = 6.

6.11 Laplace-Style Runtime Interpretation

The classical CSP growth is

¢* = e80T, (6.51)
Its Laplace transform is

1

L{q"}(s) = m,

Under fixed r and fixed w(P), the DRCC count is bounded by a constant with respect to n,
apart from instance-construction factors such as m and b(P).

If m and b(P) grow at most polynomially in n, then the DRCC runtime approximation
remains polynomial or near-polynomial.

Thus, the Laplace-runtime view separates the exponential classical candidate growth

Re(s) > loggq. (6.52)

n

q
from the controlled-width DRCC reconstruction model.
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6.12 Structural Conditions

The CSP case is favorable for DRCC only under structural conditions.
The following conditions are required for a meaningful runtime gain:

1. Constraint arity r must remain small relative to n.

2. The reconstruction width w(P) must remain controlled.

3. The reconstruction ordering must be constructively available.
4. Collapse overhead must be included in the DRCC count.

5. The reconstruction space must remain admissible and non-empty.

If these conditions fail, the DRCC model may lose its advantage.

6.13 Interpretation

The CSP case study shows that DRCC is closely related to structural decomposition.

The classical method considers all complete assignments.

The DRCC method constructs local admissible tables and reconstructs global solutions
through controlled compatibility.

The key chain is

qn — (Al, c. ,Am) — QCSP(C). (6.53)

The runtime advantage is not automatic.
It depends on whether the structure of the constraints allows the reconstruction process to
remain low-width.

6.14 Summary

For a uniform CSP with n variables, domain size ¢, m constraints, maximum arity r, and
reconstruction width w(P), the classical count is

NClassic = mqn- (654)
The DRCC count satisfies
Npree < mg” + b(P)g“H, (6.55)
The gain estimate is
mq"
G > . 6.56
CSP = mq" + b(P)q“’(P)+1 ( )
The transition point under fixed structural parameters is
ny = log, (qr + q“’(P)'H) : (6.57)

The CSP example therefore supports a conditional DRCC claim:

Controlled reconstruction can reduce runtime when the constraint structure admits
a bounded-width reconstruction process.
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It does not support a universal claim that all CSP instances become easy under DRCC.

7 Boolean Satisfiability

7.1 Problem Definition

Let
P

be a Boolean formula in conjunctive normal form.
Thus,

P=K ANKyN---NK,, (71)
where each Kj is a clause.
Let

V:{xl,xg,...,:rn} (7.2)

be the set of Boolean variables.
Each variable has domain

D; ={0,1}. (7.3)
A truth assignment is a map
a:V —{0,1}. (7.4)
The Boolean satisfiability problem asks whether there exists an assignment a such that

®(a) = 1. (7.5)
The SAT case is included because it is a canonical exponential search problem.
The purpose here is not to solve SAT in the general worst-case sense.
The purpose is to express SAT instances in the DRCC language of controlled reduction,
reconstruction spaces, runtime gain, and transition behavior.
7.2 Classical Boolean Enumeration
The classical candidate space is the set of all Boolean assignments:
Xsar(®) ={0,1}". (7.6)

Therefore,

g (®) = | Xsar (®)] = 2" (7.7)

If every complete assignment is checked against all m clauses, then the classical evaluation
count is

NClassic(q)) =m2". (78)

The corresponding runtime is
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m2"

TClassic((I)) - f

This is the exponential baseline.

7.3 Clause-Induced Reduction

DRCC does not begin by enumerating all Boolean assignments.
Instead, it constructs local admissible tables induced by the clauses.
For a clause K, let

S;CV (7.10)

be the set of variables appearing in Kj;.
The clause arity is

551 (7.11)
Let

= max S| (7.12)

be the maximum clause width.
For each clause K, define the local admissible table

A; ={ue{0,1}% : K;(u) = 1}. (7.13)
The reduced DRCC state is

(= (A1,42,..., 4n). (7.14)

The construction of all local tables costs at most

NCollapse((I)) < m2". (715)
For a 3-SAT instance,

so each local clause table has at most
23 =8

local assignments before eliminating the falsifying local pattern.

7.4 Reconstruction Space of Admissible Assignments
Let
ﬂsj(a)

denote the restriction of an assignment a to the variables in 5j.
The reconstruction space associated with the reduced state ( is

Qsar(¢) = {a € {0,1}" : 75, (a) € Aj forall j=1,... m} . (7.16)
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Thus,

Qsar(€)

is exactly the set of satisfying assignments of ®.
The reconstruction dimension is

drec(®,¢) = [2sa1(C)]- (7.17)
If

drec(®, ¢) > 0,

then the instance is satisfiable.
If

drec(q)7 C) = 07

then the reconstruction space is empty, and no satisfying assignment is compatible with the
clause tables.
For the task of reconstructing a satisfying assignment, the admissible solution condition is

0 < dree(®,¢) < 2" < 0. (7.18)

For the decision version of SAT, the case

drec(q)> C) =0

is not a valid reconstruction, but it is a valid negative decision outcome if emptiness has
been established by the reconstruction procedure.

7.5 Structural SAT Instances

DRCC does not assume that every SAT formula has a small reconstruction space.

A SAT instance is called structurally controlled if the reconstruction process can be per-
formed with a bounded structural width.

Let

w(P) (7.19)

denote a reconstruction width parameter.

