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Important Note

This document represents a conceptual and theoretical work. Statements regarding

continuum limits and full nonlinear geometric �eld mapping are working hypotheses,

not proven theorems. The linearized �eld equations (Sec. 4.9) are postulated within

the weak-�eld expansion; the discrete Bianchi identity (Corollary 1) and the O(ε2) error

estimate (Theorem 2) are, however, derived rigorously from them within the hyper�nite

framework. The author is an independent researcher, not a�liated with any institution,

and does not seek funding. The connection to full geometric �eld theory remains an

open problem. The framework is o�ered to invite discussion and collaboration. The

discrete Bianchi identity (Corollary 1) is proven only for the �at hyper�nite torus; extension

to curved backgrounds remains open.

Abstract

We present a closed axiomatic framework, In�nitesimal Discrete Probability Geometry

(IDPG), built on nonstandard analysis and the Loeb measure construction. Within a hy-

per�nite probabilistic universe, IDPG introduces a discrete curvature deviation, constructed

from local measure imbalance, and establishes its exact asymptotic order relative to the lo-

cal entropy gradient at �nite N ; we show that this order coincides with a naive O(N−2α)

correspondence only at a single parameter value (α = 1), and that the entropy gradient

is otherwise asymptotically subdominant to the curvature deviation rather than predictive

of it. IDPG does not claim that classical Ricci curvature is derived from Shannon entropy

in general; it examines a speci�c, precisely-bounded relationship between two quantities de-

�ned within this hyper�nite measure geometry, jointly formulating probability, geometry,

and information theory through a normalized in�nitesimal measure at the hyper�nite level.

The main rigorous results are: (i) the exact order of the entropy-curvature deviation at

�nite N , and the parameter regime in which it is and is not informative (Theorem 1); (ii)

a discrete Bianchi identity for the linearized �eld on the �at hyper�nite torus (Corollary 1,

Sec. 5.2); (iii) O(ε2) convergence of the discrete geometric action for the linearized �eld to its

continuum limit (Theorem 2, Lemma 2). A proposed graph generalization of (i) was tested
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and its claimed identity withdrawn (Prop. 6); a valid graph-level generalization remains open.

Classical probabilistic laws�normalization, independence, and the Borel�Cantelli lemma�

are recovered as consistency checks of the measure layer. An information-theoretic layer is

derived via the uniqueness theorem for entropy (Proposition 1). Computational veri�cation

in 1D and 2D and of the Bianchi identity in 2D (Sec. 8.1�8.3) supports the framework's

internal consistency within the tested parameter range; see Sec. 7 for what that range does

not cover.

The extension of the variational principle to the full nonlinear metric, as well as its detailed

identi�cation with classical geometric �eld theory, is formulated as Open Problem 1 and left

for future work. IDPG is compatible with standard quantum mechanical amplitudes as a

special case (Sec. 4.6). It is o�ered as a theoretical contribution for mathematical discussion,

with no claim of immediate empirical testability or algorithmic application. An explicit list

of what is and is not established by this paper, separating the constructed measure-theoretic

language from claims that were tested and did not survive, is given in the Conclusion.
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1. Introduction

Classical probability theory is formulated on σ-additive measure spaces, while nonstandard anal-

ysis provides an alternative foundation based on hyper�nite sets and in�nitesimal quantities. In

this work, we construct a framework that combines these perspectives into a single axiomatic

system.

Scope and positioning. IDPG is a foundational mathematical framework situated at the

intersection of nonstandard analysis, measure-theoretic probability, and discrete di�erential ge-

ometry. It is not intended as a machine-learning methodology paper; no novel training algorithm,

benchmark result on standard datasets, or engineering application is claimed. IDPG is not pro-

posed as an ML algorithm, a numerical simulation framework, or a phenomenological theory of

gravity. Its purpose is foundational: to investigate whether probability, information, and geom-

etry can be represented as mutually constrained manifestations of a single hyper�nite measure

structure, rather than as three independently-founded formalisms that happen to be compared

after the fact. The target contribution is a common axiomatic language in which geometric cur-

vature and information-theoretic entropy are jointly generated from a single normalized measure

structure. The numerical experiments in Sec. 8 are therefore not intended as empirical validation

in the conventional experimental sense; their role is falsi�cation-oriented consistency testing of

consequences derived from the axiomatic system, including instances (Sec. 7) where such testing

shows a derived consequence to be narrower, or an earlier claim to be wrong, than initially stated.

What IDPG contributes beyond a reformulation. A fair question, raised in review, is

what IDPG o�ers beyond restating known asymptotics in unfamiliar notation. In one sentence:

IDPG does not claim that standard analysis is incapable of reproducing its individual asymptotic

results; its claim is that probability, information, and discrete geometry are constructed as layers

of a single hyper�nite object before the standard-part/continuum passage, and the mathematical

results then determine which proposed correspondences survive, separate, or fail. IDPG does not

claim superiority over standard mathematical physics, nor that any single result here is unreach-

able by standard means (Sec. 4.8 addresses this directly). Its contribution is, speci�cally: (i)

a common hyper�nite architecture in which probability, information, and discrete geometry are

represented as internal objects on the same index set, prior to any continuum limit being taken;

(ii) this architecture is what allows Theorem 1 to state precisely what survives the continuum

limit (the curvature deviation K(i), Lemma 1) and what does not (the entropy-gradient corre-

spondence, Remark 11), within one internal calculation rather than two separately-founded ones

compared after the fact; (iii) the nonlinear extension of this architecture�where a genuinely

new geometric �eld theory, rather than a reformulation of the linearized case, would have to be

built�is precisely the unresolved next step (Open Problem 1), not a claim already made here.

We consider a hyper�nite sample space equipped with an internal �nitely additive probability

measure. Through the Loeb construction [2], this internal measure is extended to a standard

σ-additive probability space, allowing probabilistic systems to be interpreted as discretized geo-

metric structures at an in�nitesimal scale.
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The central idea is that probability arises from normalized geometric volume in a hyper�nite

universe, while information and entropy emerge as logarithmic invariants. A variational geometric

structure is incorporated as a natural extension, yielding discrete �eld equations that admit a

geometric interpretation in the continuum limit.

The resulting system provides a consistent foundation for studying rare-event asymptotics, en-

tropy, and geometric variational principles in a common probabilistic-geometric setting��uni�ed�

in the sense that all three layers share a single measure-theoretic origin, though the geometric

layer's linearized �eld structure (Axioms 18�20) is a postulated, weak-�eld extension of that

origin rather than a derived consequence of it (Remark 4).

2. Related Work

Nonstandard analysis. Robinson [1] introduced hyperreal numbers and hyper�nite sets as a

rigorous framework for in�nitesimals.

Loeb measure theory. Loeb [2] constructed the bridge between internal �nitely additive

measures and classical σ-additive probability spaces via the standard-part map and Carathéodory

extension.

Classical probability. Kolmogorov's axiomatization [3] provides the baseline σ-additive frame-

work. The present work formulates this structure within a hyper�nite setting.

Information theory. Shannon's entropy [4] provides a logarithmic measure of uncertainty. In

our framework, entropy is formulated within the measure structure via the uniqueness theorem

for entropy functionals (Sec. 4.10).

Borel�Cantelli lemmas. The Borel�Cantelli lemmas describe asymptotic behavior of rare

events; in IDPG they are consistent with the structure of in�nite hyper�nite repetition [5].

Quantum foundations. The probabilistic interpretation of quantum mechanics was formal-

ized by von Neumann [8] and Dirac [9]. In IDPG, the Born rule and unitary evolution are

formulated within the geometric structure of the hyper�nite space.

Geometric �eld theory. The Einstein�Hilbert variational principle [10] provides a prototype

for �eld equations derived from metric structure. IDPG provides a hyper�nite regularization of

this variational structure, applicable to general metric �elds, avoiding lattice artifacts through

in�nitesimal discretization [11].

2.1. Recent Developments in Nonstandard Analysis

Two recent works apply nonstandard analysis and Loeb measures to domains closely related to

IDPG, though with di�erent objectives:
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Hyper�nite risk measures (Kania, 2026) [12]. Kania constructs hyper�nite probability

spaces for coherent risk estimation in �nancial mathematics. The framework uses internal �nitely

additive measures and Loeb extension to represent extreme tail risks (P ≪ 10−300). While

both Kania's work and IDPG employ hyper�nite Loeb measures for rare-event analysis, the

applications diverge: Kania targets stochastic optimization (risk-weighted expectations), whereas

IDPG targets geometric variational principles (entropy-curvature duality, �eld equations). IDPG

extends the hyper�nite formalism from static risk measures to dynamic geometric �elds.

Hyper�nite Markov processes (Duanmu et al., 2021) [13]. Duanmu, Rosenthal, and

Weiss establish ergodicity for Markov processes via nonstandard analysis, proving convergence

of hyper�nite chains to continuous limits. Their framework provides a rigorous foundation for

discrete-to-continuum transitions in stochastic dynamics. IDPG di�ers in scope: while Duanmu

et al. focus on temporal evolution (Markov semigroups), IDPG focuses on spatial geometry (metric

�elds, curvature tensors, variational principles). The entropy-curvature correspondence (Theo-

rem 1) has no analogue in their work, as it requires the geometric measure structure (Axioms 8�10)

absent from Markov chains.

Remark 1 (Novelty of IDPG relative to existing nonstandard applications). Existing nonstan-

dard applications fall into two categories: (i) stochastic analysis (risk measures, Markov processes,

stochastic calculus), where Loeb measures regularize path integrals; and (ii) foundational physics

(Robinson's framework, Loeb's original construction), where nonstandard analysis provides alter-

native axiomatizations. IDPG bridges these categories by applying Loeb measures to geometric

�eld theory: the hyper�nite sample space carries a metric structure (Axioms 14�17), and the

measure itself generates curvature (Theorem 1). This geometric extension of the Loeb framework

is novel.

By contrast, the Lott�Villani�Sturm synthetic curvature [14, 15] characterises curvature through

the convexity of entropy along W2-geodesics in the space of probability measures. IDPG inverts

this logic: curvature is generated by the local entropy gradient on a single hyper�nite probability

space, and no auxiliary Wasserstein geometry is required. The LVS framework is macroscopic

(metric measure spaces), whereas IDPG is microscopic (in�nitesimal grid). Consequently, the

IDPG entropy-curvature correspondence is a pointwise identity at �nite N , not a convexity in-

equality along optimal transport paths.

Comparison with Ollivier�Ricci and synthetic curvature. Ollivier's discrete Ricci curva-

ture [6] de�nes curvature on metric measure spaces via optimal transport between balls. In IDPG,

K(i) measures the deviation of the local geometric mean µ(Br(i))/|Br(i)| from the global mean;

an earlier version of this paper claimed this coincides with the average Ollivier�Ricci curvature

up to O(δ2), but that speci�c quantitative claim was found to rest on an incorrect calculation

and is withdrawn (Sec. 6.1). The two constructions di�er structurally�K(i) compares a local

region to the global mean, Ollivier�Ricci compares neighboring local regions to each other�and

no tested convention reproduces the claimed agreement.

However, IDPG di�ers in two respects: (i) the measure µ is derived from a nonstandard

Loeb construction rather than imposed externally, and (ii) the entropy gradient ∆Hloc provides

7
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an information-theoretic counterpart to curvature that has no direct analogue in Ollivier's frame-

work.

2.2. Comparison with Discrete Geometric Formalisms

The IDPG framework is not the �rst attempt to discretize geometric �eld structures. The

following comparison is provided for contextual orientation; IDPG does not claim to reproduce

or supersede the physical predictions of gravitational frameworks.

2.2.1. Regge Calculus [16]

Regge calculus replaces a smooth manifold with a simplicial complex (triangulation), assigning

lengths to edges and computing curvature concentrated at hinges (de�cit angles). A variational

action is approximated by a sum over hinges. In IDPG, the discrete structure is a hyper�nite

grid (not a simplicial complex), and curvature emerges from measure perturbations rather than

de�cit angles. The Loeb construction provides a σ-additive continuum limit that is not naturally

present in Regge calculus, where the continuum limit requires careful re�nement sequences.

2.2.2. Causal Dynamical Triangulations (CDT) [17]

CDT sums over causal triangulations, weighted by a discrete action, to de�ne a non-perturbative

path integral over geometric structures. IDPG does not perform a path integral; it constructs

a single hyper�nite probabilistic universe with a variational principle. The entropy-curvature

correspondence (Theorem 1) has no direct analogue in CDT, where entropy (if de�ned) is a

thermodynamic property of horizons, not a local geometric generator.

2.2.3. Loop Quantum Gravity (LQG) [11]

LQG employs Ashtekar variables to construct a spin network basis with discrete spectra for

geometric operators. IDPG does not quantize gravity; it regularizes geometry at a hyper�nite

level and recovers classical structures in the Loeb limit. The spin network→ spin foam dynamics

of LQG has no counterpart here; IDPG's variational principle (Open Problem 1) is classical, not

quantum, though quantum amplitudes are compatible (Sec. 4.6).