This parameter measures the maximum number of active variables that must be jointly
maintained during controlled reconstruction.

The value of w(®) is instance-dependent.

It may be small for structured formulas and large for unstructured formulas.

If w(®) grows like n, then the DRCC advantage may disappear.

7.6 Controlled Reconstruction

Assume that a reconstruction ordering is available.
Let

b(®) (7.20)

denote the number of reconstruction steps.
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Under a reconstruction width bound w(®), the number of active partial assignments main-
tained at one step is bounded by

gw(®)+, (7.21)
Thus the reconstruction count is bounded by
NReconstruction<(I)7 C) < b(Q)Qw(¢)+l~ (722)
The DRCC count is therefore
Nproc(®,¢) < m2" + b(@)22(®H, (7.23)

Proposition 7.6.1 (Controlled Structural SAT Bound). Let ® be a CNF formula with m
clauses, maximum clause width r, and reconstruction width w(®).
If a reconstruction ordering with b(®) steps is available, then

Npree(®,¢) < m2" + b(®)22()+L (7.24)

Proof. The collapse phase constructs all local clause tables.
By Equation [7.15] this costs at most

m2".
The reconstruction phase maintains at most

active partial assignments per reconstruction step.
With b(®) steps, this gives

b(q))2w(<1>)+1'
Adding collapse and reconstruction costs gives the claimed bound.
O
7.7 Runtime Model
The classical count is
NClassic((I)) =m2". (725)
The DRCC count satisfies
Nprea(®,¢) < m2" + b(®)2P)F1, (7.26)
The corresponding runtimes are
m2"
TClassic((I)) - f (727)
and
N )
Toree (P, () = DRO?( .¢) (7.28)
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7.8 Runtime Gain

The runtime gain is

NClassic((I))
G b ()= —"77—"F—.
sar(®, ) Nprec(®,€)
Using the DRCC bound, one obtains
m2"

GSAT((pv C) >

m2r 4 b(®)2w(®)+1°

This expression shows the conditional nature of the runtime gain.

DRCC becomes advantageous only if

r
and
w(®)
remain substantially smaller than
n.

7.9 Numerical Count-Level Example

Consider an illustrative structured 3-SAT family with

n = 40, m = 120, r=3, w(P) =6,

The classical count is

NClassic =120- 240

= 131,941, 395, 333, 120.

The collapse count is

NCollapse =120- 23
= 960.

The reconstruction count is bounded by

NReconstruction <120- 27

= 15, 360.

Thus,

Nbree < 960 + 15, 360
= 16, 320.

The count-level runtime gain is

23

b(®) = 120.

(7.29)

(7.30)

(7.31)



131,941,395, 333,120
GsaT >

16, 320

~ 8.08 - 10°. (7.40)

This result is conditional on the stated reconstruction width.

It is not a worst-case SAT result.

7.10 Evidence Table

Quantity Value Interpretation

n 40 Number of Boolean vari-
ables.

m 120 Number of clauses.

r 3 Maximum clause width.

w(P) 6 Assumed reconstruction
width.

N(lassic 131,941, 395, 333, 120 Classical full-assignment
count.

NpRrce < 16,320 DRCC count under
structural-width  assump-
tion.

G > 8.08 - 10° Conditional count-level run-
time gain.

7.11 Transition Point
Assume for simplicity that
b(®) =m
and that r and w(®) are fixed.
The transition condition is
m2"e = m2" + m22( P+, (7.41)
If m > 0, this becomes
gnw — 9r 4 gw(®)+L (7.42)
Therefore,
ny = logy (2 + 241 (7.43)
For the example values
r=3, w(P) =6,
one obtains
Ny = logy (23 + 27) = log,(136) ~ 7.09. (7.44)

Thus the nearest discrete transition occurs between
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and

7.12 Laplace-Style Runtime Interpretation

The classical SAT growth is

2% = e(log2)z (7.45)
Its Laplace transform is

L{2%}(s) = s—iogQ’ Re(s) > log2. (7.46)

Under fixed structural width, the DRCC count grows according to the collapse and recon-
struction terms

m2"

and

b(@)2w(¢°)+l'

If m and b(®) grow at most polynomially in n, and if r and w(®) remain controlled, then the
DRCC runtime approximation remains much smaller than the classical exponential candidate
enumeration.

This is a structural runtime statement, not a complexity-theoretic collapse statement.

7.13 Non-Claim: No General Proof of begin : math : textPend :
math : text versus begin : math : textNPend : math : text

This SAT chapter does not prove

and does not prove

P+NP.

It does not claim a polynomial-time algorithm for arbitrary SAT instances.

It does not replace DPLL, CDCL, resolution, local search, or established SAT-solving meth-
ods.

The claim is narrower:

For structurally controlled SAT instances with bounded reconstruction width, DRCC
provides a count-level runtime model in which controlled local reduction and recon-
struction may be significantly smaller than full Boolean enumeration.

If the reconstruction width grows with n, then the DRCC runtime advantage may disappear.
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7.14 Summary

For a CNF formula with n variables and m clauses, the classical candidate count is

Nciassic = m2". (747)
The DRCC count satisfies
Nprce <m2" + b((I))Qw(CD)—H. (7.48)
The runtime gain satisfies
27’L
Gsar > o (7.49)

mar -+ b(q))2w(<1>)+1 )

The transition point under fixed structural parameters is

ny = logy (2 + 241 (7.50)

The SAT case therefore supports a conditional DRCC runtime statement for structurally
controlled formulas, while explicitly avoiding any claim of a general SAT solution or a resolution
of the P versus NP problem.