2.2.4. Discrete Exterior Calculus (DEC) [18]

DEC de�nes di�erential forms, exterior derivatives, and Hodge stars on simplicial complexes,

preserving Stokes' theorem at the discrete level. IDPG uses centered �nite di�erences on a

hyper�nite torus (Axioms 18�20), which is computationally simpler but restricted to regular grids.

DEC's topological �exibility (arbitrary meshes) is traded for the analytic power of nonstandard

analysis (in�nitesimal ε, Loeb measure).

2.2.5. Summary Table

Key distinction: IDPG's novelty lies in de�ning curvature directly from local measure per-

turbation within a single hyper�nite probabilistic structure, rather than imposing geometric

8
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Feature Regge CDT LQG DEC IDPG
Discrete structure Simplicial complex Triangulation Spin network Simplicial complex Hyper�nite grid
Curvature source De�cit angles Regge action Area/volume spectra Discrete forms Measure perturbations
Continuum limit Re�nement sequences Ensemble average Semiclassical states Mesh re�nement Loeb standard-part map
Variational principle Discrete EH action Path integral Hamiltonian constraint None explicit Entropy-geometric functional
Quantum compatibility No Intrinsic Intrinsic No Compatible (Sec. 4.6)

Table 1: Comparison of key features across discrete geometric formalisms.

discretization ab initio; its relation to the local entropy gradient is examined precisely in The-

orem 1, where the entropy gradient is shown to be asymptotically subdominant rather than a

predictive proxy for curvature (Remark 11).
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3. Measure Convention

Throughout, P denotes the normalized geometric measure de�ned in Axiom 10. We distinguish

three related measures:

� PH : internal �nitely additive pre-measure on Aint,

� PL: Loeb measure (standard-part extension to FL),

� P : normalized geometric measure induced by µ.

Compatibility. µ is an internal measure; P is its normalized form after dividing by µ(ΩH), and

PL is its standard-part extension to the Loeb σ-algebra.

Notation glossary. The following symbols recur throughout the paper; each is de�ned pre-

cisely where �rst introduced (cross-referenced below) and is repeated here for quick reference.

Symbol Meaning First de�ned

N , ε hyper�nite grid size; spacing ε = 1/N Sec. 4

P (i), δP (i) normalized measure; perturbation from uniform P0 = 1/N above; Thm. 1

K(i) discrete curvature deviation (local vs. global mean) Sec. 6.1

Hloc(i), ∆Hloc(i) local entropy; its discrete gradient Thm. 1

α perturbation-amplitude exponent, maxi |δP (i)| = O(N−1−α) Thm. 1

r ball radius de�ning K(i) (�xed to r = 1 throughout) Sec. 6.1

Glin
αβ(i) linearized discrete Einstein tensor Sec. 4.9

hαβ(i) linear metric perturbation, gαβ = δαβ + hαβ Sec. 4.9

st(·) standard-part map (nonstandard analysis) Sec. 4

4. Axiomatic System

4.1. Nonstandard Foundation

Axiom 1 (Hyperreal Structure). R ⊂ ∗R, N ⊂ ∗N.

Axiom 2 (Hyper�nite Universe). ΩH = {1, 2, . . . , N}, N ∈ ∗N \ N.

Axiom 3 (Internal Algebra). Aint ⊂ P(ΩH), ΩH ∈ Aint.

Axiom 4 (Internal Pre-Measure). PH : Aint → ∗[0, 1], PH(ΩH) = 1.

Axiom 5 (Uniform Atomicity). PH({i}) = 1/N .

Axiom 6 (Finite Additivity). For disjoint A,B, PH(A ∪B) = PH(A) + PH(B).

4.2. Loeb Construction

Axiom 7 (Carathéodory�Loeb Extension). There exists a unique countably additive measure PL

on FL = σ(Aint) such that PL|Aint = st ◦ PH .

10
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4.3. In�nitesimal Geometry

Axiom 8 (In�nitesimal Scale). ∃ε ∈ ∗R+ : 0 < ε < 1/n, ∀n ∈ N.

Axiom 9 (Geometric Measure). µ({i}) = ε, µ(ΩH) = Nε.

Axiom 10 (Normalization). P (A) = µ(A)/µ(ΩH).

4.4. Information Theory

Axiom 11 (Information Content). I(E) = − logP (E).

Axiom 12 (Entropy). H(X) = −
∑

i Pi logPi.

4.5. Independence Structure

Axiom 13 (Independence of Events). For countable (Ek), independence means PH

(⋂
k∈J Ek

)
=∏

k∈J PH(Ek) for all �nite J .

4.6. Quantum Compatibility (Sketch)

Complex amplitudes ψ(i) with
∑

i |ψ(i)|2 = 1 are compatible with the framework. For constant

phases the classical limit is recovered (Remark 2), while varying phases yield interference (Re-

mark 2, equation below). No additional axioms are required. These observations are heuristic

compatibility notes, not derived theorems; a full quantum extension remains beyond the scope

of the present axiomatic layer.

Remark 2 (General quantum superposition). The interference formula above extends to arbi-

trary superpositions ψ =
∑

k ckψk with
∑

k |ck|2 = 1:

P (C) =
∑
k

|ck|2Pk(C) + 2
∑
k<l

ℜ

(
ckc

∗
l

∑
i∈C

ψk(i)ψ
∗
l (i)

)
.

The classical limit is recovered when all relative phases vanish or when the supports of ψk are

disjoint. This is a direct consequence of the measure structure and requires no additional axioms.

Remark 3 (Status of the quantum extension). The compatibility of complex amplitudes ψ(i) with

the IDPG measure structure means that |ψ(i)|2 can be identi�ed with the normalized geometric

density P (i) of Axiom 10 without introducing additional axioms. This does not constitute a

derivation of the Born rule from the Loeb measure; rather, it shows that the standard probabilistic

interpretation of quantum mechanics is consistent with the hyper�nite framework. A full quantum

extension� including operator spectra, unitary evolution as a geodesic �ow on the hyper�nite state

manifold, and the emergence of the Born rule from a variational principle on amplitudes�remains

beyond the scope of the present axiomatic layer and is left as an open direction.

4.7. Geometric Structure

Axiom 14 (Hyper�nite Metric). gαβ(i) ∈ ∗R symmetric, positive de�nite.

11
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Axiom 15 (Discrete Connection). Covariant derivative with discrete Christo�el symbols.

Axiom 16 (Curvature Tensor). Rα
βγδ from commutator of covariant derivatives.

Axiom 17 (Correspondence Principle). For any internal Q(i) that is S-continuous on ΩH�

meaning Q(i) ≈ Q(j) (their di�erence is in�nitesimal) whenever i, j ∈ ΩH satisfy iε ≈ jε (their
grid positions are in�nitely close)�there exists a standard q(x) = st(Q(i)) in the limit N →∞,

ε → 0, Nε = const, with Loeb measure zero of disagreement. Here st denotes the standard-part

map with respect to the order topology on ∗R, and x = st(iε) belongs to the compact standard

domain [0, 1]D obtained from the hyper�nite grid. This is the standard nonstandard-analysis

notion of S-continuity (Robinson [1], Ch. 3); it is the internal, pointwise counterpart of the

�spectral content away from the Nyquist scale� intuition invoked informally in Sec. 7, and is the

hypothesis actually used in the proof below. The S-continuity hypothesis is necessary: internal

�elds whose oscillation frequency is pinned to the grid scale (e.g. Q(i) = (−1)i) fail it directly�
taking j = i + 1, iε ≈ jε but Q(i) − Q(j) = ±2 is not in�nitesimal�and such �elds admit

no pointwise standard part, since their values do not stabilize under any re�nement sequence.

This is not a merely formal safeguard: a direct numerical stress test (smooth, discontinuous,

and Nyquist-scale �elds; see the corresponding Limitations item in Sec. 7) shows convergence

degrading exactly as S-continuity is progressively violated�from ordinary O(N−1) convergence

for smooth �elds, through slower O(N−1/2) convergence at an isolated jump, to no convergence

whatsoever at the Nyquist scale.

4.8. Why Hyper�nite and Loeb, Beyond Large-N Notation

A recurring question across reviews of this paper is whether the nonstandard formulation provides

anything beyond a compact notation for a large-N limit that ordinary (�standard�) analysis could

equally express. It is worth answering directly, since the honest answer is more speci�c than either

extreme (�nonstandard analysis is essential� or �it is just notation�).

IDPG does not claim that nonstandard analysis produces di�erent real numbers, or that

any of the asymptotic rates in this paper (e.g. Theorem 1's O(N−1−α)) are unobtainable by a

standard N → ∞ argument�they are not; every numerical veri�cation in Sec. 8 was carried

out with ordinary �oating-point arithmetic at �nite, standard N . The claim is narrower and

more speci�c: not that standard analysis cannot reproduce individual asymptotic statements

one at a time, but that the hyper�nite formulation supplies the primary object of the theory�

the internal structure from which K(i), Hloc(i), and gαβ(i) are all de�ned as coexisting internal

quantities, with the standard-part map applied once, at the end, rather than built into each

de�nition separately. Concretely, the construction is the sequential chain

∗PH −→ ∗µH −→ µL = L(∗µH) −→ K(i), Hloc(i), gαβ(i) −→ st(·),

where each arrow is an internal (or Loeb-extension) construction step, not a limiting process: the

internal pre-measure ∗PH (Axiom 4) generates the internal geometric measure ∗µH (Axiom 9),

which the Loeb construction extends to the σ-additive µL (Axiom 7, Sec. 4); K(i), Hloc(i), and

gαβ(i) are then internal functions of this single measure, de�ned and related to one another

(Theorem 1) while still internal; only the �nal arrow, st(·), passes to standard (real-valued,

12
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continuum) quantities, and only for the S-continuous ones (Axiom 17). Loeb measure and the

standard-part map are therefore not decorative replacements for �let N → ∞�; they are the

speci�c steps in this chain that make K(i), Hloc(i), and gαβ(i) de�nable as related parts of

one object, prior to and independent of which of them individually survives the �nal projection.

Working entirely internally, one �rst builds a single hyper�nite object,

∗Ω, PH , µL, gαβ(i), K(i), Hloc(i),

at one �xed (but unlimited) hyper�nite N�probability, measure, geometry, and information all

coexisting as internal objects on the same index set ΩH = {1, . . . , N}, related by the axioms of

Sec. 4 without reference to any limiting process. Only afterward does one apply the standard-

part map st(·) to recover standard (real-valued, continuum) quantities. This is the reverse of the

usual order in a large-N construction, where one typically de�nes a sequence of standard objects

indexed by N and takes a limit at the end; here the �limit� is not a separate step performed on

each object individually, but a single projection applied uniformly to an already-uni�ed internal

structure.

The practical content of this reversal is Axiom 17 (Correspondence Principle): st(·) is not
guaranteed to exist for an arbitrary internal Q(i), only for S-continuous ones. This is a genuine

structural fact about the construction, not a notational convenience�it is what makes Q(i) =

(−1)i a well-posed internal object with no standard part (Sec. 4), a distinction that has no

direct counterpart in a bare large-N limit (where one would simply say �the limit does not exist�

without the intermediate internal object being visible as a mathematical entity in its own right,

with its own algebra, prior to the limit being taken). The value of the hyper�nite formulation

is this architectural uni�cation�one internal system, related by exact (not asymptotic) internal

identities, projected once�rather than a claim that standard analysis is incapable of reaching

the same asymptotic conclusions object-by-object.

4.9. Linearized Geometric Structure

For the weak-�eld expansion gαβ(i) = δαβ + hαβ(i) with |hαβ| ≪ 1, the following operators are

de�ned on the hyper�nite torus ΩH = (ZN )D with periodic boundary conditions:

Axiom 18 (Centered Di�erence). (∇γf)(i) =
f(i+ êγ)− f(i− êγ)

2ε
.

Axiom 19 (Discrete Laplacian). ∆df(i) =
D∑

γ=1

f(i+ êγ) + f(i− êγ)− 2f(i)

ε2
.

Axiom 20 (Linearized Einstein Tensor). Glin
αβ(i) =

1

2

(
∇γ∇αhβγ+∇γ∇βhαγ−∆dhαβ−∇α∇βh

)
−

1

2
δαβ
(
∇γ∇δhγδ −∆dh

)
, where h = hγγ and summation over repeated indices is implied.

Remark 4 (Why this discretization: design choice, not derivation). Axioms 18�20 are postulated,

not derived from Axioms 1�17; the paper does not claim otherwise. They are, however, not

an arbitrary choice among discretizations of the continuum linearized Einstein tensor. Three

requirements jointly pin them down: (i) translation invariance under ZN , so the operator must

be a �xed linear combination of f(i ± êγ) and f(i); (ii) ∇γ must be parity-odd (centered) so

13
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that [∇α,∇β] = 0 exactly on the torus, which is what Corollary 1's proof requires; (iii) ∆d and

∇γ must reduce to the continuum Laplacian and gradient at leading order as ε → 0. Centered

di�erences and the standard discrete Laplacian are the unique lowest-order stencils satisfying

all three simultaneously; Glin
αβ is then the unique combination of these operators reproducing the

continuum linearized Einstein tensor at leading order. This narrows the choice considerably but

does not make it a theorem: a di�erent discretization satisfying (i)�(iii) at higher order would

also be admissible, and nothing in Axioms 1�17 forces (i)�(iii) themselves. In implication form:

Axioms 1�17 alone do not entail Glin
αβ or the Bianchi identity; rather, Axioms 1�17 together

with the explicit geometric postulates (i)�(iii) entail the IDPG geometric sector developed in

Sec. 4.9. The relevant question is therefore not �is this discretization inevitable?� but �are (i)�(iii)

themselves well-motivated design constraints?�, to which Sec. 6.1 and this remark are the paper's

answer. The correspondence between this discrete structure and the entropy layer (Sec. 6.1) is a

further postulate, not a consequence of the above.

4.10. Axiomatic Minimality and Status

Remark 5 (On formulated vs. postulated structure). Table 2 clari�es the logical status of

each axiom layer. The information-theoretic Axioms 11�12 are not externally imposed; they

are uniquely determined by the measure structure (see Proposition 1).

Layer Status Justi�cation
Axioms 1�6 (Nonstandard foundation) Postulated Robinson's framework
Axioms 7�10 (Loeb + Geometry) Postulated Loeb construction
Axioms 11�12 (Information) Formulated within Uniqueness theorem from Axioms 9�10 +

13 (Prop. 1)
Axiom 13 (Independence) Postulated Base structure
Axioms 14�17 (Geometry) Postulated Geometric extension
Axioms 18�20 (Linearized geometry) Postulated Weak-�eld expansion on �at torus

Table 2: Logical status of axiom layers in IDPG.

Remark 6 (Minimality of the axiom set). Table 2 shows that the information-theoretic layer

(Axioms 11�12) and the linearised geometric layer (Axioms 18�20) introduce no independent

postulates. Axioms 11�12 are uniquely determined by the measure and independence structure

(Proposition 1), while Axioms 18�20 are derived by weak-�eld expansion of the postulated geomet-

ric structure (Axioms 14�17). Consequently, the IDPG system rests on only three independent

postulated layers: nonstandard foundations (Axioms 1�6), Loeb�geometric measure (Axioms 7�

10), and nonlinear geometric structure (Axioms 13�17). This minimality is deliberate: it reduces

the risk of internal inconsistency and isolates the open problems (Open Problem 1) to a single

layer.

Proposition 1 (Uniqueness of entropy functional). Given Axioms 9�10 (geometric measure

and normalization) and Axiom 13 (independence), the functional H(X) = −
∑

i Pi logPi is the

unique (up to multiplicative constant) continuous functional satisfying:

(i) H is symmetric in its arguments;

14
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(ii) H(E ∩ F ) = H(E) +H(F ) for independent events E,F ;

(iii) H is maximal for the uniform distribution Pi = 1/N .

Proof. This is the standard uniqueness theorem for Shannon entropy [7], formulated within the

internal measure PH . Condition (ii) follows from Axiom 13 and the identity log(ab) = log a+log b

in ∗R. Maximality (iii) follows from Jensen's inequality for the concave function −x log x, valid
in the hyperreals by transfer. The constant is �xed by H(1/2, 1/2) = log 2.

5. Consistency Checks and Main Theorems

5.1. Consistency Checks of the Measure Layer

Remark 7. Propositions 2�5 below are elementary consequences of Axioms 1�10. Their role

is to verify that the internal measure PH and the Loeb extension PL agree on basic probabilistic

identities. They are not claimed as original results; the non-trivial structure appears in Theo-

rems 1�2.

Proposition 2 (Normalization). PH(ΩH) = 1.

Proof.
∑N

i=1 1/N = 1.

Proposition 3 (Measure Consistency). P (A) = µ(A)/µ(ΩH).

Proof. Axiom 10.

Proposition 4 (Borel�Cantelli). For independent Ek with P (Ek) = p > 0, P (Ek i.o.) = 1.

Proof.
∑
P (Ek) =∞, second Borel-Cantelli lemma.

Remark 8 (Independence is essential). The independence hypothesis in Proposition 4 cannot be

dropped. Tested numerically with M correlated events constructed as nested subsets of a common

base event, the union probability equals the base event's probability exactly (P (
⋃

k Ek) = P (base)),

while the independence-based product formula 1−
∏

k(1− P (Ek)) overestimates it by more than

an order of magnitude (0.599 vs. the true 0.010 at M = 100). This is an elementary consequence

of the de�nitions rather than a new result, but it con�rms that the internal measure structure

(Axioms 1�10) enforces the standard probabilistic constraint and does not silently extend the

independent-case formula to correlated events.

Proposition 5 (Entropy Additivity). If X ⊥ Y , H(X,Y ) = H(X) +H(Y ).

Proof. P (X,Y ) = P (X)P (Y ).
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5.2. Main Theorems

Remark 9 (Regularity requirements: Lemma 1 vs. Lemma 2). Lemma 1 requires a C2 standard-

part �eld to ensure the existence of the limit of K(i)/ε2 alone (not, as an earlier version claimed,

a joint limit with the entropy gradient�see the withdrawal in that lemma); the rate of convergence

is not controlled at this level of regularity. Lemma 2 strengthens the hypothesis to C4 in order

to obtain the explicit O(ε2) �nite-di�erence error bound via Taylor cancellation of odd terms.

The two lemmas are therefore complementary: the �rst guarantees convergence of the curvature-

deviation �eld on its own, the second quanti�es the rate of that convergence.

Theorem 1 (Order of the Entropy-Curvature Deviation). Let K(i) = 1
|B1(i)|

∑
j∈B1(i)

P (j) −
1
N

∑
j P (j) be the discrete curvature deviation (the local ball average of P minus its global mean;

formally introduced with the general-radius de�nition in Sec. 6.1, and computed by hand for a

small example in Appendix A), and let Hloc(i) = −P (i) logP (i) be the local entropy�the i-th

summand of the global Shannon entropy H(X) =
∑

iHloc(i) of Axiom 12, evaluated pointwise

rather than summed; the two should not be confused despite the shared letter H. Write ∆Hloc(i) :=

Hloc(i + 1) − Hloc(i) for its discrete entropy gradient. For the uniform measure P (i) = 1/N ,

K(i) ≡ 0. For any internal perturbation δP (i) with st (
∑

i δP (i)) = 0, maxi |δP (i)| = O(N−1−α)

for some α > 0, and satisfying the grid-scale regularity condition

|δP (i+1)−δP (i)| = O(N−1)max
i
|δP (i)|, |δP (i+1)+δP (i−1)−2δP (i)| = O(N−2)max

i
|δP (i)|,

(1)

(satis�ed whenever δP (i) = f(i/N) for a �xed C2 function f , as in every deterministic test

in Sec. 8; this condition is necessary and is violated by rough perturbations such as fractional

Gaussian noise, see Sec. 7):

(i) K(i) = δP (i) +O(N−2) · |δP (i)|, uniformly in i; in particular K(i) = O(N−1−α).

(ii) ∆Hloc(i) = o
(
K(i)

)
as N →∞, uniformly in i, for every �xed α > 0.

Consequently

K(i)−∆Hloc(i) = O(N−1−α), (2)

and this exponent is tight (not improvable) for every α ̸= 1: by (ii), K(i) − ∆Hloc(i) =

K(i)
(
1 + o(1)

)
, and the coe�cient of the leading term is exactly 1�not a Taylor coe�cient that

could accidentally vanish�so the order of the di�erence equals the order of K(i) itself, which is

Θ(N−1−α) whenever maxi |δP (i)| is itself Θ(N−1−α) (as opposed to merely O(·)), e.g. for the

sinusoidal and Gaussian-bump perturbations used throughout Sec. 8. At α = 1 the exponent

−(1 + α) = −2 coincides numerically with −2α = −2, so the bound can equivalently be written

as O(N−2α) at this single value of α � this coincidence of exponents, not a genuine cancellation

between K and ∆Hloc, is the origin of the O(N−2α) form used in the numerical sections below,

where α = 1 throughout.

Proof. (i) follows from Taylor expansion of the ball average de�ning K(i) in 1/N ; the �rst

correction to δP (i) enters at relative order N−2 with no cancellation of the leading term, using

the second-di�erence part of the regularity hypothesis. (ii) follows from expanding Hloc(i) =
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H(P0 + δP (i)) around P0 = 1/N : Hloc(i) = H(P0) + (lnN − 1)δP (i) − N
2 δP (i)

2 + O(δP 3), so

∆Hloc(i) is a �rst discrete di�erence of a quantity already of order δP (i); the �rst-di�erence

part of the regularity hypothesis is exactly what licenses replacing this discrete di�erence by

an extra factor of order N−1 (up to the lnN prefactor on the linear term)�without it, δP (i +

1)− δP (i) need not be smaller than δP (i) itself, and the argument fails, which is precisely what

happens for the rough (fractional-Gaussian-noise) perturbations of Sec. 7. Under the hypothesis,

∆Hloc(i) = o(δP (i)) = o(K(i)) for every �xed α > 0. The claim follows from (i) and (ii) since

K(i)−∆Hloc(i) = K(i)(1 + o(1)).

On the hyperreal remainder terms. The bounds in (i) and (ii) are �rst proved as ordinary

real statements: for every standard N0 ∈ N and every standard N ≥ N0, the Taylor remainders

above are bounded by explicit real constants times N−2|δP (i)| and N−1|δP (i)| respectively
(Lagrange form, using boundedness of the relevant derivatives of H away from P = 0, which

holds since P0 + δP (i) stays bounded away from 0 for N large). This is a �rst-order statement

about all standard natural numbers N ≥ N0 with explicit, N -independent constants; by the

Transfer Principle it holds verbatim for all N ∈ ∗N, including the hyper�nite N of Sec. 4. For

hyper�nite N , the bound O(N−2) · |δP (i)| (resp. o(K(i))) is then a genuine hyperreal inequality

with the same real constant; since N is in�nite, both sides are in�nitesimal, and the standard-

part map applied to the inequality (order-preserving, Robinson [1]) yields st(K(i)) = st(δP (i))

and st(∆Hloc(i)) = 0 at any near-standard i, consistent with (i)�(ii). No separate nonstandard

argument is needed beyond this transfer step, since the Taylor expansions themselves are purely

algebraic identities valid internally by Transfer applied to the (real, standard) de�nitions of H

and of the ball average.

Remark 10 (Non-�xed α: a slowly vanishing sequence αN → 0). Theorem 1 is stated for

�xed α > 0; it is natural to ask whether letting α = αN → 0 as N → ∞ (a slower amplitude

decay) opens an intermediate regime where ∆Hloc is no longer subdominant. Under the corrected

exponent established here, it does not: since αN ≥ 0, N−1−αN ≤ N−1 → 0 for any rate of

vanishing, so K(i) − ∆Hloc(i) = O(N−1−αN ) → 0 regardless of how slowly αN → 0. This

is worth noting explicitly because it would not have held under the earlier (incorrect) O(N−2α)

form: for αN = c/ lnN , N−2αN = e−2c is a nonvanishing constant, which would have been a

genuine breakdown of that bound. The corrected exponent's N−1 factor�coming directly from

the amplitude bound on K itself, independent of α�removes this failure mode. Numerically, for

αN = 1/ lnN (sinusoidal perturbation), the ratio maxi |∆Hloc(i)|/maxi |K(i)| falls from 0.23 at

N = 102 to 8.1× 10−5 at N = 106, con�rming subdominance persists rather than opening a new

regime at this level of generality. A genuinely di�erent scaling behavior would require αN < 0

(amplitude not decaying, or growing), which falls outside the perturbative regime the theorem

addresses at all, or a perturbation shape that simultaneously degrades in regularity as N → ∞
(interpolating toward the rough perturbations of Sec. 7); we do not analyze that two-parameter

family here.

Remark 11 (What this theorem does and does not establish). Despite its name, Theorem 1

is best read as a structural asymptotic separation result, not a correspondence in the sense of

one quantity predicting the other: it identi�es a common measure-theoretic origin for K(i) and

∆Hloc(i) while showing that their continuum scaling separates, with the entropy term parametri-
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cally subdominant. This separation is itself informative, not merely a negative �nding: a priori,

the coincidence of exponents at α = 1 could have re�ected a genuine leading-order cancellation

between the two quantities (the reading suggested by earlier drafts of this paper and by the name

�entropy-curvature correspondence�); part (ii) rules this out directly, showing the coincidence is an

artifact of the exponents 1+α and 2α meeting at α = 1, with no cancellation mechanism behind

it. Distinguishing a genuine correspondence from an exponent coincidence is exactly the kind

of claim a numerical consistency check alone cannot resolve, but that this asymptotic argument

does.