8 Graph 3-Coloring

8.1 Problem Definition

Let

G=(V,E)
be a finite undirected graph with

V|i=n and |E| =m.

Let
K ={1,2,3}
be the set of available colors.
A coloring is a map
c:V - K. (8.1)
A coloring c is proper if
c(u) # c(v) for every edge {u,v} € E. (8.2)

The graph 3-coloring problem asks whether there exists at least one proper coloring of G.
The problem is included as a case study because it has a simple classical search space and
a natural local constraint structure.
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8.2 Classical Coloring Space

The classical candidate space is

Xae(G) =K.
Thus,

dfrag(G) = | Xgc(G)| = 3.

(8.3)

(8.4)

If every complete coloring is checked against every edge, the classical evaluation count is

NClassic(G) =m3".
The corresponding runtime is

m3"
f

This is the exponential baseline for graph coloring.

TClassic (G) =

8.3 DRCC Collapse by Edge Constraints

DRCC does not begin by enumerating all colorings.
Instead, it constructs local admissible edge tables.
For each edge

e={u,v} € E,
define

Ao ={(a,b) € K*:a #b}.

Since K has three colors,

|A| = 6.

The reduced DRCC state is the family of all local edge tables:

¢= (Ae)eEE'
The collapse cost is bounded by

NCollapse(G> < 6m.
This is the first reduction step:

3" — (Ae)eEE'
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8.4 Reconstruction Space

The reconstruction space associated with ( is

Qce(C) = {c e KV : (c(u),c(v)) € A, for every e = {u,v} € E} (8.12)
Thus,

Qac(¢)

is exactly the set of proper 3-colorings of G.
The reconstruction dimension is

dreC(Ga C) = |QGC(C)‘ (813)
If

drec(G, () > 0,

then G is 3-colorable.
If

drec(Ga C) =0,

then no admissible reconstruction exists.
For the reconstruction task, the structural stability condition is

0 < drec(G, () < 3" < 0. (8.14)

8.5 Reconstruction Manifold Interpretation

In earlier DRCC terminology, the reconstruction space may also be viewed as a finite recon-
struction manifold or reconstruction fiber:

RM (G, ¢) = Qac(Q). (8.15)

In this condensed manuscript, the term manifold is used only in the finite combinatorial
sense unless additional topological or smooth structure is explicitly defined.
Thus,

RM (G, ()

means the set of all colorings consistent with the reduced observation (.
It does not imply a differentiable manifold structure.

8.6 Controlled Reconstruction

A controlled reconstruction procedure builds colorings from the local edge tables while main-
taining only a limited number of active variables.
Let

w(G) (8.16)

denote a reconstruction width parameter.
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This parameter measures the maximum number of simultaneously active vertices required
during reconstruction.
Let

b(G) (8.17)

denote the number of reconstruction steps.
Under a bounded-width reconstruction ordering, the number of active partial colorings is
bounded by

3G+, (8.18)
Therefore,
NReconstruction(Ga C) § b(G)3w(G)+1' (8'19)
The DRCC count satisfies
Npree (G, €) < 6m+ b(G)3(F1, (8:20)

8.7 Geodesic Reconstruction Paths

If a graph structure is placed on the set of partial reconstructions, then a reconstruction path
is a sequence

¥ = (CO7 Cly..., Cg) (821)

where each ¢; is a partial coloring and each step adds or modifies one admissible local
decision.
The length of the path is

length(y) = ¢. (8.22)

A geodesic reconstruction path is a shortest admissible path from an initial partial state to
a proper coloring.
Formally,

GP(G,(,c) = arg myin length(7y), (8.23)

where v ranges over admissible paths ending at

c € Qac(()-

This path viewpoint measures reconstruction cost inside the reconstruction space.
It is not required for every runtime estimate, but it provides a geometric interpretation of
controlled reconstruction.

8.8 Runtime Gain

The runtime gain is

GGC(Ga C) o NClassic(G) )

~ Npree(G, () (524

Using the runtime bound gives
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m3"

Gaol(G,¢) > .
ao(G¢) 2 6m + b(G)3(G)+1

The gain is significant only when

(8.25)

w(G) € n.
If w(G) grows with n in an uncontrolled way, then the DRCC advantage may disappear.
8.9 Numerical Count-Level Example

Consider an illustrative graph with

n =24, m = 36, w(G) =4, b(G) = 24. (8.26)

The classical count is

NClassic =36 324 (827)
= 10,167,463, 313, 316. (8.28)

The collapse count is
NCollapse = 6m = 216. (829)

The reconstruction count is bounded by

NReconstruction S 24 - 35 (830)
= 5,832. (8.31)

Thus,
Npree < 6,048. (8.32)

The count-level gain is

Goo > 10,167,463, 313, 316
- 6,048

This number is conditional on the assumed reconstruction width.

It is not a universal graph-coloring speedup.

~ 1.68-10°. (8.33)

8.10 Evidence Table

Quantity Value Interpretation

n 24 Number of vertices.

m 36 Number of edges.

w(Q) 4 Assumed reconstruction
width.

dfrag 324 Classical coloring space.

NClassic 10,167,463, 313, 316 Classical edge-check count.

Nprcc < 6,048 DRCC count under width
assumption.

G > 1.68 - 10° Conditional count-level gain.
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8.11 Transition Point

Assume for simplicity that b(G) and m scale proportionally and that w(G) remains fixed.
The transition condition is

m3™ = 6m + b(G)3*( O+, (8.34)
If m > 0, then
b
3 =6+ UCIPWERY (8.35)
m
Thus,
b
new = logs (6 + (G)3W(G>+1) : (8.36)
m
For the numerical example,
M) _21_2
m 36 3’
and
w(G) = 4.
Hence,
2,5
ny = logs | 6 + 53 = log5(168) =~ 4.66. (8.37)

The nearest discrete transition is therefore around

n = 5.

8.12 Interpretation

The graph-coloring case illustrates a finite reconstruction-space viewpoint.
Classical search enumerates all colorings in

KV,

DRCC constructs local admissibility tables for edges and reconstructs proper colorings from
compatible local decisions.
The core chain is

3" — (Ae)ece — Qac(Q)- (8.38)

The runtime advantage depends on structural width.
Thus, the graph-coloring example supports a conditional claim:

Controlled reconstruction can reduce enumeration cost for graph-coloring instances
whose constraint structure admits bounded-width reconstruction.
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It does not imply that arbitrary graph coloring becomes easy.

9 Full Adder

9.1 Problem Definition

The full adder is a finite Boolean reconstruction problem.
Let

B=1{0,1}

be the Boolean alphabet.
The input space of the full adder is

Xpa = B2
An element of Xpp is written as

T = (a7 b7 Cin)7

where a and b are the two input bits and ¢, is the carry-in bit.
Thus,

| Xpa| =23 = 8.
The full adder computes two output bits:

S and Couts

where s is the sum bit and ¢y is the carry-out bit.
The full adder map is

Fya : B — B2,
It is defined by

FFA(aa b7 cin) = (87 Cout)-

The output bits are given by

S=a®dbd cin,

and

Cout = ab V aciy V beyy,.

Equivalently, if

hz) =a+ b+ cin,
then

s = h(z) mod 2

and
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- {0, h(zx) € {0,1}, ©.9)

1, h(z) € {2,3}.

The full adder is included as a micro-case because it is finite, complete, reproducible, and
small enough to show the entire DRCC collapse explicitly.

9.2 Classical Candidate Space

The classical candidate space is the full Boolean cube

Xgﬁssic = Bg‘ (910)
Therefore,
dfrag(XFA) = ‘ngssic| = 3. (911)

If each input vector is evaluated separately, the classical evaluation count is

‘A
Nglassic =38. (9.12)
The corresponding runtime is
8
A
Tglassic = ?7 (913)

where f denotes the evaluation frequency or elementary operation rate.
This is not a large runtime. The purpose of the full adder case is not to demonstrate a large
speedup, but to show a complete controlled collapse in a transparent finite setting.

9.3 DRCC Collapse by Hamming Weight

DRCC does not treat all eight Boolean inputs as structurally distinct.
The relevant structural quantity is the Hamming weight

h:B*—{0,1,2,3}, (9.14)
defined by
h(a,b,cin) = a+ b+ cip. (9.15)
The controlled reduction map is
Rpa : B® — {0,1,2,3}. (9.16)
It is defined by
Rpa(z) = h(x). (9.17)

Thus, the eight Boolean input states collapse into four structural classes.
For each k € {0,1,2,3}, define

Cp = {x € B®: h(z) = k}. (9.18)

The family of structural classes is
Cra = {Cp, C1,C4, Cs}. (9.19)
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The class sizes are

|Col =1, |C1| = 3, |Cs| = 3, |Cs| = 1. (9.20)
The DRCC reduced state is

Cra = Cpa. (9.21)
The collapse chain is
8 —» 4. (9.22)
Equivalently,
B3 — {00,01,02,03}. (9.23)

The collapse count is bounded by the number of input states inspected:

Nglc?llapse <8. (924)

If the Hamming weight is computed directly from the three bits, the elementary bit-addition
count is bounded by

NgoAllapse,bit <3-8=24. (925)

The first count measures state inspection. The second count measures a more explicit bit-
level implementation.

9.4 Output Reconstruction from Structural Classes

The output of the full adder depends only on the Hamming weight.
Define the class-output map

Qra : {0,1,2,3} — B*. (9.26)
It is defined by
Qra(k) = (k mod 2, 1;59)), (9.27)
where 1(;>9y denotes the indicator function of the condition k& > 2.
Thus,
Fra = Qra o Rpa. (9.28)

Equation is the central DRCC factorization for the full adder case.

It says that the full adder output can be reconstructed from the collapsed Hamming-weight
class.