The relation above shows that both K(i) and ∆Hloc(i) vanish in the continuum limit, and pins

down their joint order precisely. It does not show that ∆Hloc(i) is a leading-order description of

K(i): by part (ii), ∆Hloc is parametrically smaller than K for every tested α, so the di�erence

K −∆Hloc is dominated by K itself rather than by a genuine cancellation between the two quan-

tities. Numerically, this is why maxi |K(i)−∆Hloc(i)|/maxi |K(i)| → 1 as N →∞ at the value

α = 1 used throughout Sec. 8 (veri�ed directly for sinusoidal and Gaussian-bump perturbations,

α ∈ {0.5, 1, 1.5, 2, 3}). We retain the name �entropy-curvature relation� for continuity with the

numerical sections below, but the reader should not interpret it as demonstrating that local entropy

gradients explain or predict discrete curvature deviations at the parameter values tested in this

paper. Nor should the subdominance of this particular entropy gradient be read as showing that

information and geometry are unrelated in IDPG more broadly: both are constructed from the

same underlying measure (Sec. 6.1, Sec. 3), and the theorem constrains only the speci�c pointwise

functional ∆Hloc(i) = Hloc(i+1)−Hloc(i) tested here, not every possible entropy-based curvature

proxy.

Remark 12 (On the regularity of the continuum limit). The continuum limit of K(i)/ε2 invoked

in Lemma 1 assumes that the standard-part �eld R(x) is at least C2 on the compact domain (the

entropy-gradient side of the earlier joint claim is withdrawn there, and is not assumed here). For

C4 metrics the convergence rate is controlled by Lemma 2. Extension to C1 or Sobolev H1 �elds

remains open: the �nite-di�erence commutator [∇α,∇β] may fail to vanish in the distributional

sense, and the standard-part map may produce non-unique limits at points of discontinuity. We

do not claim that the continuum limit exists for arbitrary measurable �elds; rather, the Loeb

construction guarantees a σ-additive limit for internal smoothings, and the identi�cation with

classical di�erential geometry is rigorous only under the stated smoothness hypotheses.

Proposition 6 (Graph generalization: status). For an arbitrary hyper�nite graph with adja-

cency matrix Aij and degree di =
∑

j Aij, de�ne the graph Laplacian Lij = diδij − Aij and the

graph-averaged curvature deviation K(i) = 1
di

∑
j AijδP (j) (replacing the nearest-neighbor ball

average of Sec. 6.1 with the graph average). A previous version of this result claimed the identity

K(i) =
∑

j LijHloc(j)+O(∥δP∥2), generalizing Theorem 1 to arbitrary graphs, with the 1D chain

(Ai,i±1 = 1) as a special case. This claim is withdrawn: the proof step invoked
∑

j Aij = di to

eliminate the �rst-order term, but the correct �rst-order expansion of
∑

j LijHloc(j) is∑
j

LijHloc(j) = (lnP0 + 1) di
[
K(i)− δP (i)

]
+O(∥δP∥2), (3)

not K(i) itself. By the order established in Theorem 1(i), K(i)− δP (i) = O(N−2)|δP (i)|, so the
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right-hand side is smaller than K(i) by a further factor of order N−2 lnN ; the two sides of the

claimed identity are not the same order in N , and the identity does not hold as stated. Numer-

ical tests on irregular (Erdos�Renyi, p = 0.05, and Barabasi�Albert, m = 3) graphs con�rm this

directly, now extended to N = 100�6000 with corrected �oat64 arithmetic (see below): the corre-

lation |corr(K,
∑

j LijHloc(j)/di)| decays from 0.66 (ER) / 0.22 (BA) at N = 100 to 0.05 (ER) /

0.01 (BA) at N = 6000, consistent with a power law of exponent ≈ −0.6 for both graph families

(least-squares �t on log |corr| vs. logN)�weak at every tested N and vanishing as N →∞, not

merely noisy. On a regular 1D chain, by contrast, the correlation is exactly 1 at every N�not

because the identity holds, but because the sinusoidal test perturbation is an exact eigenfunction of

the chain's graph Laplacian, so K(i) and
∑

j LijHloc(j)/di remain proportional in shape regard-

less of their (very di�erent, per the order argument above) magnitudes; Pearson correlation is

scale-invariant and does not detect this magnitude mismatch on the chain. (An earlier version of

this section reported the chain correlation as degrading with N due to a �oat32 precision artifact

in computing the required magnitude ratio; recomputed in �oat64, it is exactly 1 at every N tested,

102 to 6×103, consistent with the eigenfunction argument and con�rming the earlier number was

a computational artifact, not a mathematical �nding.) The chain case therefore illustrates why

correlation alone is an unreliable diagnostic for this identity�the irregular-graph tests, where no

such shape-coincidence is expected a priori, are the more informative check, and they fail, with a

clean and now precisely quanti�ed decay. A valid graph generalization of Theorem 1, if one exists,

requires a di�erent construction than the one proposed here; we leave it as an open problem.

Remark 13 (Is this a lattice artifact, or a symptom of Theorem 1?). It is natural to ask whether

the graph-generalization failure above re�ects something special about the regular 1D chain or

torus�i.e. whether entropy-curvature correspondence is real on regular lattices and merely fails to

generalize�or whether it is consistent with, and explained by, the more basic �nding of Theorem 1

and Remark 11 that ∆Hloc is asymptotically subdominant to K even on the 1D chain itself. The

evidence supports the latter. The graph proposition's own failure mode is a direct instance of

the same order mismatch (the right-hand side of its would-be identity is smaller than K(i) by

O(N−2 lnN), exactly the mechanism of Theorem 1(ii)); the Ollivier�Ricci comparison failed for

the same structural reason (Sec. 6.1); and Sec. 7 documents the identical degradation on a 3D

torus, under ε-rescaling, and under non-uniform base measures. None of these generalize the

chain result correctly for the same underlying reason, not �ve unrelated reasons. So: the regular

lattice is not privileged in a way that made the original correspondence �real� there and merely

non-transferable elsewhere�the correspondence was already only order-coincidental on the chain

itself (Remark 11), and every attempted generalization inherits that fact rather than introducing

a new failure.

Remark 14 (Limitations of Corollary 2). Corollary 1 is proven only for the �at hyper�nite torus

ΩH = (ZN )D with periodic boundary conditions. The proof relies crucially on the commutativity

of centered di�erences, [∇α,∇β] = 0, which holds on the torus. For curved backgrounds (non-zero

Christo�el symbols), see the remark below; for non-periodic boundaries, this was tested directly

rather than left as a qualitative expectation. Replacing the periodic wrap with Dirichlet (hαβ = 0

outside the domain) or Neumann (zero-gradient) padding in the same construction as Sec. 8.3

(N = 32 to 512, 200 seeds per point), the violation maxi |∇αG
lin
αβ(i)| separates cleanly by distance
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from the boundary: cells more than a few grid spacings from the edge decay at ≈ N−4.9, statisti-

cally indistinguishable from the periodic bulk rate reported in Table 7, con�rming the violation is

spatially localized to the boundary as expected. At the boundary itself, however, the two boundary

conditions behave qualitatively di�erently: under Neumann conditions the boundary violation de-

cays as ≈ N−1.1�slower than the bulk by roughly 3.8 orders of magnitude in exponent, but still

vanishing as N → ∞�while under Dirichlet conditions the boundary violation is essentially �at,

decaying at only ≈ N−0.1 (a 26% change in value over a 16× range of N , from 2.96 × 10−4 at

N = 32 to 2.19 × 10−4 at N = 512). This indicates the Dirichlet boundary defect is a genuine

O(1) e�ect that persists in the continuum limit, not a discretization artifact that re�nes away;

Corollary 1 should be understood as failing at a Dirichlet boundary even as N → ∞, while a

Neumann boundary is compatible with the corollary only in the bulk, with a vanishing but slowly-

decaying boundary layer. A general proof (or refutation) for arbitrary hyper�nite manifolds and

boundary conditions remains open.

Remark 15 (Curved backgrounds require a covariant discretization: an open problem). Ax-

iom 18 de�nes ∇γ as a �xed coordinate (index-shift) di�erence operator, with no dependence on

any background metric. As such, [∇α,∇β]f(i) ≡ 0 identically for any scalar grid function f and

any assignment of gαβ(i), since shifts along distinct lattice axes commute exactly. A previous ver-

sion of this remark incorrectly claimed a nonzero commutator Γγ
αβ∇γf+O(ε) and a corresponding

curvature correction to Corollary 1's divergence identity; both the algebraic argument and the pre-

dicted correction term were tested numerically against a direct computation of
∑

α∇αG
lin
αβ(i) on

a non-conformal curved background and found to be uncorrelated with the actual violation (Pear-

son r ≈ 0 across N = 32�1024) and negligible in magnitude (relative error ≈ 1). The claim is

withdrawn. Extending Corollary 1 to curved backgrounds requires ∇γ itself to be replaced by a

covariant discrete derivative incorporating connection coe�cients�a genuinely di�erent construc-

tion from Axiom 18, not a correction term added after the fact�and this construction is not given

here; it remains open.

Corollary 1 (Discrete Bianchi Identity). For any symmetric hαβ with periodic boundary condi-

tions on the �at torus:

D∑
α=1

∇αG
lin
αβ(i) = 0, ∀i ∈ ΩH , β ∈ {1, . . . , D}. (4)

Proof. The linearized Ricci tensorRlin
αβ is constructed from second �nite di�erences of hαβ . On the

�at torus, centered di�erences commute: [∇α,∇β] = 0. Therefore the same algebraic identity as

in the continuum holds: ∇αR
lin
αβ = 1

2∇βR
lin, which implies ∇αG

lin
αβ = ∇αR

lin
αβ−

1
2∇βR

lin = 0.

Lemma 1 (Curvature Convergence). Let K(i) be the discrete curvature deviation on the hyper-

�nite torus ΩH = (ZN )D with spacing ε = 1/N , for an internal perturbation δP (i) satisfying

all three hypotheses of Theorem 1 with α = 1 �xed: (a) st(
∑

i δP (i)) = 0; (b) maxi |δP (i)| =
O(N−2); (c) the grid-scale regularity condition of Theorem 1 (bounded �rst and second discrete

di�erences relative to maxi |δP (i)|). Assume in addition that the internal �eld i 7→ K(i)/ε2 has

a standard part R(x) = st(K(i)/ε2), x = st(iε), that is C2 on the compact domain [0, 1]D. Then
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in the Loeb limit N →∞, ε→ 0, Nε = const,

K(i)

ε2
→ R(x).

Under hypotheses (a)�(c) alone (i.e. without any further assumption on ∆Hloc), the correspond-

ing rescaled entropy gradient ∆Hloc(i)/ε
3 does not converge to a �nite standard part: by Theo-

rem 1(ii), it grows as Θ(lnN) (veri�ed numerically, sinusoidal perturbation: �t 3.19 lnN − 3.60,

residuals < 0.6% of the leading term over N = 103�107). Consequently there is no di�erential

relation of the form R(x) = c·∇H(x) for any constant c; an earlier version of this lemma claimed

such a relation, derived from an incorrect assumption that ∆Hloc(i)/ε
3 converges. That claim

is withdrawn. The standard-part �eld R(x) exists and is well-de�ned on its own, independent of

any entropy-gradient counterpart.

Proof. Convergence of K(i)/ε2 follows from Theorem 1(i): K(i) = δP (i) + O(ε2)|δP (i)| under
hypothesis (c), and at α = 1, hypothesis (b) gives δP (i) = O(ε2), so K(i)/ε2 is an internal �eld

bounded uniformly in N ; its standard part exists at each near-standard x by the assumed C2

regularity of the limit, and equals R(x) by de�nition. The divergence of ∆Hloc(i)/ε
3 follows

from the proof of Theorem 1(ii): under hypothesis (c), the leading term of ∆Hloc(i) carries a

factor (lnN − 1) = Θ(ln(1/ε)), which does not cancel against any other term, so ∆Hloc(i)/ε
3 =

Θ(lnN)→∞.

Lemma 2 (Finite-di�erence error bound). Let F (i) be an internal function on ΩH whose stan-

dard part f(x) = st(F (i)) with x = st(iε) is C4 on the compact domain [0, 1]D, and let ∆dF (i)

be the discrete Laplacian on a uniform hyper�nite grid with spacing ε. Then:

∣∣∆dF (i)−∇2f(xi)
∣∣ ≤ Cε2 max

|α|=4
∥∂αf∥∞, (5)

where C depends only on D, and xi = st(iε).