The explicit class-output table is

Class | Hamming weight | Sum bit | Carry-out bit
Co 0 0 0
Ch 1 1 0
Cy 2 0 1
Cs 3 1 1

This table is the finite reconstruction table of the full adder.
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9.5 Reconstruction Space
For a reduced class value

ke {0,1,2,3},

the reconstruction fiber is

Qpa(k) = {x € B®: Rpa(x) = k}. (9.29)
Since Rpa(x) = h(x), this can also be written as
Qpa (k) = Cy. (9.30)
The reconstruction dimension of a class is

droe (k) = [Qpa (K)]. (9.31)
Therefore,

dEA0) =1, dR1)=3, dh2)=3  d2B)=1 (9.32)

rec rec rec rec

The total reduced structural dimension is

RERce = [Cral = 4. (9.33)

The stability condition for each nonempty reconstruction fiber is

0< df‘eAc(k;) < dfrag(XFA) =8 < oo. (9.34)

Since every class C}, is nonempty, the full adder satisfies the finite DRCC stability condition
for all four structural classes.

9.6 Controlled Reconstruction Operator

The controlled reconstruction operator acts on a reduced class value and returns the corre-
sponding output pair.

Define
Rra : {0,1,2,3} — B2 (9.35)
It is defined by
Rra (k) = Qra (k). (9.36)
Thus,
Rra(0) = (0,0), (9.37)
RFA(I) - (L 0)7 (9'38)
Rra(2) = (0,1), (9.39)
and
Rea(3) = (1,1). (9.40)
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For every input x € B3, the original full adder output is recovered by

Fra(z) = Rea(Rpa (@) (9.41)

This identity shows that the reduction is lossless with respect to the full adder output.
It does not preserve the identity of the original input state inside a class. It preserves only

the information required to reconstruct the output.

9.7 Algorithmic Protocol

The full adder case admits a direct DRCC-style protocol.

Step Operation

1 Read the input state x = (a, b, cin) € B3.

2 Compute the structural class k = Rpa(z) = a + b+ cip.
3 Use the reconstruction operator Rpa (k).

4 Return the output pair (s, cout) = Rpa (k).

Equivalently, the protocol can be written as the following finite pseudocode.

Input: a, b, c_in in {0,1}

k :

if
if
if
if

a+ b+ c_in

0 then return (0,0)
1 then return (1,0)
2 then return (0,1)
3 then return (1,1)

R R R

This protocol is fully reproducible because all input states, reduction classes, and output

states are finite and explicitly defined.

9.8 Runtime Count

The DRCC runtime count separates collapse and reconstruction.

The collapse step computes

k=a-+b+cnp.

This requires a constant number of elementary operations.
Thus,

Ngéllapse('r) <3. (942)

The reconstruction step performs one table lookup or one class-output evaluation:

NEA (z) < 1. (9.43)

Reconstruction

Therefore, for one input state,

Ni&oo(z) < 4. (9.44)

For all eight input states, the complete count is bounded by
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Nigeo < 8-4=32. (9.45)

This count is an implementation-level bound. It is not directly smaller than the symbolic
classical state count 8, because it counts different elementary operations.

For a fair structural comparison, DRCC counts the number of distinct output-relevant classes
rather than the number of raw inputs.

The structural DRCC count is

A
N]ISRCC,struct =4. (946)
The corresponding structural gain is
NFA ) 8
CTYFA7struct = Classic =- =2 (947)

FA
NDRCC,struct 4
This is a structural reduction factor, not a claim of hardware-level speedup.

9.9 Evidence Table

Quantity Value Interpretation

Input space B3 All Boolean input triples.

| XAl 8 Classical candidate states.

Reduction map Rpa(z) = h(x) Collapse by  Hamming
weight.

Structural classes Co,C1,C9,C4 Four output-relevant classes.

jo%{cc 4 Number of distinct struc-
tural classes.

dfrag 8 Fragment space before col-
lapse.

dyec (k) 1,3,3,1 Fiber sizes after collapse.

GFA struct 2 Structural reduction factor.

9.10 Transition Interpretation

For the full adder, the transition point is not asymptotic.
The input size is fixed at three Boolean variables.
Thus, the transition point is interpreted as a finite structural threshold:

’XFA’ =38 and ’CFA’ =4. (948)

The finite transition condition is

Cral < |Xpal. (9.49)

Since

4<8, (9.50)

the full adder admits a nontrivial output-preserving collapse.

This transition is not a runtime phase transition in the asymptotic sense.

It is a finite demonstration that output-relevant information may have smaller structural
dimension than the raw input space.
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9.11 Interpretation

The full adder case illustrates the simplest complete DRCC pattern.
The classical view distinguishes all eight Boolean input states:
B

The DRCC view collapses these states into four Hamming-weight classes:

Co, C1, Cy, Cs.
The output is reconstructed from the class value rather than from the identity of the indi-
vidual input state.
The central chain is
B* —{0,1,2,3} — B (9.51)
Equivalently,

z — Rpa(2) — Rpa(Rra(2)). (9.52)
This demonstrates the DRCC principle in a finite and reproducible form:

Preserve the information required for reconstruction and collapse the input distinc-
tions that are irrelevant to the required output.

For the full adder, the collapsed Hamming-weight class is sufficient to reconstruct the output
pair.

It is not sufficient to reconstruct the original input uniquely.

Thus, the reduction is output-preserving but not input-invertible.

9.12 Limit of the Full Adder Case

The full adder is a micro-case.

It does not establish a general complexity-theoretic result.

It does not imply that arbitrary Boolean circuits admit a comparable collapse.

It only shows that, for this specific finite Boolean reconstruction problem, the output-
relevant structure is smaller than the full input space.