Proof. By Taylor expansion to fourth order and symmetry cancellation of odd terms.

Theorem 2 (Thermodynamic Limit with Error Estimate). Assume the metric gαβ(x) and �elds

are C4, and the discrete curvature quantities are de�ned by �nite-di�erence approximations. Then

under N →∞, ε→ 0, Nε = const,

S =

∫ (
R(x)

16πG
− ρ(x)

)√
−g(x) dDx + O(ε2), (6)

with O(ε2) bounded by Cε2max |∂4g|, i.e. pointwise (sup-norm, L∞ in x) convergence with an

error controlled by the C4-seminorm of the metric�not an L2 or Sobolev-norm statement. The

discrete �eld equations converge pointwise, in the same sup-norm sense, to classical geomet-

ric �eld equations with the same accuracy for C4 metrics. In the present paper, this theorem

establishes the continuum limit of the linearized discrete variational structure of Sec. 4.9 (Ax-

ioms 18�20); the corresponding statement for the full nonlinear action is Open Problem 1 below,

and is not claimed here.

Proof. See Appendix B and Lemma 2.
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Open Problem 1 (Nonlinear Geometric Field Extension). For the full nonlinear metric gαβ(i),

the variational principle δF/δgαβ = 0 with F as in Eq. (3) formally yields discrete geometric �eld

equations. A rigorous proof of the continuum limit, including the nonlinear Bianchi identity and

the identi�cation of Gαβ(i) with the classical geometric tensor, remains open. A prerequisite for

this extension, established by direct test (see the remark following Corollary 1), is that Axioms 18�

20 use �at coordinate di�erences; a covariant discrete calculus for tensor �elds on a non-trivial

background metric is required before curved backgrounds, and hence the fully nonlinear regime,

can be addressed.

6. Extensions of IDPG

6.1. Discrete Curvature Structure

De�ne d(i, j) = |i− j|, Br(i) = {j : d(i, j) ≤ r}, and:

K(i) =
µ(Br(i))

|Br(i)|
− µ(ΩH)

N
. (7)

K(i) = 0 for uniform measure; perturbations give non-zero K. K(i) was informally described in

earlier versions of this paper as analogous to Ollivier's discrete Ricci curvature [6], with a claimed

O(δ2) quantitative agreement veri�ed for D = 1; that speci�c quantitative claim is withdrawn

below. Calling K a �curvature deviation� re�ects its role in the discrete �eld equations (Sec. 4.9),

not a proven relationship to Ollivier-Ricci or classical Riemannian curvature.

De�nition of the neighbourhood radius. Throughout the numerical validation (Sec. 8),

we �x the graph radius r = 1, corresponding to nearest-neighbour balls: in 1D, B1(i) = {i −
1, i, i+1} with |B1(i)| = 3; in 2D with 4-connectivity, B1(i, j) = {(i, j), (i± 1, j), (i, j± 1)} with
|B1(i, j)| = 5. The choice r = O(ε) ensures that the discrete curvature deviation K(i) resolves

the in�nitesimal scale while remaining computationally local.

Connection to Ollivier�Ricci curvature: withdrawn quantitative claim. An earlier

version of this paper claimed K(i) coincides with the average Ollivier�Ricci curvature ⟨κ⟩i on
the hyper�nite chain up to O(δ2), with an explicit derivation for D = 1. On review, that

derivation contains an error: it states W1(µi, µi+1) =
1
3 + . . . for the ball-normalized transition

measures at the uniform base measure, but the exact value isW1 = 1 (direct calculation: for µi =

(13 ,
1
3 ,

1
3 , 0) and µi+1 = (0, 13 ,

1
3 ,

1
3) on the shared 4-point support, the cumulative-distribution-

function di�erence sums to 1, not 1
3). Recomputing exactly (cumulative-distribution di�erencing,

no small-δ approximation) rather than via the �awed formula, ⟨κ⟩i − K(i) scales as O(δ), not

O(δ2): the ratio |⟨κ⟩i − K(i)|/max |δP | stays of order 30�100 over four orders of magnitude

in perturbation scale rather than shrinking, for every idleness parameter tested (0 to 0.75).

This was checked independently by two of the authors with matching results. The mismatch

has a structural source: K(i) compares a local ball average to the global mean and, because

st(
∑

i δP (i)) = 0 holds exactly, is an exactly linear functional of δP with no O(δ2) term at all;

Ollivier-Ricci curvature compares neighboring local balls to each other via optimal transport, an
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inherently nonlinear operation (the ball-normalization involves division by local mass). There

is no evident reason these two constructions should agree even at �rst order, and the numerical

evidence indicates they do not. We are not aware of a convention (choice of idleness or edge

weighting) under which the claimed agreement holds, though we have not exhaustively searched

all reweightings. The name �curvature deviation� for K(i) is retained for the reasons given above,

but the quantitative Ollivier�Ricci correspondence is withdrawn, and a rigorous relationship

between K and any classical discrete curvature notion remains open.

6.2. Thermodynamic Limit and Entropy Density

H(X) = −
∑

i Pi logPi. With Pi ≈ p(xi)ε, H(X) = Hdiff(p) + log(1/ε). Renormalised entropy

H̃ = H(X)− log(1/ε) converges to Hdiff(p).

6.3. Rare-Event Geometry and Borel-Cantelli

Rarity ρ(E) = − logP (E). For independent Ek with P (Ek) = p > 0, P (Ek i.o.) = 1 and

asymptotic frequency p.

6.4. Entropy-Geometry Duality

Local entropy Hloc(i) := −P (i) logP (i), gradient ∆Hloc(i) := Hloc(i+1)−Hloc(i). The order of

K(i)−∆Hloc(i) at �nite N is given in Theorem 1; a proposed graph-generalized form is discussed,

and its claimed identity withdrawn, in Prop. 6.

6.5. Uni�ed Variational Functional

F(P ) =
∑
i

[µ(i) logµ(i) + λP (i) logP (i)], λ > 0. (3)

Extremizing F subject only to the normalization constraint
∑

i P (i) = 1 (via a single Lagrange

multiplier β0 for that constraint) gives logP (i) = const, i.e., the uniform distribution as the

unique critical point. This is the standard, unconstrained maximum-entropy result and involves

no reference to K(i).

Is the curvature-constrained form a tautology? No, but an earlier version of this section

derived it incorrectly, and we correct that here. The natural constrained problem is to �x

the P -weighted average of the curvature deviation,
∑

i P (i)K(i) = κ. The subtlety is that

K(i) = (AP )(i) is itself a �xed linear, symmetric functional of P (Eq. 6 is a symmetric cir-

culant local-averaging operator A minus a symmetric rank-one global-mean correction), so the

constrained quantity
∑

i P (i)K(i) = P⊤AP is quadratic in P , not linear. Extremizing F subject

to both constraints (Lagrange multipliers β0 for normalization, µ for ⟨K⟩ = κ) therefore requires

δ(P⊤AP )/δP (i) = 2(AP )(i) = 2K(i), by the product rule for a symmetric quadratic form�not

K(i) treated as an external, P -independent �eld. This gives

λ(logP (i) + 1)− β0 − 2µK(i) = 0 =⇒ P (i) ∝ exp

(
2µ

λ
K(i)

)
,

an exponential-family form in 2K(i), not K(i), and self-referentially in P through K = AP : this
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is an implicit �xed-point equation for P , not a closed-form solution, and the sign of µ (hence

whether P concentrates on high- or low-K regions) depends on the sign of the target κ, exactly

as in deriving a Boltzmann distribution with a temperature of either sign. A direct numerical

check (constrained entropy maximization via gradient ascent from a non-uniform seed, versus

naive �xed-point iteration P 7→ softmax(2µK(P )) from the uniform seed) con�rms the corrected

exponential form �ts the true constrained optimum to numerical precision (|corr(logP+1, K)| =
1.0 in a test at N = 100), but also shows that naive �xed-point iteration started from the uniform

distribution fails to converge to any non-trivial solution: P = uniform gives K ≡ 0 identically,

which is itself a �xed point of the iteration for every µ, so the iteration cannot escape it without a

non-uniform initialization or a genuine optimization method. Solving the self-consistent equation

in practice therefore requires more than restating it as a �xed point. What is not derived here,

and is left open, is why the physical system should be subject to a constraint on ⟨K⟩ speci�cally,
rather than on some other observable or on no observable at all; that choice of constraint is itself

a postulate of the model, not a consequence of Axioms 1�17.

6.6. Geometric Variational Principle

The curvature functional K(i) seeds a metric theory. The linearized �eld equations (Sec. 4.9)

are postulated via the weak-�eld expansion; their consequences � the discrete Bianchi identity

(Corollary 1) and the O(ε2) convergence of the action (Theorem 2) � are rigorously derived.

Open Problem 1 extends this formalism to the nonlinear regime.

7. Limitations and Open Questions

1. The parameter ε is a free regularization scale. Its identi�cation with the Planck length is a

speculative conjecture; it is not required for the mathematical consistency of the framework.

2. The discrete Laplacian used in the linearized �eld equations (Sec. 4.9) is isotropic; extension

to arbitrary graphs and anisotropic discretizations is needed for non-trivial topologies. The

graph-Laplacian machinery is de�ned in Prop. 6, but the entropy-curvature identity it was

meant to establish on general graphs does not hold (see there); a valid graph generalization

remains open.

3. Non-covariance on curved backgrounds. Axioms 18�20 are formulated with ∇γ as a

�xed coordinate (index-shift) di�erence on a global chart, independent of any background

metric. They are therefore not covariant under changes of the background metric, and

Corollary 1 does not extend to curved backgrounds without a fundamentally di�erent

discrete derivative that incorporates connection coe�cients. This was veri�ed directly: a

candidate curvature-correction formula was tested numerically on a curved background

and found to be uncorrelated with, and negligible relative to, the actual violation (see

the remark following Corollary 1); the claim was withdrawn rather than retained as an

untested heuristic.
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4. Non-periodic boundaries: a genuine, non-vanishing defect under Dirichlet con-

ditions. Corollary 1's proof requires periodic boundary conditions. Testing Dirichlet and

Neumann alternatives directly (N = 32�512, 200 seeds; see Remark 14 for full �gures) con-

�rms the violation is spatially localized�bulk cells away from the boundary decay at the

same ≈ N−4.9 rate as the periodic case�but the boundary layer itself behaves di�erently

by boundary type: Neumann decays slowly (≈ N−1.1) but still vanishes as N →∞, while

Dirichlet is essentially �at (≈ N−0.1, changing by only 26% over a 16× range of N), indi-

cating a genuine O(1) defect that does not re�ne away. Corollary 1 should not be assumed

to hold near a Dirichlet boundary in the continuum limit.

5. The thermodynamic limit proof provides O(ε2) bound only for C4 metrics (Lemma 2);

discontinuous metrics (e.g., shock waves) require re�ned analysis.

6. Computational complexity. The O(N2) estimate refers to a naive dense tensor imple-

mentation of the full nonlinear geometric tensor. However, the hyper�nite lattice structure

admits two natural optimisations: (i) sparsity�the discrete Laplacian and connection op-

erators involve only nearest neighbours, reducing the assembly cost to O(N); (ii) Fourier

acceleration�on the �at torus the linearised �eld equations diagonalise in discrete Fourier

space, yielding O(N logN) solvers via FFT. For a 4D grid with N = (L/ε)4 the e�ective

complexity is therefore O
(
(L/ε)4 log(L/ε)

)
for the linearised regime, which is comparable

to standard spectral methods. The nonlinear regime retains the O(N) sparsity but requires

iterative solvers.

7. Fermions and gauge �elds are not included. The hyper�nite formalism does not natu-

rally carry spinor structures or gauge connections. Extension requires:

(a) Cli�ord algebra on hyper�nite sets (discrete Dirac operators);

(b) Principal bundles over hyper�nite graphs (discrete gauge �elds);

(c) Chiral fermions and anomaly cancellation.

These are non-trivial open problems, not straightforward extensions.

8. Non-smooth perturbations and high-frequency modes. The entropy-curvature

correspondence (Theorem 1) is proven under the assumption maxi |δP (i)| = O(N−1−α),

which implies slow spatial variation. For non-smooth perturbations (e.g., domain walls,

Gaussian bumps) with width held �xed at the grid scale, a full N -sweep (Table 6) shows

max |K −∆H/(5N2)| still decays as O(N−2), with only a modestly larger prefactor than

the smooth case (∼15% at matched N); what does not improve with N is the Pearson

correlation, which stays essentially �at (≈ 0.61) throughout the tested range, because the

perturbation width was �xed in absolute grid units rather than rescaled with N . Extension

to genuinely multiscale (grid-rescaling) non-smooth �elds requires re�ned estimates using

Sobolev norms or wavelets.

9. Multiscale re�nement for high-frequency modes. The �at Pearson correlation for

non-smooth perturbations at �xed absolute width (Table 6) re�ects that the perturbation's
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sharpness relative to the grid never decreases as N grows in that speci�c test; a genuinely

multiscale extension would instead let the perturbation's own scale shrink with N (as the

sinusoidal case's wavelength does). Such an extension can be obtained by decomposing δP

into dyadic levels j with grid spacing 2jε and applying the entropy-curvature correspon-

dence at each level separately. This is formally equivalent to a discrete wavelet transform

on ΩH : the local entropy gradient is computed on the approximation coe�cients at scale

j, while detail coe�cients capture the high-frequency de�cit. Preliminary estimates sug-

gest that Pearson correlation approaching unity could be restored per level at the cost

of O(N logN) complexity. We leave the rigorous formulation of the wavelet-based IDPG

extension for future work.

10. Correspondence Principle requires S-continuity; discontinuous and Nyquist-

scale �elds behave di�erently. The Correspondence Principle axiom (�4) was tested

numerically for four �eld classes via nearest-neighbor comparison against a �ne reference

grid, N = 50 to 5000: a smooth �eld (sin(2πx)), a �eld with a periodic-wrap discontinu-

ity, a �eld with an interior jump discontinuity at x = 0.5, and a �eld oscillating at the

grid Nyquist frequency. The smooth and linear cases converge at the rate expected from

nearest-neighbor reconstruction (O(N−1), a property of the comparison method rather

than of Lemma 1). The interior jump converges more slowly, O(N−1/2) in L2, consis-

tent with a single point of Loeb-measure-zero disagreement dominating the error. The

Nyquist-frequency �eld shows no convergence at all (error ≈ 1 independent of N): it has

no pointwise standard part, con�rming that the S-continuity hypothesis added to the axiom

above is not a formality but a necessary condition.

11. Stochastic perturbations: identi�ed as violating the grid-scale regularity hy-

pothesis. An earlier version of Theorem 1 was stated for any δP (i) satisfying only

st(
∑

i δP (i)) = 0 and maxi |δP (i)| = O(N−1−α), with no further condition. Testing this lit-

erally, with δP drawn from fractional Gaussian noise of Hurst exponent η ∈ {0.1, 0.3, 0.5, 0.7, 0.9}
(amplitude-normalized to satisfy the stated bound, α = 1, N = 100 to 104, 10 seeds per

point), the correspondence degraded for every η tested: max |K − ∆Hloc| decayed em-

pirically as O(N−1.74) rather than the predicted O(N−2) (log-log �t R2 > 0.999, consis-

tent across all η), and the Pearson correlation between K(i) and ∆Hloc(i) was statisti-

cally indistinguishable from zero (ranging from +0.16 at η = 0.1 to −0.07 at η = 0.9�

counterintuitively, worse for smoother �elds, not better). A numerical-artifact explanation

(probability clipping during renormalization) was checked and ruled out. The missing hy-

pothesis has since been identi�ed and is now stated explicitly in Theorem 1: the proof

requires δP to be grid-scale Lipschitz, |δP (i + 1) − δP (i)| = O(N−1)maxi |δP (i)|, which
holds automatically for δP (i) = f(i/N) with f ∈ C2 (every deterministic test in Sec. 8)

but fails for fractional Gaussian noise: measured directly, the ratio maxi |δP (i + 1) −
δP (i)|/maxi |δP (i)| decays as O(N−1) for the sinusoidal perturbation (as required) but

decays far more slowly, or not at all, for fGn even at high Hurst exponent (e.g. at η = 0.9,

the ratio falls only from 0.032 to 0.0064 as N goes from 103 to 104�a factor of 5, not the

required factor of 10; at η = 0.1 it barely moves, 0.51→ 0.38). The amplitude bound alone

is therefore provably insu�cient, and the reason is now understood rather than left open.
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12. A single-point violation, traced explicitly. The fractional-Gaussian-noise example

above shows the regularity condition is necessary in a global, statistical sense; the mech-

anism is even more transparent for a perturbation that violates it at exactly one point.

Take δP (i) = A
[
⊮(i = i0) − 1

N

]
for a single index i0, with A = A0N

−1−α (mean-zero

exactly, amplitude bound satis�ed, but |δP (i0) − δP (i0 − 1)| = A(1 − 1
N ) = Θ(A), not

O(N−1)A as the regularity condition requires). At the cell adjacent to the spike, direct

computation gives K(i0 − 1) = A
3 −

A
3N exactly (the spike enters the ball average at i0 − 1

once out of three cells), while a Taylor expansion of Hloc as in the proof of Theorem 1 gives

∆Hloc(i0−1) ≈ A(lnN−1) (the (lnN−1) prefactor is exactly the term the regularity condi-

tion normally suppresses by an extra factor of N−1; here it does not, because the di�erence

δP (i0)−δP (i0−1) is Θ(A), not Θ(A/N)). Consequently ∆Hloc(i0−1)/K(i0−1)→ 3 lnN :

far from being subdominant, the entropy term dominates K at the cell adjacent to the vi-

olation, growing without bound as N → ∞. Veri�ed numerically (A0 = 0.5, α = 1):

K(i0 − 1)/A → 1/3 and ∆Hloc(i0 − 1)/(A lnN) → 1 cleanly as N ranges over 102�105.

This is the sharpest available illustration of why the regularity condition in Theorem 1

is load-bearing: a single non-smooth point, however small its contribution to the overall

amplitude bound, is enough to reverse the theorem's conclusion locally.

13. The correspondence is uninformative at the single parameter value tested through-

out this paper. As shown in Theorem 1 and Remark 11, ∆Hloc(i) is asymptotically

subdominant to K(i) for every α > 0; the residual K −∆Hloc tracks K itself rather than

re�ecting a genuine cancellation, and this was masked in earlier numerical sections by the

exponent coincidence at α = 1 (the only value of α, and ε = 1 the only convention, used

anywhere in Sec. 8). Four independent numerical checks con�rm this is not speci�c to the

1D sinusoidal setup: (i) generalizing to arbitrary radius r and �tting K against ∆Hloc by

least squares, the residual-to-|K| ratio converges to 1.000 as N → ∞ at r = 1, the only

radius used elsewhere in this paper; (ii) on graphs, the identity fails on irregular (Erdos�

Renyi, Barabasi�Albert) graphs, with correlation decaying from ≈ 0.2�0.7 at N = 100

toward ≈ 0.01�0.05 at N = 6000 (exponent ≈ −0.6), while the chain case is uninformative

rather than con�rmatory for reasons speci�c to that test (Prop. 6); (iii) on a 3D torus,

correlation decays smoothly from 0.75 to 0.26 as N grows from 20 to 320; (iv) varying the

grid-spacing convention ε away from the ε = 1 used throughout, max |K − ∆Hloc| scales
linearly with ε and equals K's own amplitude at every ε tested, including ε = 1; the vacuity

is not an artifact of that convention. A �fth check, replacing the uniform base measure

P0 = 1/N with power-law, sinusoidal, or random weightings, found correlation ≈ 0 regard-

less of the degree of non-uniformity�including for a near-uniform sinusoidal base, ruling

out non-uniformity itself as the cause (a previously considered explanation is therefore not

adopted). In short: no numerical test in this paper, across perturbation shape, dimension,

graph topology, base measure, or ε-convention, provides evidence that ∆Hloc predicts K

beyond both quantities separately vanishing as N →∞.

14. A weak, non-tautological trend appears only under strong statistical depen-

dence. In a distinct setting�not a perturbation of P , but a bivariate joint distribution

with Gaussian-copula correlation ρ between two auxiliary variables�the correlation between
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K and ∆Hloc grows monotonically in magnitude with ρ (from 0.006 at ρ = 0 to −0.157
at ρ = 0.99), rather than staying pinned at zero. The e�ect is modest even at extreme

dependence and has not been derived analytically; it is noted here as a genuine, if small, ex-

ception to the pattern above, arising speci�cally from strong statistical dependence rather

than from perturbation amplitude or shape.

8. Computational Veri�cation of the Main Results

Test N range α amplitude r, ε seeds

1D entropy-curvature (Sec. 8.1) 10�105 1 c = 0.5 r = 1, ε = 1 1 (deterministic)
2D entropy-curvature (Sec. 8.2) 10�2000 1 c = 0.3 r = 1, ε = 1 1 (deterministic)
Non-smooth sweep (Sec. 8.2) 40�640 1 c = 0.5, width = 1 cell r = 1, ε = 1 1 per N (deterministic shape)
Discrete Bianchi (Sec. 8.3) 16�2048 � amplitude 10−3, cuto� 4/N ε = 1 200 random
Stochastic (fGn, Sec. 7) 102�104 1 amplitude-normalized, η ∈ {0.1, ..., 0.9} r = 1, ε = 1 10 random
Bianchi, boundary (Sec. 7) 32�512 � amplitude 10−3, cuto� 4/N ε = 1, Dirichlet/Neumann 200 random

Table 3: Reproducibility summary: numerical parameters for the six computational tests re-
ported in Sec. 8 and Sec. 7 for which full parameters are recorded here. �Deterministic� entries
use an analytically speci�ed perturbation shape (no random draw). The remaining Limitations-
section tests (arbitrary radius r, graph generalization, 3D torus, ε-scaling, non-uniform base
measure) are reported with parameters stated in the corresponding prose in Sec. 7 rather than
tabulated here.

8.1. Numerical Validation of the Entropy-Curvature Relation (1D Chain)

Reproducibility note. The numerical experiments in Sec. 8 are deterministic: the perturba-

tion δP (i) is speci�ed analytically (sinusoidal, single Gaussian bump, or domain wall), and the

results are exact up to machine-precision �oating-point arithmetic. Consequently, no statistical

ensemble or randomised trial is required; the reported max |K −∆Hloc| is a single reproducible

scalar for each N . The Python implementation is provided in Appendix D.

We implement a direct numerical test of Theorem 1 on a one-dimensional hyper�nite chain

ΩH = {1, . . . , N} with periodic boundary conditions. The uniform measure P0(i) = 1/N is

perturbed as

P (i) =
1

N
+ δP (i), δP (i) = cN−1−α sin

(
2πi

N

)
,

with α = 1 and c = 0.5. By construction
∑

i δP (i) = 0 (up to machine precision). The discrete

curvature deviation K(i) is computed using balls Br(i) of radius r = 1 (nearest neighbours,

|Br| = 3):

K(i) =
µ(Br(i))

|Br(i)|
− µ(ΩH)

N
, µ(i) = εP (i), ε = 1.

The local entropy gradient ∆Hloc(i) = Hloc(i+ 1)−Hloc(i) with Hloc(i) = −P (i) logP (i).

Remark 16 (Numerical convention for ε). In the numerical implementation (Sec. 8.1�8.3), we

set ε = 1 as a computational convention. The physical grid spacing is ∆x = 1/N → 0 as N →∞,

consistent with the Loeb limit N →∞, ε→ 0, Nε = const under the identi�cation Nε = 1.
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Table 4 shows the maximum absolute di�erence maxi |K(i)−∆Hloc(i)| for increasing N , for

a single sinusoidal perturbation realization. The di�erence decays as O(N−2), which matches

the theoretical prediction O(N−2α) with α = 1. This single-realization run is consistent with the

exact relation at �nite N and with convergence to zero in the Loeb limit; it does not by itself

establish the relation for other perturbation shapes or parameter regimes.

N max |K(i)−∆Hloc(i)| N−2 (reference)

10 6.59e-03 1.00e-02
30 6.39e-04 1.11e-03
100 5.15e-05 1.00e-04
300 5.59e-06 1.11e-05
1000 5.00e-07 1.00e-06
3000 5.56e-08 1.11e-07
10000 5.00e-09 1.00e-08
30000 5.56e-10 1.11e-09
100000 5.00e-11 1.00e-10

Table 4: Convergence of the entropy-curvature di�erence for a 1D chain. The di�erence decays
as O(N−2) as predicted by Theorem 1 with α = 1.

Pseudocode for the numerical procedure is given in Algorithm 1. The full Python implemen-

tation is provided in Appendix D.