This limitation is important because DRCC-V2 does not claim a universal algorithmic
speedup.

The full adder provides a controlled example of structural compression, not a proof of broad
computational tractability.

9.13 Summary

For the full adder, the classical candidate space is

Xpa = B2 (9.53)

The fragment dimension is

dfrag(XFA) = 8. (954)

The controlled reduction map is
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Rpa(z) = h(z). (9.55)

The reduced structural class space is

Cra = {Co, C1, Cy, Cs}. (9.56)

The number of DRCC structural classes is

REA G = 4. (9.57)
The reconstruction identity is
Fra(x) = Rpa(Rpa(x)). (9.58)
The structural gain is
GFA,struct =2. (959)

The full adder case therefore gives a complete finite example of controlled collapse, recon-
struction by a reduced class, and explicit runtime accounting.

10 Cross-Case Runtime Analysis

10.1 Purpose of the Cross-Case Analysis

This chapter compares the runtime behavior of the case studies developed in the preceding
chapters.

The purpose is not to prove a universal speedup theorem.

The purpose is to show, in a common notation, how the DRCC runtime model behaves
across different finite reconstruction settings.

The analysis follows the operational runtime protocol introduced in Chapter

The central quantities are:

NClassica NCOllap567 NReconstructiona NDRCC ) Ga w.

The comparison is count-level.

Wall-clock runtime depends on implementation, hardware, memory access, data representa-
tion, and benchmark selection.

Thus, the following analysis should be read as a structural runtime comparison, not as an
empirical benchmark.

10.2 Common Runtime Decomposition

Let

PeP

be a finite problem instance.
The classical evaluation count is

NClassic(P) = |X(P)| : Ceval(P)- (101)

The DRCC evaluation count is decomposed as
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NDRCC(P7 C) = NCollapse(P) + NReconstruction(P> C) (10'2)

The runtime gain is

NClassic (P)

G(P, () = —Shassien ) 10.3
9= None(P,d) 103
The DRCC regime is favorable under the model when
G(P,¢) > 1. (10.4)
Equivalently,
NClassic(P) > NDRCC(P7 C) (105)
Using the decomposition in Equation ((10.2), this becomes
NClassic(P) > NCollapse(P) + NReconstruction(Pa C) (106)

This inequality is the common runtime criterion used in the comparison below.

10.3 Structural Growth Types

The case studies in this manuscript exhibit different growth patterns.
For a problem-size parameter n, the classical candidate space often has one of the following
forms:

| X (P,)| = a", a>1, (10.7)
or

IX(P,)| = nl, (10.8)

or a finite constant size in micro-cases.

DRCC becomes potentially advantageous when the reduced reconstruction cost grows more
slowly than the classical candidate space.

A typical sufficient count-level pattern is

NCollapse(Pn) + NReconstruction(Pn7 Cn) < NClassic (Pn) (109)

This condition is not automatic.
It depends on the existence of a useful controlled reduction map and a bounded or slowly
growing reconstruction space.

10.4 Case: Graph 3-Coloring

For graph 3-coloring, let

G=(V,E), V| =n, |E| = m.

The classical candidate space is

Xao(@)=KY, K=1{1,2,3}. (10.10)
Thus,
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dfrag(G) = 3".

The classical evaluation count used in Chapter [8]is

NG (G) = m3™,

Classic

The DRCC count satisfies

NSSCC(G, () <6m+ b(G)3W(G)+1.

The corresponding gain satisfies

m3"
Gaol(G,¢) > .
ac ’C)_6m+b(G)3w(G)+1

The decisive structural parameter is

w(G).

(10.11)

(10.12)

(10.13)

(10.14)

If w(G) < n, then reconstruction is controlled by a much smaller active-width parameter.

If w(G) grows like n, the advantage may disappear.

Thus, graph coloring supports only a conditional runtime claim:

Controlled reconstruction may reduce enumeration cost for graph-coloring instances

that admit bounded-width or slowly growing-width reconstruction.

10.5 Case: Full Adder

For the full adder, the input space is

Xpa =B3  B={0,1}.

Hence,

dfrag(XFA) = 8.

The controlled reduction map is the Hamming-weight map

Rpa () = h(z).

The reduced structural class space is

Cra = {Cy, C1, Cy, C3}.
Thus,

FA
Rprec =4

The structural gain is

8
GFA,struct = Z =2

This is not an asymptotic result.

(10.15)

(10.16)

(10.17)

(10.18)

(10.19)

(10.20)

It is a finite micro-case showing that output-relevant information may have smaller structural

dimension than the full input space.

The full adder therefore serves as a complete reproducibility example, not as evidence of

general complexity reduction for arbitrary Boolean circuits.
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10.6 Case: Constraint Satisfaction Problems

Let a constraint satisfaction problem be given by

Pcsp = (V,D,C),

where V is a finite variable set, D is a finite domain, and C is a finite family of constraints.
Let

[Vi=n and |D| = q.
The classical candidate space is

Xcgp(P) =DV (10.21)
Thus,

dirag(Posp) = ¢ (10.22)

If every full assignment is checked against all constraints, a simple classical count is

CSP
NClassic(P) = |C|qn (1023)
A DRCC-style reduction groups assignments or partial assignments by constraint-relevant
structural states.
Let
Cp: DY — Z(P) (10.24)

be the controlled reduction map.
For a reduced state ( € Z(P), the reconstruction space is

Qcsp(C) = {2 € Xaam(P) : Cp(z) = (}. (10.25)
The DRCC evaluation count is

N](DJPS{EC(P? C) = Ngglipse(P) + NgeSCI?Jnstruction(P> C) (1026)
The gain is
Clg"
Gesp(P, () = : (10.27)
NCCOSI{;pse<P) + Ngg’clj)nstruction<P7 C)

This expression is useful only after the reduction map and reconstruction procedure have
been specified.

Therefore, the CSP case is a framework-level runtime model unless a concrete constraint
family and implementation are fixed.

10.7 Case: SAT

Let a Boolean satisfiability instance be

P=CiNCoN---NCp, (10.28)

over variables
LlyeeesTp.
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The classical candidate space is

Xsar(®) ={0,1}". (10.29)
Thus,

dfrag () = 27, (10.30)

If each assignment is checked against all m clauses, the classical evaluation count is

NEAT. (@) = m2™. (10.31)

Classic

A DRCC reduction may group assignments by clause-response vectors.
Let

Co : {0,1}" — {0,1}™ (10.32)
be defined by

Co(x) = (C1(z),Ca(x),...,Cn(x)). (10.33)

The satisfying class corresponds to the vector

1, =(1,1,...,1). (10.34)

The reconstruction space for satisfiable assignments is

Qsar(Lm) = {z € {0,1}" : Cp(z) = 1}, (10.35)

The reconstruction dimension is

drec((bv 1m) = |QSAT(1m)|~ (10.36)
The DRCC count is
N]:S)ﬁ%(}(q)v lm) = CSJOAIFIELpse((I)) + NIZS{eAcTonstruction((I)v lm) (1037)
The gain is
m2"
Gsar(®,1m) = : (10.38)
Ngélrll;pse((b) + Nl%é:rlc;nstruction(q% ]-m)

This does not imply a polynomial-time SAT algorithm.

It states only that a specified SAT instance may exhibit useful structural grouping if the
clause-vector collapse and reconstruction procedure are cheaper than exhaustive assignment
evaluation.

10.8 Case: TSG/TSP

For a travelling-salesman-type routing problem, let

V:{vl,...,vn}

be the set of cities or nodes.
The classical candidate space consists of permutations of V.
Thus,
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X1sp(P) = Sn, (10.39)

where S, is the symmetric group on n elements.
Therefore,

dfrag(PTSP) = |Sn| =nl. (10.40)

If each route is evaluated once, then

TSP
NClassic(P) =nl. (1041)
If route evaluation includes edge-cost accumulation, then a more explicit count is
TSP
NClassic,edge(P) =n-nl (1042)

A DRCC reduction may group routes by structural features such as local edge blocks,
admissible transitions, distance classes, or partial-route fragments.
Let

Cp: S — Z(P) (10.43)

be such a controlled reduction map.
For a reduced route state ¢ € Z(P), define

Qrsp(¢) = {0 € Sn: Cp(o) = (}. (10.44)
The DRCC count is
Ng}%gC(P> C) = Ng(?l{)apse(P) + Nggclznstruction(Pa C) (10'45)

The gain in the route-count model is

n!

Grsp(P, () = : (10.46)
Nggl{;pse(P) + Ngescl?)nstruction(P? C)
The gain in the edge-accumulation model is
n-n!l
GTSP edge(P; () = : (10.47)
e NCTC%Epse(P) + Nl:{escll(;nstruction(P7 C)

These expressions are conditional on the selected reduction map and routing reconstruction
strategy.

10.9 Case Comparison Table

The following table summarizes the count-level comparison across the case studies.
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Case Classical Count DRCC Count Condition for Gain
Graph 3- | m3" < 6m + b(G)3v(@)+1 w(G) < n or slowly
Coloring growing width.
Full Adder 8 4 structural classes Output depends only
on Hamming weight.
CSP IC|q"™ Ncollapse + | Small reconstruc-
NReconstruction tion space after
constraint-relevant
collapse.
SAT m2™ Ncollapse + | Clause-vector col-
NReconstruction lapse cheaper than
full assignment enu-
meration.
TSG/TSP n! or n-n! Ncollapse + | Route structure ad-
NReconstruction mits reusable reduced
fragments.

The table shows that DRCC is not a single algorithm with one uniform runtime.
It is a structural runtime framework.
Each problem class requires its own reduction map, reconstruction space, and cost model.

10.10 Transition Point Across Cases
For a size parameter n, the transition condition is

NClassic (n) = NDRCC (n) (1048)
Equivalently,

G(n) = 1. (10.49)

If the classical count grows faster than the DRCC count, then the transition point separates
two regimes.

For

n < Ny,
the reduction overhead may dominate.
For

n > Ny,

the reduced reconstruction model may become favorable.
The transition point is therefore

W = (ny, Ry[s]). (10.50)

The value n,, is not universal.
It depends on the problem family, cost model, structural width, reconstruction method, and
implementation assumptions.
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10.11 Runtime Gap Across Cases
The runtime gap is

AT(n) = TClassic(n) - TDRCC (n) (1051)

Since both runtimes use the same reference rate f, the count-level gap is

An(n) = Neiassic(n) — Nproc(n). (10.52)

The sign of Ayx(n) determines the count-level regime:

An(n) <0 = classical enumeration is smaller under the model, (10.53)
An(n) =0 == transition, (10.54)

and
An(n) >0 == DRCC is smaller under the model. (10.55)

This formulation makes the runtime claim falsifiable at the level of the chosen model.
If the measured or computed DRCC count is not smaller than the classical count, then the
instance does not support a DRCC gain under that model.