Algorithm 1 Computation of K(i) and ∆Hloc(i) for 1D chain

Require: N (size), α, c (perturbation amplitude)
Ensure: maxi |K(i)−∆Hloc(i)|
1: P0[i]← 1/N for i = 1, . . . , N
2: δP [i]← c ·N−1−α · sin(2πi/N)
3: δP ← δP −mean(δP ) ▷ ensure zero sum
4: P ← P0 + δP ; P ← P/

∑
P ▷ renormalize

5: µ[i]← ε · P [i] with ε = 1
6: for i← 1 to N do
7: B ← {i− 1, i, i+ 1} (mod N)
8: K[i]← (

∑
j∈B µ[j])/3− (

∑
j µ[j])/N

9: Hloc[i]← −P [i] logP [i]
10: end for
11: ∆Hloc[i]← Hloc[i+ 1]−Hloc[i] (periodic)
12: return maxi |K[i]−∆Hloc[i]|

8.2. 2D Numerical Validation of the Entropy-Curvature Relation

Setup. We extend the 1D numerical test of Theorem 1 to a two-dimensional hyper�nite

torus ΩH = {1, . . . , N} × {1, . . . , N} with periodic boundary conditions. The uniform measure

P0(i, j) = 1/N2 is perturbed by a smooth sinusoidal wave:

P (i, j) =
1

N2
+ cN−1−α sin

(
2πi

N

)
cos

(
2πj

N

)
,
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with α = 1, c = 0.3, ε = 1, and neighbourhood radius r = 1 (5-point stencil, Sec. 6.1), and the

perturbation adjusted to have zero mean (ensuring
∑

i,j δP (i, j) = 0 as required by Theorem 1).

This particular form is chosen because:

� It is in�nitely di�erentiable, hence the conditions of Lemma 2 are satis�ed.

� It produces a smooth wave-like pattern without sharp boundaries, allowing a clean test of

the asymptotic O(N−2) prediction.

De�nition of quantities. The discrete curvature deviationK(i, j) is computed using a 5-point

stencil (nearest neighbours in 4-connectivity plus the centre):

K(i, j) =
1

5

∑
(k,l)∈B1(i,j)

µ(k, l)− 1

N2

∑
k,l

µ(k, l), µ(i, j) = εP (i, j), ε = 1,

where B1(i, j) = {(i, j), (i±1, j), (i, j±1)} (indices modulo N). The local entropy is Hloc(i, j) =

−P (i, j) logP (i, j). The entropy gradient ∆Hloc(i, j) is de�ned via the graph Laplacian of Hloc:

∆Hloc(i, j) = 4Hloc(i, j)−
∑

neighbours

Hloc(k, l),

where the sum runs over the four nearest neighbours. The rescaled quantity ∆Hloc/(5N
2) is

compared against K(i, j) below; the factor 5N2 is an empirically chosen normalization matching

the two quantities' magnitudes at this test's parameters, not a factor derived from Proposition 6

(whose claimed identity is withdrawn there). As discussed in Remark 11, ∆Hloc is asymptotically

subdominant toK; the high Pearson correlation reported below re�ects that both quantities share

the same sin(2πi/N) cos(2πj/N) spatial pattern by construction, not that the rescaled entropy

gradient predicts K's magnitude from �rst principles.

Convergence test. Table 5 summarises the maximum absolute di�erencemax |K−∆Hloc/(5N
2)|

and the Pearson correlation coe�cient betweenK and the rescaled entropy gradient for increasing

grid sizes N from 10 to 2000.
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N max |K −∆H/(5N2)| Pearson r Time (s)

10 2.402e-03 0.99854 < 0.01
20 7.203e-04 0.99911 < 0.01
40 1.856e-04 0.99944 < 0.01
80 4.676e-05 0.99962 < 0.01
160 1.171e-05 0.99972 0.01
320 2.929e-06 0.99979 0.02
480 1.302e-06 0.99982 0.03
640 7.324e-07 0.99984 0.06
1000 3.000e-07 0.99986 0.10
2000 7.500e-08 0.99988 0.38

Table 5: Convergence of the entropy-curvature di�erence for a 2D hyper�nite torus with a smooth
sinusoidal perturbation (single realization). The error decreases as O(N−2), in agreement with
Theorem 1. The Pearson correlation approaches unity�consistent with the order established in
Theorem 1, not with a predictive correspondence (Remark 11).

Figure 1 shows the double-logarithmic plot of the error versus N . The data points follow a

straight line with slope −2, matching the theoretical prediction O(N−2).

Figure 1: Log�log plot of max |K−∆H/(5N2)| versus grid size N . The dashed red line indicates
the O(N−2) reference.

E�ect of perturbation smoothness: a falsi�cation-style check. Theorem 1 is stated only

for perturbations satisfying maxi |δP (i)| = O(N−1−α), i.e., slow spatial variation. Rather than

only testing perturbations that satisfy this hypothesis, we deliberately construct two that violate

it at every N : a single Gaussian bump (mode=`single') and a domain wall with two bumps

of opposite sign (mode=`double'), with bump width �xed at 1 grid cell in absolute terms (i.e.,

always non-smooth relative to the discretization, unlike the sinusoidal case where the wavelength

scales with N). The theorem does not predict what happens outside its stated hypothesis; this

test asks empirically whether, and how, the predicted behavior degrades. Table 6 reports a full

convergence sweep, N = 40 to 640, superseding the single-grid (N = 80) snapshot from an

earlier draft; the perturbation amplitude scaling used here is independently re-implemented and
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not numerically identical to that earlier snapshot, though the qualitative picture is the same.

Two results emerge. First, max |K − ∆H/(5N2)| decays as O(N−2) for both perturbation

types (log�log �t exponent ≈ −2.00 for both), matching the theoretical prediction of Theorem 1

exactly, and just as cleanly as in the smooth sinusoidal case (Table 5). Second, and in contrast,

the Pearson correlation does not improve with N (r ≈ 0.61�0.62 for the single bump, r ≈ 0.61

for the domain wall, essentially �at across the full range). This is because the bump width

was held �xed at 1 grid cell in absolute terms rather than scaled with N : the perturbation

therefore remains equally sharp relative to the grid at every tested N , so the correlation�which

is sensitive to pointwise shape matching rather than to the absolute error magnitude�does not

approach unity the way it does for the sinusoidal case, where the wavelength scales with the

domain. The two diagnostics are thus measuring di�erent things: max |K − ∆H/(5N2)| → 0

con�rms the asymptotic relation is not violated, while the �at Pearson r re�ects a persistent, scale-

invariant shape mismatch built into this particular test construction rather than a failure of the

correspondence. In falsi�cation terms: a genuine failure would have shown max |K−∆H/(5N2)|
failing to decay, or decaying at a rate incompatible with O(N−2α) under any value of α >

0; neither is observed. What the test does falsify is a naive expectation that violating the

smoothness hypothesis would degrade every diagnostic uniformly�it does not, and distinguishing

which diagnostic is robust and which is not is itself informative about the scope of Theorem 1.

Perturbation N max |K −∆H/(5N2)| Pearson r max |K|
Single bump 40 2.134× 10−4 0.6186 2.137× 10−4

Single bump 80 5.348× 10−5 0.6148 5.351× 10−5

Single bump 160 1.338× 10−5 0.6133 1.338× 10−5

Single bump 320 3.346× 10−6 0.6125 3.346× 10−6

Single bump 640 8.364× 10−7 0.6120 8.364× 10−7

Domain wall 40 2.138× 10−4 0.6057 2.141× 10−4

Domain wall 80 5.350× 10−5 0.6064 5.353× 10−5

Domain wall 160 1.338× 10−5 0.6068 1.338× 10−5

Domain wall 320 3.346× 10−6 0.6070 3.346× 10−6

Domain wall 640 8.364× 10−7 0.6072 8.365× 10−7

Table 6: Entropy-curvature relation for non-smooth perturbations, full N -sweep (bump width
�xed at 1 grid cell in absolute terms). max |K −∆H/(5N2)| decays as O(N−2) for both types,
matching Theorem 1; the Pearson correlation stays �at rather than approaching unity, re�ecting
the �xed (non-rescaling) perturbation width rather than a breakdown of the underlying order
relation.

The persistence of the �at Pearson correlation for non-smooth perturbations is consistent

with the theory rather than a violation of it: Theorem 1 bounds max |K − ∆H/(5N2)|, not
the Pearson correlation, and that quantity does decay at the predicted O(N−2) rate throughout.

The correlation itself is a shape-matching diagnostic; because the perturbation width here was

�xed in absolute grid units, the ratio of feature size to grid spacing never changes across the

sweep, so there is no reason internal to this test for r to improve with N . Recovering r → 1

would require the perturbation's own length scale to shrink with N (as in the sinusoidal case),

i.e., the multiscale/wavelet extension sketched above, rather than simply increasing N at �xed

absolute perturbation width.
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Implications. The 2D validation provides numerical evidence that:

1. K(i, j) itself decays as O(N−2) in this test, consistent with Theorem 1(i); the rescaled

entropy gradient ∆Hloc/(5N
2) tracks K's shape closely (Pearson r ≈ 0.999) once the em-

pirical normalization 5N2 is applied, but this does not constitute independent con�rmation

that entropy gradients predict curvature deviations � see the caveat above and Remark 11.

2. The graph-Laplacian machinery of Prop. 6 is correctly implemented as a computational tool

here, but the identity it was originally meant to justify does not hold in general (Prop. 6);

the 2D result above should be read as an empirically-rescaled shape comparison, not as

evidence for that identity.

3. The framework is computationally feasible on standard hardware for grids up to 2000×2000.

Numerical implementation. The simulation was implemented in Python using vectorised

operations (numpy.roll). The core algorithm is summarised below.

Listing 1: Core algorithm for 2D entropy-curvature test

import numpy as np

def compute_2d_entropy_curvature(N, alpha =1.0, strength =0.3):

scale = strength * N**(-1 - alpha)

i = np.arange(N); j = np.arange(N)

sin_i = np.sin(2*np.pi*i/N)

cos_j = np.cos(2*np.pi*j/N)

delta = scale * np.outer(sin_i , cos_j)

delta -= delta.mean()

P = 1.0/N**2 + delta

P = np.clip(P, 1e-15, None)

P /= P.sum()

mu = P

mu_total = mu.sum()

B_sum = (mu + np.roll(mu ,1,0) + np.roll(mu ,-1,0) +

np.roll(mu ,1,1) + np.roll(mu ,-1,1))

K = B_sum /5.0 - mu_total/N**2

H_loc = -P * np.log(P + 1e -300)

Delta_H = (4* H_loc - np.roll(H_loc ,1,0) - np.roll(H_loc ,-1,0) -

np.roll(H_loc ,1,1) - np.roll(H_loc ,-1,1))

scale_factor = 1.0/(5.0*N**2)

Delta_H_scaled = scale_factor * Delta_H

return K, Delta_H_scaled
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8.3. Numerical validation of the discrete Bianchi identity

We test Corollary 1 on a 2D hyper�nite torus (ZN )2 with random smooth perturbations hαβ .

The �eld is generated by low-pass �ltering white noise (cuto� at 4/N in Fourier space) to ensure

di�erentiability. To assess sensitivity to the random realization, we average over 200 independent

seeds per grid size and report the mean and standard deviation.

Numerical implementation. The core algorithm is summarised below (centered di�erences

and the discrete Laplacian implemented via numpy.roll, matching the de�nitions of Glin
αβ in

Sec. 4.9).

Listing 2: Core algorithm for the discrete Bianchi identity test

import numpy as np

def nabla(f, axis):

return (np.roll(f, -1, axis=axis) - np.roll(f, 1, axis=axis)) / 2.0

def laplacian(f):

return (np.roll(f,-1,0)+np.roll(f,1,0)+np.roll(f,-1,1)+np.roll(f

,1,1) -4.0*f)

def random_smooth_field(N, rng , cutoff=4, amplitude =1e-3):

noise = rng.standard_normal ((N, N))

F = np.fft.rfft2(noise)

kx = np.fft.fftfreq(N, d=1.0/N)

ky = np.fft.rfftfreq(N, d=1.0/N)

KX, KY = np.meshgrid(kx, ky, indexing='ij')

mask = (np.abs(KX) <= cutoff) & (np.abs(KY) <= cutoff)

field = np.fft.irfft2(F * mask , s=(N, N))

field -= field.mean()

peak = np.max(np.abs(field))

return field * (amplitude / peak) if peak > 0 else field

def bianchi_violation(N, rng , cutoff=4, amplitude =1e-3):

h11 = random_smooth_field(N, rng , cutoff , amplitude)

h12 = random_smooth_field(N, rng , cutoff , amplitude)

h22 = random_smooth_field(N, rng , cutoff , amplitude)

h = {(1,1): h11 , (1,2): h12 , (2,1): h12 , (2,2): h22}

axis_of = {1: 0, 2: 1}

trace = h11 + h22

D = {}

for beta in (1, 2):

D[beta] = sum(nabla(h[(beta , g)], axis=axis_of[g]) for g in (1,

2))

DivD = nabla(D[1], axis =0) + nabla(D[2], axis =1)

lap_trace = laplacian(trace)
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G = {}

for a in (1, 2):

for b in (1, 2):

diag = 1.0 if a == b else 0.0

G[(a,b)] = 0.5*( nabla(D[b],axis=axis_of[a]) + nabla(D[a],

axis=axis_of[b])

- laplacian(h[(a,b)])

- nabla(nabla(trace ,axis=axis_of[b]),axis=

axis_of[a])) \

- 0.5* diag*(DivD - lap_trace)

viol = {}

for beta in (1, 2):

div_G = nabla(G[(1,beta)], axis =0) + nabla(G[(2,beta)], axis =1)

viol[beta] = np.max(np.abs(div_G))

return viol[1], viol [2]

Table 7 shows the mean maximum absolute violation (max-norm, L∞ over grid points)

maxi |∇αG
lin
αβ(i)| for β = 1, 2, averaged over 200 random-�eld realizations per N , with the sample

standard deviation given in parentheses. A log�log linear �t across N = 16�2048 gives an empir-

ical decay exponent of approximately −4.88 for both components, consistent with (and slightly

steeper than) the O(N−4) scaling reported previously from a single realization, and still exceed-

ing the theoretical O(N−2) bound from Lemma 2; this is expected because the smooth �elds

and centered di�erences suppress odd-order discretization errors. The realization-to-realization

standard deviation remains 15�18% of the mean at every tested N , including N = 2048 (the

largest tested, where the mean violation is ∼ 3 × 10−14, still �ve orders of magnitude above

�oat64 round-o� noise), con�rming the spread is an intrinsic property of the random �eld rather

than a small-sample or precision artifact. With 200 seeds the standard error of the reported

mean is correspondingly small, about 1�1.2%.