10.12 Cross-Case Interpretation

Across the case studies, the same pattern appears.
Classical enumeration begins with a large candidate space:

X(P).
DRCC introduces a controlled reduction map:
Cp:X(P)— Z(P).
A reduced state
(e Z(P)
defines a reconstruction space:

Qp(Q).

The runtime comparison is then governed by

‘X(P)| : Ceval(P) VErsus NCollapse(P) + NReconstruction(P7 C) (1056)

This comparison is the operational core of the condensed runtime manuscript.

It gives a concrete way to ask whether a proposed reduction is useful.

It also gives a concrete way to reject a reduction when collapse and reconstruction overhead
exceed the classical baseline.
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10.13 No General Complexity Claim

The preceding comparisons do not prove that DRCC solves NP-complete problems in polynomial
time.

They do not prove that SAT, graph coloring, CSP, or TSP become easy in general.

They show only that certain finite or structurally restricted instances may admit useful
reductions when the reconstruction cost remains controlled.

A valid DRCC runtime claim therefore has the following form:

For a specified problem instance or instance family, with a specified reduction map,
reconstruction space, and cost model, DRCC is favorable when

NCollapse =+ NReconstruction < NClassic-

This is the strongest claim supported by the present runtime framework.
Any stronger statement requires additional proof, implementation, or empirical validation.

10.14 Open Runtime Questions

Several questions remain open.

First, it remains open which broad problem families admit reduction maps whose recon-
struction dimensions grow polynomially.

Second, it remains open how often bounded-width reconstruction occurs in real benchmark
instances.

Third, it remains open how DRCC-style reductions compare empirically with established
methods such as constraint propagation, kernelization, symmetry breaking, dynamic program-
ming, branch-and-bound, and DPLL-type procedures.

Fourth, it remains open whether the transition point W can be predicted from structural
parameters alone.

Fifth, it remains open how to design reproducible benchmark protocols for DRCC-style
reduction and reconstruction.

These are not weaknesses of the runtime definitions themselves.

They are the natural next questions required for empirical and complexity-theoretic valida-
tion.

10.15 Summary

The cross-case analysis uses one common comparison:

Neassic(P)  versus  Nproc(P, €)- (10.57)
The DRCC count is
NDRCC(P7 C) = NCollapse(P) + NReconstruction(P> C) (10'58)
The gain is
NClassic(P)
G(P ()= ————. 10.59
(F,¢) Npree (P, ¢) ( )

The transition condition is

G(ny) = 1. (10.60)
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Equivalently,

NClassic(nw) = NDRCC(nw)- (1061)

The main conclusion is conditional:

DRCC can provide a runtime advantage only when controlled collapse and recon-
struction together are cheaper than classical enumeration under the specified cost
model.

This condition is explicit, testable, and does not imply a universal speedup theorem.
11 Literature Grounding

11.1 Purpose

This chapter briefly positions DRCC-V2 relative to established approaches in combinatorial
search, preprocessing, and constraint-based reasoning.

The purpose is not to claim that DRCC replaces these methods.

The purpose is to clarify that DRCC studies controlled structural collapse and admissible
reconstruction in a finite runtime framework.

11.2 Relation to Established Methods

DRCC is related in spirit to several established research directions.

First, kernelization in parameterized complexity studies how instances can be reduced by
preprocessing while preserving the relevant decision question. DRCC is not formulated as a
kernelization theorem in this manuscript, but the DRCC reduction map Cp : X(P) — Z(P)
has a similar high-level motivation: reduce irrelevant structure while preserving admissible
reconstruction.

Second, constraint propagation in constraint satisfaction problems uses local constraints to
remove impossible assignments and make implicit constraints explicit. DRCC shares the idea
that local structure may control global reconstruction, but DRCC records this through the
quantities dfag, drec, and Nproc.

Third, SAT solving methods such as DPLL and its successors use branching, propagation,
and pruning to search Boolean assignment spaces. DRCC does not replace SAT solvers. It
provides a structural language for describing when a clause-induced collapse or reconstruction
space may be smaller than full enumeration.

Fourth, symmetry breaking exploits equivalences between search states in order to avoid re-
dundant exploration. DRCC is compatible with this idea, because a controlled reduction class
CEI(C ) may group classically distinct candidates that are equivalent for the chosen reconstruc-
tion task.
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11.3 Position of DRCC

The contribution of DRCC-V2 is therefore not a new universal solver.
Its contribution is a finite runtime accounting framework based on

dfrag(P) = |X(P)|a (111)
dreC(P7 C) = ‘QP(C)L (112)

and
NDRCC(P7 C) - NCollapse(P) + NReconstruction(P7 C) (113)

This makes DRCC comparable to existing methods at the level of instance reduction, re-
construction cost, and transition behavior.

A stronger relation to kernelization, constraint propagation, SAT preprocessing, and sym-
metry breaking remains future work.
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