N max |∇αG
lin
α1| (mean ± std) max |∇αG

lin
α2| (mean ± std)

16 (5.31± 0.87)× 10−4 (5.15± 0.85)× 10−4

32 (3.01± 0.52)× 10−5 (3.00± 0.52)× 10−5

64 (1.08± 0.18)× 10−6 (1.09± 0.17)× 10−6

128 (3.52± 0.58)× 10−8 (3.50± 0.60)× 10−8

256 (1.12± 0.18)× 10−9 (1.09± 0.18)× 10−9

512 (3.52± 0.61)× 10−11 (3.47± 0.62)× 10−11

1024 (1.08± 0.18)× 10−12 (1.09± 0.19)× 10−12

2048 (3.43± 0.55)× 10−14 (3.35± 0.52)× 10−14

Table 7: Convergence of the discrete Bianchi identity violation on a 2D hyper�nite torus, averaged
over 200 random-�eld realizations per grid size N (mean ± sample standard deviation). The error
decays approximately as O(N−4.88), at least as fast as the O(N−4) scaling reported previously.

Figure 2 shows, for a single representative realization, the log�log plot of the Bianchi violation

versus N (top left; note this panel predates the 200-seed averaging in Table 7 and uses a narrower

range, N = 16�256, so the two are illustrative of the same trend rather than numerically identical)
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together with heatmaps of the perturbation h11, the linearized Einstein tensor Glin
11 , and the

Bianchi violation |∇αG
lin
αβ| for N = 64 (heatmaps necessarily show one instance, since they are

spatial maps of a single �eld).

Figure 2: Top left: log�log convergence of Bianchi violation with O(N−2) and O(N−4) references.
Top right: perturbation h11 (N = 64). Bottom left: Glin

11 . Bottom right: Bianchi violation
|∇αG

lin
αβ| (note scale 10−5).

Curved backgrounds: what testing revealed. An earlier draft planned to test the entropy-

curvature correspondence on a discrete S2 and on a conformally curved torus, treating these as

probes of the (then-claimed) curved-background extension of Corollary 1. A direct numerical

test of that extension's predicted correction term (see the remark following Corollary 1) showed

the prediction does not hold: the actual divergence violation on a curved background is un-

correlated with, and much larger than, what the withdrawn formula predicted. Running the

S2/conformal-torus experiments as originally planned would not have tested this�with ∇γ still

the �at coordinate di�erence of Axiom 18, both tests would only have con�rmed that a non-

covariant operator fails to respect a curved metric, which is expected and uninformative. A

meaningful curved-background test requires �rst constructing the covariant discrete derivative

called for in Open Problem 1; only then would S2 or conformal-torus experiments probe some-
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thing new.

9. Conclusion

IDPG (20 axioms) provides a common hyper�nite probabilistic-geometric language in which prob-

ability, information, geometry, and a linearized variational �eld principle are jointly formulated

at the discrete level. The main mathematical results include the exact order of the entropy-

curvature deviation at �nite N (Theorem 1), together with an honest account of the narrow

parameter regime in which it is informative rather than tautological; linearized �eld equations

(Sec. 4.9) with a rigorously derived discrete Bianchi identity (Corollary 1); and discrete �eld equa-

tions in the nonlinear regime whose continuum limit remains the subject of Open Problem 1,

with explicit O(ε2) error bounds for the linearized regime (Theorem 2, Lemma 2). A proposed

graph generalization of the entropy-curvature result did not survive testing and is presented as

an open problem (Prop. 6) rather than a corollary. Computational veri�cation in 1D and 2D

and of the Bianchi identity in 2D (Sections 8.1�8.3) supports internal consistency within the

parameter range actually tested; it does not by itself establish the entropy-curvature relation as

predictive outside that range (Sec. 7). IDPG is o�ered as a theoretical contribution for scienti�c

discussion: a regularized mathematical foundation for discrete geometry and probability, not a

claim of physical or algorithmic applicability.

What IDPG actually establishes. To remove any ambiguity left by the discussion above:

Established: the hyper�nite measure construction and its Loeb-measure consistency (Sec. 4);

the discrete curvature deviation K(i) and its exact asymptotic order (Theorem 1); the

discrete Bianchi identity on the �at hyper�nite torus (Corollary 1); O(ε2) convergence of

the linearized discrete action (Theorem 2); and a set of explicit failure regimes where these

results do not extend (Nyquist-scale and rough �elds, non-uniform base measures, arbitrary

graphs, Dirichlet boundaries, Sec. 7).

Not established: the nonlinear �eld equations (Open Problem 1); a discrete Bianchi iden-

tity on curved or non-periodic-boundary backgrounds; entropy as a predictor of curvature

(Theorem 1(ii) shows the opposite); a valid graph-level generalization (Prop. 6); and any

quantitative relationship between K(i) and Ollivier�Ricci curvature (Sec. 6.1).

So what? IDPG does not presently claim a derivation of nonlinear gravity, nor an algorith-

mic application. Its primary contribution is the construction of a common hyper�nite measure

language in which probability, local information functionals, and discrete geometric observables

coexist under an explicit logical status for each (Table 2). Theorems 1�2 and Corollary 1 establish

nontrivial consistency properties of this construction and, importantly, delimit precisely where

the information-geometric correspondence does and does not survive the continuum limit�a

delimitation that would not be visible from either layer (probability/information or geometry)

studied separately.
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A. Worked example: K(i) and ∆Hloc(i) at N = 4

This appendix computes K(i) and ∆Hloc(i) exactly for the smallest chain size for which the

sinusoidal perturbation of Sec. 8.1 is nontrivial, to make the mechanics of Theorem 1 tangible

without any asymptotic argument. Take N = 4, α = 1, c = 1
2 (the values used throughout

Sec. 8.1), periodic boundary conditions, and the perturbation δP (i) = cN−1−α sin(2πi/N) for

i = 1, 2, 3, 4. Since sin(2πi/4) = (1, 0,−1, 0) for i = 1, 2, 3, 4, and cN−1−α = 1
2 · 4

−2 = 1
32 :

δP =
(

1
32 , 0, −

1
32 , 0

)
, P =

(
9
32 ,

1
4 ,

7
32 ,

1
4

)
,

which already sums to 1 exactly (no renormalization needed, since
∑

i δP (i) = 0 exactly here).

Computing K(i). With r = 1 and periodic wrap, K(i) = 1
3

(
P (i− 1) + P (i) + P (i+ 1)

)
− 1

4 :

K(1) = 1
96 , K(2) = 0, K(3) = − 1

96 , K(4) = 0.

(For instance, K(1) uses the wrapped ball {P (4), P (1), P (2)} = {14 ,
9
32 ,

1
4}, averaging to

25
96 , minus

1
4 = 24

96 , giving
1
96 ≈ 0.010417.)

Computing ∆Hloc(i). Hloc(i) = −P (i) lnP (i) givesHloc = (0.356769, 0.346574, 0.332462, 0.346574)

(to 6 decimals), and ∆Hloc(i) = Hloc(i+ 1)−Hloc(i) (periodic) gives

∆Hloc = (−0.010195, −0.014112, 0.014112, 0.010195).

Comparison. At N = 4:

i 1 2 3 4

K(i) 0.010417 0 −0.010417 0

∆Hloc(i) −0.010195 −0.014112 0.014112 0.010195

The two do not closely agree at N = 4�at i = 1, 2 they even have opposite signs. This is

expected, not a contradiction: Theorem 1 is an asymptotic (N → ∞) statement, and N = 4 is

far outside its regime of validity (the sinusoidal perturbation itself is barely resolved on a 4-point

grid). The value of this example is purely mechanical�it shows exactly how K(i) and ∆Hloc(i)

are computed from a given δP (i), step by step, in a case small enough to check by hand or with

a four-line calculator script. Sec. 8.1 shows the same construction at N = 10 to 105, where the

asymptotic regime is reached and |K −∆Hloc| decays as O(N−2) as claimed.

B. Variational derivation of the linearized �eld equations

Recall µ(i) = ε
√
−g(i) with g(i) = det gαβ(i). In the linearized regime gαβ = δαβ + hαβ ,√

−g = 1+ 1
2h+O(h2), so µ(i) = ε(1+ 1

2h(i)). The geometric part Fgeo =
∑

i µ(i) logµ(i) varies
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as:

δFgeo =
ε

2
(1 + log ε)

∑
i

δh(i) +O(h2),

yielding the cosmological constant term in the linearized �eld equations (Sec. 4.9). The second

term in F lin gives 1
κG

lin
αβ by de�nition. Minimal coupling yields Tαβ .

C. Sketch of the nonlinear variational principle

The following is a formal variational sketch exploring Open Problem 1, not a complete proof.

Recall µ(i) = ε
√
−g(i) with g(i) = det gαβ(i). The geometric part Fgeo =

∑
i µ(i) logµ(i)

varies as

δFgeo =
1

2

∑
i

(1 + log µ(i))µ(i) gαβ(i) δg
αβ(i),

de�ning the discrete tensor Gαβ(i). Expanding µ(j) for neighbours j with d(i, j) = ε to second

order and summing by parts on the hyper�nite torus yields the discrete Laplacian

∆dgαβ(i) =
∑

j:d(i,j)=ε

gαβ(j)− gαβ(i)
ε2

.

The matter action SM [ϕ, g] contributes the stress-energy tensor Tαβ(i) via its kinetic term. Bal-

ancing the geometric and state functionals �xes κ = (8πGλ)−1, and the Euler�Lagrange equation

δF/δgαβ(i) = 0 gives Equation (4) of Open Problem 1.

D. Python implementation for the 1D entropy-curvature simulation

The following Python script implements the numerical validation described in Section 8.1. Run-

ning it reproduces Table 4.

Listing 3: entropy_curvature_1d.py

import numpy as np

def compute_entropy_curvature_1d(N, alpha =1.0, perturbation_strength

=0.1):

P_uniform = 1.0 / N

scale = perturbation_strength * (N ** (-1 - alpha))

perturbation = scale * np.sin(2 * np.pi * np.arange(N) / N)

perturbation -= np.mean(perturbation)

P = P_uniform + perturbation

P = P / np.sum(P)

epsilon = 1.0

mu = epsilon * P

mu_total = np.sum(mu)

B_r_size = 3

K = np.zeros(N)

for i in range(N):
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indices = [(i-1) % N, i, (i+1) % N]

mu_sum = np.sum(mu[indices ])

K[i] = mu_sum / B_r_size - mu_total / N

H_loc = -P * np.log(P)

Delta_H_loc = np.zeros(N)

for i in range(N):

Delta_H_loc[i] = H_loc[(i+1) % N] - H_loc[i]

return np.max(np.abs(K - Delta_H_loc))

N_values = [10, 30, 100, 300, 1000, 3000, 10000 , 30000 , 100000]

alpha = 1.0

strength = 0.5

print("N, max|K-DeltaH|")

for N in N_values:

diff = compute_entropy_curvature_1d(N, alpha , strength)

print(f"{N}, {diff :.6e}")
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However, the present speci�cation would not have reached its current level of technical de-

tail without AI assistance. The following AI assistants [Claude (Anthropic), ChatGPT

(OpenAI), DeepSeek] played a supportive yet substantial role in:

� mathematical notation, LATEX formatting, structural editing, and formal presenta-

tion;

� veri�cation of theoretical claims, alternative phrasing, and readability feedback;

� numerical code, simulation drafts, and consistency checks.

Nevertheless, these AI systems could not � and would not � have produced the underlying

theoretical vision on their own.
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